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PREFACE 


This book is a continuation of the author’s Calculus, Volume /, Second Edition. The 
present volume has been written with the same underlying philosophy that prevailed in the 
first. Sound training in technique is combined with a strong theoretical development. 
Every effort has been made to convey the spirit of modem mathematics without undue 
emphasis on formalization. As in Volume 1, historical remarks are included to give the 
student a sense of participation in the evolution of ideas. 

The second volume is divided into three parts, entitled Linear Analysis, Nonlinear 
Analysis, and Special Topics. The last two chapters of Volume I have been repeated as the 
first two chapters of Volume II so that all the material on lineal' algebra will be complete 
in one volume. 

Part 1 contains an introduction to linear algebra, including linear transformations, 
matrices, determinants, eigenvalues, and quadratic forms. Applications are given to 
analysis, in particular to the study of lineal' differential equations. Systems of differential 
equations are treated with the help of matrix calculus. Existence and uniqueness theorems 
are proved by Picard’s method of successive approximations, which is also cast in the 
language of contraction operators. 

Part 2 discusses the calculus of functions of several variables. Differential calculus is 
unified and simplified with the aid of linear algebra. It includes chain rules for scalar and 
vector fields, and applications to partial differential equations and extremum problems. 
Integral calculus includes line integrals, multiple integrals, and surface integrals, with 
applications to vector analysis. Here the treatment is along more or less classical lines and 
does not include a formal development of differential forms. 

The special topics heated in Part 3 are Probability and Numerical Analysis. The material 
on probability is divided into two chapters, one dealing with finite or countably infinite 
sample spaces; the other with uncountable sample spaces, random variables, and dis¬ 
tribution functions. The use of the calculus is illustrated in the study of both one- and 
two-dimensional random variables. 

The last chapter contains an introduction to numerical analysis, the chief emphasis 
being on different kinds of polynomial approximation. Here again the ideas are unified 
by the notation and terminology of linear algebra. The book concludes with a treatment of 
approximate integration formulas, such as Simpson’s rule, and a discussion of Euler’s 
summation formula. 
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Preface 


There is ample material in this volume for a full year’s course meeting three or four times 
per week. It presupposes a knowledge of one-variable calculus as covered in most first-year 
calculus courses. The author has taught this material in a course with two lectures and two 
recitation periods per week, allowing about ten weeks for each part and omitting the 
starred sections. 

This second volume has been planned so that many chapters can be omitted for a variety 
of shorter courses. For example, the last chapter of each pail can be skipped without 
disrupting the continuity of the presentation. Pail 1 by itself provides material for a com¬ 
bined course in linear algebra and ordinary differential equations. The individual instructor 
can choose topics to suit his needs and preferences by consulting the diagram on the next 
page which shows the logical interdependence of the chapters. 

Once again I acknowledge with pleasure the assistance of many friends and colleagues. 
In preparing the second edition I received valuable help from Professors Herbert S. 
Zuckerman of the University of Washington, and Basil Gordon of the University of 
California, Los Angeles, each of whom suggested a number of improvements. Thanks are 
also due to the staff of Blaisdell Publishing Company for their assistance and cooperation. 

As before, it gives me special pleasure to express my gratitude to my wife for the many 
ways in which she has contributed, hi grateful acknowledgement I happily dedicate this 
book to her. 

T. M. A. 

Pasadena, California 
September 16, 1968 
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PART 1 

LINEAR ANALYSIS 




LINEAR SPACES 


1.1 Introduction 

Throughout mathematics we encounter many examples of mathematical objects that 
can be added to each other and multiplied by real numbers. First of all, the real numbers 
themselves are such objects. Other examples are real-valued functions, the complex 
numbers, infinite series, vectors in n-space, and vector-valued functions. In this chapter we 
discuss a general mathematical concept, called a linear space, which includes all these 
examples and many others as special cases. 

Briefly, a linear space is a set of elements of any kind on which certain operations (called 
addition and multiplication by numbers) can be performed. In defining a linear space, we 
do not specify the nature of the elements nor do we tell how the operations are to be 
performed on them. Instead, we require that the operations have certain properties which 
we take as axioms for a linear space. We turn now to a detailed description of these axioms. 


1.2 The definition of a linear space 

Let V denote a nonempty set of objects, called elements. The set V is called a linear 
space if it satisfies the following ten axioms which we list in three groups. 


Closure axioms 

axiom 1. closure under addition. For evety pair of elements x and y in V there 
corresponds a unique element in V called the sum of x and y, denoted by x + y . 

AXIOM 2. CLOSURE UNDER MULTIPLICATION BY REAL NUMBERS. For every X ill V Olid 

evety real number a there corresponds an element in V called the product of a and x, denoted 
by ax. 


Axioms for addition 

axiom 3. commutative law. For all x and y in V , we have x + y = y + x. 

axiom 4. associativelaw . For allx, y, andz in V,we have (x + y) + z = + (_y + z). 
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axiom 5. existenceofzeroelement . There is an element in V, denoted by 0, such that 

x + 0 = x for all x in V 

axiom 6. existenceofnegatives . For every x in M, the element (— l)x has the property 

x + (— l)x = 0 . 


Axioms for multiplication by numbers 


axiom 7. associative law. For every x in V and all real numbers a and b, we have 

a(bx) = (ab)x. 


AXIOM 8 . DISTRIBUTIVE LAW FOR ADDITION IN V. For all x andy in V and all real a, 

we hare 

a(x + y) = ax + ay . 


AXIOM 9. DISTRIBUTIVE LAW FOR ADDITION OF NUMBERS. 

a and b, we have 


(a + b)x = ax + fax. 


For all x in V and all real 


AXIOM 10. EXISTENCE OF IDENTITY. For every x in V,we have lx = x. 


Lineal' spaces, as defined above, are sometimes called real linear spaces to emphasize 
the fact that we are multiplying the elements of 1/ by real numbers. If real number is 
replaced by complex number in Axioms 2, 7, 8, and 9, the resulting structure is called a 
complex linear space. Sometimes a linear space is referred to as a linear vector space or 
simply a vector space; the numbers used as multipliers are also called scalars. A real linear 
space has real numbers as scalars; a complex linear space has complex numbers as scalars. 
Although we shall deal primarily with examples of real linear spaces, all the theorems are 
valid for complex linear spaces as well. When we use the term linear space without further 
designation, it is to be understood that the space can be real or complex. 


1.3 Examples of linear spaces 

If we specify the set 1/ and tell how to add its elements and how to multiply them by 
numbers, we get a concrete example of a linear space. The reader can easily verify that 
each of the following examples satisfies all the axioms for a real linear space. 

example 1. Let V = R , the set of all real numbers, and let x + y and ax be ordinary 
addition and multiplication of real numbers. 

example 2. Let V — C , the set of all complex numbers, define X + y to be ordinary 
addition of complex numbers, and define ax to be multiplication of the complex number X 
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by the real number a. Even though the elements of V are complex numbers, this is a real 
linear space because the scalars are real. 

example 3. Let V = V n , the vector space of all n-tuples of real numbers, with addition 
and multiplication by scalars defined in the usual way in terms of components. 

example 4. Let V be the set of all vectors in V n orthogonal to a given nonzero vector 
N, If 11 = 2, this lineal' space is a line through 0 with N as a normal vector. If n = 3, 
it is a plane through 0 with N as normal vector. 

The following examples are called function spaces. The elements of V are real-valued 

functions, with addition of two functions / and g defined in the usual way: 

(f + g)(x) =f(x) + g(x) 

for every real x in the intersection of the domains off and g. Multiplication of a function 
/ by a real scalar a is defined as follows: af is that function whose value at each x in the 
domain off is af (x). The zero element is the function whose values are everywhere zero. 
The reader can easily verify that each of the following sets is a function space. 

example 5. The set of all functions defined on a given interval. 

example 6. The set of all polynomials. 

example 7. The set of all polynomials of degree < tl, where n is fixed. (Whenever we 

consider this set it is understood that the zero polynomial is also included.) The set of 
all polynomials of degree equal to n is not a linear space because the closure axioms are not 
satisfied. For example, the sum of two polynomials of degree n need not have degree n. 

example 8. The set of all functions continuous on a given interval. If the interval is 

[a, b], we denote this space by C(a, b). 

example 9. The set of all functions differentiable at a given point. 

example 10. The set of all functions integrable on a given interval. 

example 11. The set of all functions f defined at 1 with f(l) = 0. The number 0 is 

essential in this example. If we replace 0 by a nonzero number c, we violate the closure 
axioms. 

example 12. The set of all solutions of a homogeneous linear differential equation 
y” + ay' + by = 0, where a and b are given constants. Here again 0 is essential. The set 
of solutions of a nonhomogeneous differential equation does not satisfy the closure axioms. 

These examples and many others illustrate how the linear space concept permeates 
algebra, geometry, and analysis. When a theorem is deduced from the axioms of a linear 
space, we obtain, in one stroke, a result valid for each concrete example. By unifying 
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diverse examples in this way we gain a deeper insight into each. Sometimes special knowl¬ 
edge of one particular example helps to anticipate or interpret results valid for other 
examples and reveals relationships which might otherwise escape notice. 


1.4 Elementary consequences of the axioms 

The following theorems are easily deduced from the axioms for a lineal' space. 

theorem 1,1. uniqueness of the zero element. In any linear space there is one 
and only one zero element. 

Proof. Axiom 5 tells us that there is at least one zero element. Suppose there were two, 
say 0, and 0,. Taking x = O-y and 0 = 0, in Axiom 5, we obtain O l + 0 2 = O t . 
Similarly, taking x = 02 and 0 = , we find 02 + 0, = 02. But Oj + 02 = 02 + 0, 
because of the commutative law, so 0, = 02. 

theorem 1.2. uniqueness of negative elements. In any linear space every element 
has exactly one negative. That is, for every x there is one and only one y such that x + y = 0. 

Proof. Axiom 6 tells us that each x has at least one negative, namely (- l)x. Suppose 
x has two negatives, say y x and y 2 . Then x + y x = 0 and x + y 2 = 0. Adding y 2 to both 
members of the first equation and using Axioms 5, 4, and 3, we find that 

y 2 + (x+yi )=y 2 + O =y 2 , 

and 

72 + (x + yi) = {y 2 + X) + y 1 = 0 + jq = y 1 + 0 = y l . 

Therefore y 1 = y 2 , so x has exactly one negative, the element (- 1 )x. 

Notation. The negative of x is denoted by — x. The difference y — x is defined to be 
the sum y -f (-x) . 

The next theorem describes a number of properties which govern elementary algebraic 
manipulations in a linear space. 

theorem 1.3. In a given linear space, let x and y denote arbitrary elements and let a and b 
denote arbitrary scalars. Then we'have the following properties: 

(a) Ox = 0. 

(b) aO = 0. 

(c) (-a)x = -(ax) = a(-x). 

(d) I fa x = 0 , thenei thera =0 o rx = 0 . 

(e) If ax = ay and a ^ 0, thenx = y. 

(f) If ax = bx and Jt/O, then a = b. 

(g) -(x + y)= (-X) + (-y) = -x - y. 

(h) x + x = 2x, x + x -f x = 3x, andingeneral, 2jLi x = nx ■ 
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We shall prove (a), (b). and (c) and leave the proofs of the other properties as exercises. 

Proof of (a). Let z = Ox. We wish to prove that 2 = 0. Adding z to itself and using 

Axiom 9, we find that 

z + z = Ox + Ojc = (0 + 0)x = 0 x — z. 

Now add —2 to both members to get z = 0. 

Proof of(b). Let z = aO , add z to itself, and use Axiom 8. 

Proof of(c). Let z = (-a)x. Adding z to ax and using Axiom 9, we find that 

z + ax = (—a)x + ax = (—a + a)x = Ox = 0, 

so z is the negative of ax. z = -(ax). Similarly, if we add a(—x) to ax and use Axiom 8 
and property (b), we find that a(—x) = -(ax). 

1.5 Exercises 

In Exercises 1 through 28, determine whether each of the given sets is a real linear space, if 
addition and multiplication by real scalars are defined in the usual way. For those that are not, 
tell which axioms fail to hold. The functions in Exercises 1 through 17 are real-valued. In Exer¬ 
cises 3, 4, and 5, each function has domain containing 0 and 1. In Exercises 7 through 12, each 
domain contains all real numbers. 

1. All rational functions. 

2. All rational functions//^, with the degree off < the degree ofg (including / = 0). 

3. All/with/(0) =f(1). 8. All even functions. 

4. All/with 2/(0) =f(l). 9. All odd functions. 

5. All/with/(l) = 1 +f(0). 10. All bounded functions. 

6. All step functions defined on [0, 1], 11. All increasing functions. 

7. All/ with f(x) 0 as x -* + oo . 12. All functions with period 2rr, 

13. All / integrable on [0, 1] with JJ/(x) dx = 0. 

14. All f integrable on [0, 1] with JJ f(x) dx > 0. 

15. All f satisfying/^) = /(I — x) for all x. 

16. All Taylor polynomials of degree < n for a fixed n (including the zero polynomial). 

17. All solutions of a linear second-order homogeneous differential equation’ y” + P(x)y' + 
Q(x)y = 0, where P and Q are given functions, continuous everywhere. 

18. All bounded real sequences. 20. All convergent real series. 

19. All convergent real sequences. 21. All absolutely convergent real series. 

22. All vectors (x, y, z) in V 3 with z = 0. 

23. All vectors (x, y, z) in V 3 with x = 0 or y = 0. 

24. All vectors (x, y, z) in V 3 with y = 5x. 

25. All vectors (x, y, z) in V 3 with 3x + 4y = 1, z = 0. 

26. All vectors (x, y, z) in V 3 which are scalar multiples of (1,2, 3). 

27. All vectors (x, y, z) in V 3 whose components satisfy a system of three linear equations of the 
fomi : 

a n x + a 13 y + a 13 z = o, a n x + a 22 y + # 23 z = 0, am x + a 32y + a, n z = 
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28. All vectors in V n that are lineal' combinations of two given vectors A and B. 

29. Let V = R + , the set of positive real numbers. Define the “sum” of two elements x and y in 

V to be their product x y (in the usual sense), and define “multiplication” of an element x 
in V by a scalar c to be x c . Prove that V is a real linear space with 1 as the zero element. 

30. (a) Prove that Axiom 10 can be deduced from the other axioms. 

(b) Prove that Axiom 10 cannot be deduced from the other axioms if Axiom 6 is replaced by 

Axiom 6’: For every x in V there is an element y in V such that x + y = 0. 

3 1. Let S be the set of all ordered pairs (jCj, x 2 ) of real numbers. In each case determine whether 
or not S is a linear space with the operations of addition and multiplication by scalars defined 
as indicated. If the set is not a lineal' space, indicate which axioms are violated. 

(a) (x x , x 2 ) + (\\, y 2 ) = (*! + )’i, x 2 + V 2 ), «(*i. x i) = («*i. 0). 

(b) (x 1; x 2 ) + (y 1 , y 2 ) = {x x + fy, 0), a(x 1 , x 2 ) = (ax 1 , ax 2 ). 

(c) (x 1 , x 2 ) + (y 1 ,y 2 ) = (x u x 2 +y 2 ), a(x x , x 2 ) = (ax x , ax 2 ). 

(d) (x x ,x 2 ) + {y 1 ,y 2 ) = (fo + x 2 \,\y x + y 2 |), «(*i> * 2 ) - (l«*il> I a ^l) . 

32. Prove pails (d) through (h) of Theorem 1.3. 

1.6 Subspaces of a linear space 

Given a linear space V. let S be a nonempty subset of V. If S is also a linear space, with 
the same operations of addition and multiplication by scalars, then S is called a subspace 
of V. The next theorem gives a simple criterion for determining whether or not a subset of 
a linear space is a subspace. 

theorem 1.4. Let S be a nonempty subset of a linear space V. Then S is a subspace 
if and only if S satisfies the closure axioms. 

Proof. If S is a subspace, it satisfies all the axioms for a lineal' space, and hence, in 

particular, it satisfies the closure axioms. 

Now we show that if S satisfies the closure axioms it satisfies the others as well. The 
commutative and associative laws for addition (Axioms 3 and 4) and the axioms for 
multiplication by scalars (Axioms 7 through 10) are automatically satisfied in S because 
they hold for all elements of l/. It remains to verify Axioms 5 and 6, the existence of a zero 
element in S, and the existence of a negative for each element in S. 

Let x be any element of S. (S has at least one element since S is not empty.) By Axiom 
2, ax is in S for every scalar a. Taking a = 0, it follows that Ox is in S. But Ox = 0. by 
Theorem 1.3(a), so 0 6 S, and Axiom 5 is satisfied. Taking a = — 1, we see that (-l)x 

is in S. But X + L l)x = 0 since both x and (- l)x are in V, so Axiom 6 is satisfied in 

S. Therefore S is a subspace of V. 

definition . Let S be a nonempty subset of a linear space V. An element x in V of the 
form 

k 

- = 2 c i x *> 

i—i 

where x x ,..., x k are all in S and c x ,..., c k are scalars, is called a finite linear combination 
of elements of S. The set of all finite linear combinations of elements of S satisfies the closure 
axioms and hence is a subspace of V. W e call this the subspace spanned by S, or the I inear 
span of S, and denote it by L(S). If S is empty, we define L(S) to be fl}, the set consisting 
of the zero element alone. 



Dependent and independent sets in a linear space 


9 


Different sets may span the same subspace. For example, the space V % is spanned by 
each of the following sets of vectors: {i,j}, {i,j, i + j}, {0, i, —i,j, —j, i + j}. The space 
of all polynomials p(t) of degree < /j is spanned by the set of n + 1 polynomials 

{1 

It is also spanned by the set {I, t/2, ? 2 /3, . . . , 7”/(fl + 1)}, and by {1, (1 + t), (1 + ?) 2 , . . . , 
(1 + /)”}. The space of all polynomials is spanned by the infinite set of polynomials 

{1,UV..}. 

A number of questions arise naturally at this point. For example, which spaces can be 
spanned by a finite set of elements? If a space can be spanned by a finite set of elements, 
what is the smallest number of elements required? To discuss these and related questions, 
we introduce the concepts of dependence, independence, bases, and dimension. These ideas 
were encountered in Volume I in our study of the vector space y . Now we extend them 
to general linear spaces. 


1.7 Dependent and independent sets in a linear space 

definition. A set S of elements in a linear space V is called dependent if there is a finite 
set of distinct elements in S, say x x> ..., x k , and a corresponding set of scalars c l7 . . . , c k , 
not all zero, such that 

k 

2 c i x i = 0 ■ 
i=i 

An equation £ c l x i = 0 with not all c t = 0 is said to be a nontrivial representation of 0. 
The set S is called independent if it is not dependent. In this case, for all choices of distinct 
elements x lt ..., x k in S and scalars c x , ..., c k , 


k 

2 CjXj = O implies Cl = c 2 = ■ • ■ = c k = 0. 

i=i 

Although dependence and independence are properties of sets of elements, we also apply 
these terms to the elements themselves. For example, the elements in an independent set 
are called independent elements. 

If S is a finite set, the foregoing definition agrees with that given in Volume I for the 
space V n . However, the present definition is not restricted to finite sets. 


example 1 . If a subset 7 of a set S is dependent, then S itself is dependent. This is 
logically equivalent to the statement that every subset of an independent set is independent. 

expmple 2. If one element in S is a scalar multiple of another, then S is dependent. 

EXAMPLE 3. If 0 E S, then S is dependent. 


EXAMPLE 


4. The empty set is independent, 
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Many examples of dependent and independent sets of vectors in V n were discussed in 
Volume I. The following examples illustrate these concepts in function spaces. In each 
case the underlying linear space V is the set of all real-valued functions defined on the real 
line. 

example 5. Let lift) = COS 2 t , U 2 (t) = sin 2 t , u 3 (t ) = 1 for all real t. The Pythagorean 
identity shows that u k + w 2 — n 3 = 0, so the three functions u u u 2 , u 3 are dependent. 

example 6. Let U k {t) = t k for k = 0, 1, 2. . . . , and t real. The set 5 = {w 0 , u t ,u 2 , . . .} 
is independent. To prove this, it suffices to show that for each n the n + l polynomials 
W„, U 1 , , . , , u n are independent. A relation of the form c k U k = 0 means that 

n 

(1.1) £c/ = 0 

k=0 

for all real 1. When 1=0, this gives C 0 = 0 . Differentiating (1.1) and setting 1 = 0, 
we find that c t — 0. Repeating the process, we find that each coefficient c k is zero. 

example 7. If a,,..., a , are distinct real numbers, the n exponential functions 


U x {x) = e aiX , .... u,(x) = e anX 


are independent. We can prove this by induction on n. The result holds trivially when 
n = 1 . Therefore, assume it is true for n — 1 exponential functions and consider scalars 
Ci, c n such that 

(1.2) I cjf* = 0. 

k=l 

Let a M be the largest of the n numbers a,, , a,. Multiplying both members of (1.2) 

by c~ aMX , we obtain 

n 

(1.3) ^c/ ak - a « )x - 0. 

k= 1 

If k M, the number a k — a^j is negative. Therefore, when x —> + co in Equation (1.3), 
each term with k M tends to zero and we find that C' w = 0. Deleting the Mth temi from 
(1.2) and applying the induction hypothesis, we find that each of the remaining n — 1 
coefficients c k is zero. 

theorem 1 . 5 . Let S = , . . . , x k } be an independent set consisting of k elements in a 

linear space V and let L(S) be the subspace spanned by S. Then every set of k + 1 elements 
in L(S) is dependent. 

Proof. The proof is by induction on k, the number of elements in S. First suppose 
k = 1 . Then, by hypothesis, S consists of one element X x , where x 1 ^6 0 since S is 
independent. Now take any two distinct elements yi and y 2 in L(S). Then each is a scalar 
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multiple of X x , say }’ t = C 1 .Y 1 and }’ 2 = C 2 .X 1 , where c j and C 2 are not both 0. Multiplying 
y i by C 2 and y s by c x and subhacting, we find that 

c 2 yi — Cj y 2 = o. 

This is a nontrivial representation of 0 soy, and y 2 are dependent. This proves the theorem 
when Ic = 1 . 

Now we assume the theorem is true for k — 1 and prove that it is also true for k. Take 
any set of k + 1 elements in L(S), say T = {}’i, y 2 , . . ., • We wish to prove that Tis 

dependent. Since each y i is in L(S) we may write 

k 

( 1 . 4 ) y i =2a, ,X, 

3=1 

foreachi= 1,2 , . . ., k + 1 . We examine all the scalars d iX that multiply Xj and split the 
proof into two cases according to whether all these scalars are 0 or not. 

CASE 1. a n = 0 for every i = 1,2, , k + 1 . In this case the sum in (1.4) does not 

involve x x , so each y i in T is in the linear span of the set S’ = {.X 2 , . . . , X k } . But S’ is 
independent and consists of it — 1 elements. By the induction hypothesis, the theorem is 
true for k — 1 so the set T is dependent. This proves the theorem in Case 1. 

CASE 2. Not all the scalars a ix are zero. Let us assume that a,, ^ 0. (If necessary, we 
can renumber the y’s to achieve this.) Taking i = 1 in Equation (1.4) and multiplying both 
members by c { , where C; = a a la n , we get 

k 

c i yi=a i iX l + 2 c .' a ! i x i ■ 

3=2 


From this we subtract Equation (1.4) to get 

k 

C)’i ~ }’i = 2(^11 - a i} )xj, 
3=2 


for i — 2, . . . , k + 1 . This equation expresses each of the k elements cpy x — y i as a linear 
combination of the k — 1 independent elements x 2 , . . . , x k ■ By the induction hypothesis, 
the k elements c i y 1 — y t must be dependent. Hence, for some choice of scalars t 2 % . . . , 
t k+ i , not all zero, we have 


k+ 1 

2h(cyi - Ti) = 0 . 

i= 2 

from which we find 


'fcfl \ k+1 

- I',) 1 . = o. 

i= 2 / <=2 


But this is a nonhivial linear combination of y x , . . . , y t+1 which represents the zero ele¬ 
ment, so the elements Ti , . . . , _y i+1 must be dependent. This completes the proof. 
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1.8 Bases and dimension 

definition. A jinite set S of elements in a linear space V is called a finite basis for V 
if S is independent and spans V. The space V is called finite-dimensional if it lias a jinite 
basis, or if V consists of 0 alone. Otherwise, V is called injinite-dimensional. 

THEOREM 1.6. Let V be a finite-dimensional linear space. Then every finite basis for V 
has the same number of elements. 

Proof. Let S and T be two finite bases for V. Suppose S consists of k elements and T 
consists of m elements. Since S is independent and spans V, Theorem 1.5 tells us that 
every set of k + 1 elements in V is dependent. Therefore, every set of more thank elements 
in V is dependent. Since 7' is an independent set, we must have m < k. The same argu¬ 
ment with S and T interchanged shows that k < m . Therefore k = m . 

definition. If a linear space V has a basis of n elements, the integer n is called the 
dimension of V. We write n = dim V. I f V = {0}, we say V has dimension 0. 

example 1. The space V n has dimension n. One basis is the set of n unit coordinate 
vectors. 

example 2. The space of all polynomials p(t) of degree < n has dimension n + 1 . One 
basis is the set of n + I polynomials {1, t, l 2 , . . . , t n }. Every polynomial of degree < n is a 
linear combination of these n + 1 polynomials. 

example 3. The space of solutions of the differential equation y” — 2 y — 3y = 0 has 
dimension 2. One basis consists of the two functions ufx) = e~ x , U 2 (x) = e 3x . Every 
solution is a linear combination of these two. 

example 4. The space of all polynomials p(t) is infinite-dimensional. Although the 
infinite set {1, t, t 2 , . . .} spans this space, no finite set of polynomials spans the space. 

theorem 1.7. Let V be a jinite-dimensional linear space with dim V = n. Then we 
have the following: 

(a) Any set of independent elements in V is a subset of some basis for V. 

(b) Any set of n independent elements is a basis for V. 

Proof. To prove (a), let S = { x x be any independent set of elements in V. 
If LIS) = V, then S is a basis. If not, then there is some element y in V which is not in 
L(S). Adjoin this element to S and consider the new set S’ = {jt 1} . . . , x k , y ( .If this 
set were dependent there would be scalars Cj, . . . , c k+1 , not all zero, such that 

k 

2 CiX { + C k+1 y — O . 

i =1 

But c ki .i 7^0 since x lt . . . ,x k are independent. Hence, we could solve this equation for 
y and find that y 6 L(S), contradicting the fact that y is not in L(S). Therefore, the set S’ 



Exercises 


13 


is independent but contains k + I elements. If L(S') = V, then S’ is a basis and, since S 
is a subset of S’, part (a) is proved. If S' is not a basis, we can argue with S’ as we did 
with S, getting a new set S" which contains k -f 2 elements and is independent. If S” is a 
basis, then part (a) is proved. If not, we repeat the process. We must arrive at a basis in 
a finite number of steps, otherwise we would eventually obtain an independent set with 
ft + 1 elements, contradicting Theorem 1.5. Therefore part (a) is proved. 

To prove (b), let S be any independent set consisting of n elements. By part (a), S is a 
subset of some basis, say B. But by Theorem 1.6, the basis B has exactly n elements, so 
S= B. 


1.9 Components 

Let V be a linear space of dimension ft and consider a basis whose elements e 1 , . . . , e n 

are taken in a given order. We denote such an ordered basis as an n-tuple (e 1 , . . . , e,). 

If .V 6 V, we can express x as a linear combination of these basis elements: 

( 1 . 5 ) x=fc i e i . 

i=i 

The coefficients in this equation determine an n-tuple of numbers (c„ . . . , c n ) that is 

uniquely determined by x. In fact, if we have another representation of X as a linear 

combination of e 1 , . . . , e n , say d t e t , then by subtraction from ( 1 . 5 ), we find that 

2f=i ( c t “ di) e i = 0. But since the basis elements are independent, this implies c { = d t 

for each i, so we have (c 1 ,... , c n ) = (d^ , d n ). 

The components of the ordered n-tuple (c„ . . . , c n ) determined by Equation (1.5) are 
called the components of x relative to the ordered basis (e,,, e,). 


1.10 Exercises 


In each of Exercises 1 through 10, let S denote the set of all vectors (x, y, z) in V 3 whose com¬ 
ponents satisfy the condition given. Determine whether S is a subspace of V 3 . If S is a subspace, 
compute dim S. 


x = o. 

2 . x +y =o. 

3. x + y + z = 0. 

4. x =y. 

5. x =y =z. 


6. x = y o r X = Z. 

7. x 2 -/ =0. 

8. x + y = 1. 

9. y = 2x a n d z -3x. 

10. x + y + z = 0 and x — y — z = 0. 


Let P n denote the linear space of all real polynomials of degree < n, where « is fixed. In each 
of Exercises 11 through 20, let S denote the set of all polynomials f in P n satisfying the condition 
given. Determine whether or not S is a subspace of P n . If S is a subspace, compute dim S. 

11. f(0) = 0. 16. f(0) = f(2) . 

12. /'(0) = 0. 17. f is even. 

13. /"(0) = 0. 18. / is odd. 

14. f( 0) +/'(0) = 0. 19. f has degree < k. where k < n, or f = 0. 

15. /(0) = /(l). 20. f has degree k. where k < n . or f - 0. 


21. In the linear space of all real polynomials p(t), describe the subspace spanned by each of the 
following subsets of polynomials and determine the dimension of this subspace. 

(a) {1, t 2 , f 4 }; (b) {t, t 3 , ? 5 }; (c) {t, t 2 }; (d) (1 + t, (1 + f) 2 }. 
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22. In this exercise, L(S) denotes the subspace spanned by a subset S of a linear space V. Prove 
each of the statements (a) through (f). 

(a) 5 £ US). 

(b) If S £ T £ V and if T is a subspace of V, then L(S) £ T. This property is described by 
saying that L(S) is the smallest subspace of V which contains S. 

(c) A subset S of V is a subspace of V if and only if L(S) = S. 

(d) If I'c Tcp, then US) £ L(T). 

(e) If ^ and Tare subspaces of V, then so is S n T. 

({') If S and Tare subsets of V, then L{S n T) £ L(S) n L(T). 

(g) Give an example in which L(S n T) ^ L(S) n L(T). 

23. Let V be the linear space consisting of all real-valued functions defined on the real line. 
Determine whether each of the following subsets of V is dependent or independent. Compute 
the dimension of the subspace spanned by each set. 

(a) {1, e ax , e ix }, a ^ b. (f) {cos x, sin x). 

(b) {, e ax , xe ax }. (g) {cos 2 x, sin 2 x}. 

(c) {1, e ax , xe ax }. (h) {‘I, cos 2x, sin 2 x). 

(d) {<e ax , xe ax , X 2 e ax j. (i) {sin x, sin 2x). 

(e) {e x , e~ x , cosh x). (j) {e x cos x, e~ x sin x). 

24. Let V be a finite-dimensional linear space, and let £ be a subspace of V. Prove each of the 
following statements. 

(a) S is finite dimensional and dim S < dim V. 

(b) dim S = dim V if and only if S = V. 

(c) Every basis for S is part of a basis for V. 

(d) A basis for V need not contain a basis for S. 

1.11 Inner products, Euclidean spaces. Norms 

hi ordinary Euclidean geometry, those properties that rely on the possibility of measuring 
lengths of line segments and angles between lines are called metric properties. In our study 
of V n , we defined lengths and angles in terms of the dot product. Now we wish to extend 
these ideas to more general linear spaces. We shall introduce first a generalization of the 
dot product, which we call an inner product , and then define length and angle in terms of the 
inner product. 

The dot product x ■ y of two vectors x = (jc x , . . . , x,) and y = ( y t , . . . , yf) in V n was 
defined in Volume I by the formula 

n 

(1.6) X • y = 2-VT; • 

i=l 

In a general linear space, we write (x, y) instead of x ■ y for inner products, and we define 
the product axiomatically rather than by a specific formula. That is, we state a number of 
properties we wish inner products to satisfy and we regard these properties as axioms. 

definition. A real linear space V is said to have an inner product if for each pair of 
elements x and y in V there corresponds a unique real number (x, y) satisfying the following 
axioms for all choices of x, y, z in V and all real scalars c. 

(1) ( X, y) = (y, X) (commutativity, or symmetry). 

(2) (x, y + z) = (x, y) + ( x, z) (distributivity, or linearity). 

( 3 ) c(x, y) = (cx, y) (associativity, or homogeneity). 

(4) (x, x) >0 if X y 0 (positivity). 
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A real lineal' space with an inner product is called a real Euclidean space. 

Note: Taking c = 0 in (3), we find that ( 0, y) = 0 for all y. 

In a complex lineal' space, an inner product (x, y) is a complex number satisfying the 
same axioms as those for a real inner product, except that the symmetry axiom is replaced 
by the relation 

(1') (x,y) = (y,x), (Hermitian] symmetry) 

where (y, x) denotes the complex conjugate of (y, x). In the homogeneity axiom, the scalar 
multiplier c can be any complex number. From the homogeneity axiom and (T), we get 
the companion relation 


(3’) (*, cy) = (cy, X) = c(y, X) = c(x, y). 

A complex linear space with an inner product is called a complex Euclidean 'space. 
(Sometimes the term unitary space is also used.) One example is complex vector space 
VJC) discussed briefly in Section 12.16 of Volume I. 

Although we are interested primarily in examples of real Euclidean spaces, the theorems 
of this chapter are valid for complex Euclidean spaces as well. When we use the term 
Euclidean space without further designation, it is to be understood that the space can be 
real or complex. 

The reader should verify that each of the following satisfies all the axioms for an inner 
product. 

example 1. In V„ let (x, y) = X ■ y , the usual dot product of X and y. 

example 2. If x = (xj, X 2 ) and y = (y 1 , y 2 ) are any two vectors in V 2 , define (x, y) by 
the formula 

(x, y) = 2x 1 y 1 + x,y 2 + x 2 y 1 + x 2 y 2 , 

This example shows that there may be more than one inner product in a given linear space. 

example 3. Let C(fl, b) denote the linear space of all real-valued functions continuous 
on an interval [a, b], Define an inner product of two functions / and g by the formula 

(/>g)= 

This formula is analogous to Equation (1.6) which defines the dot product of two vectors 
in V n . The function values f(t ) and g(t) play the role of the components x { and y t , and 
integration takes the place of summation. 


f In honor of Charles Hermite (1822-1901), a French mathematician who made many contributions to 
algebra and analysis. 
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example 4. In the space C(a, b), define 

(/, g) = J o w(t)f(t)g(t) dt, 

where w is a fixed positive function in C(a, b). The function w is called a weightfunction. 
hi Example 3 we have w(t) = 1 for all /. 

example 5. In the linear space of all real polynomials, define 

POO 

(/-g) = J 0 e_ !/(0g(0 dt. 

Because of the exponential factor, this improper integral converges for every choice of 
polynomials /and g. 

theorem 1.8. In a Euclidean space V, every inner product satisfies the Cauchy-Schwarz 
inequality: 

\(x,y)\' 2 < (x, x)(y, y) for all x andy in V. 

Moreover, the equality sign holds if and only if X and y are dependent. 

Proof. If either x = 0 or y = 0 the result holds trivially, so we can assume that both 
x and y are nonzero. Let z = ax + by, where a and b are scalars to be specified later. We 
have the inequality (z, z) > 0 for all a and b. When we express this inequality in terms of x 
and y with an appropriate choice of a and b we will obtain the Cauchy-Schwarz inequality. 
To express (z, z) in terms of x and y we use properties (1'), (2) and (3') to obtain 

(z, z) = (ax -{-by, flX+by) = (ax, ax) + (ax, by) + (by, ax) + (by, by) 

= aa(x, x) + ab(x, y) + ba(y, x) + bb(y, y) > 0. 

Taking a = (y, y) and cancelling the positive factor (jy, y) in the inequality we obtain 

(y,y)(x,x) + b(x,y) +b(y, x)+bb> 0. 

Now we take b = —(X , T) . Then 6 = — (y, x) and the last inequality simplifies to 

(y, y)(x, x) > (x, y)(y >, x) = \(x, 7 )| 2 . 

This proves the Cauchy-Schwarz inequality. The equality sign holds throughout the proof 
if and only if z = 0. This holds, in turn, if and only if x and y are dependent. 

example. Applying Theorem 1.8 to the space C(a, b) with the inner product (f, g ) = 
Ja/(0g(0 dt , we find that the Cauchy-Schwarz inequality becomes 


(J.7(og(o dt) 2 < (£m dt)( £ g 2 (o dt). 
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The inner product can be used to introduce the metric concept of length in any Euclidean 
space. 


definition. In a Euclidean space V, the nonnegative number j* |j defined by the equation 


II* II = (*, x)' A 


is called the norm of the element x. 


When the Cauchy-Schwarz inequality is expressed in terms of norms, it becomes 

\(x,y)\ < 11*11 Oil • 

Since it may be possible to define an inner product in many different ways, the norm 
of an element will depend on the choice of inner product. This lack of uniqueness is to be 
expected. It is analogous to the fact that we can assign different numbers to measure the 
length of a given line segment, depending on the choice of scale or unit of measurement. 
The next theorem gives fundamental properties of norms that do not depend on the choice 
of inner product. 

theorem 1.9. In a Euclidean space, every norm has the following properties for all 
elements x and y and all scalars c: 

(a) ||*|| = 0 if x = O. 

(b) ||*|, > 0 if X ?£ 0 (positivity). 

(c) ||c*|| = | c\ ||* || f homogeneity). 

(d) ||* + _y|| < ||*|| + |[y|i (triangle inequality). 

The equality sign holds in (d ) if x = 0, if y = O, or if y = cxfor some c > 0. 

Proof. Properties (a), (b) and (c) follow at once from the axioms for an inner product. 
To prove (d), we note that 

II* + Til 2 = (* + y, * + y) = (*, *) + (y,y) + (*, j) + (y, *) 

= H*ll 2 + Oil 2 + (*, y) + (*, y)- 

The sum (x, y) + (x, y) is real. The Cauchy-Schwarz inequality shows that |(*, y)\ < 
11*11 lljl! and 10, y)\ < ||.x;|| ||y|| , so we have 

II* + Til 2 < Ml 2 + M 2 + 21|*|| ion = (fsf + I0II) 2 . 


This proves (d). When y = cx , where c > 0, we have 





Linear spaces 


definition. In a real Euclidean space V, the angle between two nonzero elements x and 
y is defined to be that number 6 in the interval 0 <0 < 7r which satisfies the equation 


( 1 . 7 ) 


cos e = 


(x,y) 
11*11 Ml ’ 


Note; The Cauchy-Schwarz inequality shows that the quotient on the right of (1.7) 
lies in the interval [ — 1 , 1 ], so there is exactly one 6 in [0, 77] whose cosine is equal 
to this quotient. 


1.12 Orthogonality in a Euclidean space 

definition. In a Euclidean space V, two elements x and y are called orthogonal if their 
inner product is zero. A subset S of V is called an orthogonal set if (x, y) = 0 for every pair 
of distinct elements x and y in S. An orthogonal set is called orthonormal if each of its 
elements has norm 1. 


The zero element is orthogonal to every element of V; it is the only element orthogonal to 
itself. The next theorem shows a relation between orthogonality and independence. 

theorem 1.10. In a Euclidean space V, every orthogonal set of nonzero elements is 
independent. In particular, in a jinite-dimensional Euclidean space with dim V = n, every 
orthogonal set consisting of n nonzero elements is a basis for M. 

Proof. Let S be an orthogonal set of nonzero elements in V, and suppose some finite 
linear combination of elements of S is zero, say 

2 c t x t = o, 

! = 1 

where each x, 6 S. Taking the inner product of each member with x 1 and using the fact 
that (xi , Xj) = 0 if / ^ 1 , we find that C 1 {x l , xf) = 0. But (.iq, Xj) 5 ^ 0 since x, ^ 0 so 
c 3 = 0. Repeating the argument with x 1 replaced by Xj, we fmd that each Cj = 0. This 
proves that S is independent. If dim V = n and if S consists of n elements, Theorem 1.7(b) 
shows that S is a basis for V. 

example. In the real linear space C(0, 27r) with the inner product (f g) = jg’ r f(x)g(x) dx , 
let S be the set of trigonometric functions {m 0 , U 1: U 2 , ■ ■ .} given by 

U 0 (x) = 1, U 2n _fix) = cos nx, U 2n (x) = sin nx, for n = 1,2,.... 

If m n, we have the orthogonality relations 

m 

J 0 «n(*)««(*) d * = 0 , 
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so S is an orthogonal set. Since no member of S is the zero element, S is independent. The 
norm of each element of S is easily calculated. We have (u 0 , u 0 ) = dx = 2 tt and, for 
n > 1, we have 

f 2 " o f*r 

(u 2r — :os 2 nx dx - it, ( u 2n , u 2n ) = | sin nx dx = it . 

Therefore, j|i/ 0 || = \/2 7 t and |y = \J7T for n > 1 . Dividing each u n by its norm, we 
obtain an orthonormal set {<p a , </, , q? 2 > • • •} where cp n = w n /|[w„|| Thus, we have 



<Pzn-i(x) 


cos nx 



<Ptn(x) 


sin nx 



for n > 1 


In Section 1.14 we shall prove that every finite-dimensional Euclidean space has an 
orthogonal basis. The next theorem shows how to compute the components of an element 
relative to such a basis. 


theorem 7,11. Let V he a finite-dimensional Euclidean space with dimension n, and 
(ISsume that s - {e 1 , e n )s an orthogonal basis for V, [ f d n element x is expressed as 
a linear combination of the basis elements, say 

i 1 -8) x=J t c i e l , 

i =i 

then its components relative to the ordered basis (e, , , e n ) are given by the formulas 

‘1.9) — -MM. for j = 1, 2, . . . , n. 

{e } ,e } ) 

fn particular, if S is an orthonormal basis, each Cj is given by 
! 1 • 10 ) c J = (x,e j ). 

Proof. Taking the inner product of each member of (1.8) with e,, we obtain 


(x, ej ) — ^ efe^, ef) — cfej, efj 

i=i 

iince ( e t , ef) = 0 if i ^ j. This implies (1.9), and when (e ; -, efj = 1, we obtain (1.10). 

If {e 1 , . . . , e,} is an orthonomial basis. Equation (1.9) can be written in the form 

n 

1-11) X = 2 (x, e t )e t , 

!=i 

The next theorem shows that in a finite-dimensional Euclidean space with an orthonormal 
iasis the inner product of two elements can be computed in terms of their components. 
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theorem 1.12. Let V be a finite-dimensional Euclidean space of dimension n, and assume 
that {e„ is an orthonormal basis for V. Then for every puir of elements x and y in V, 

we have 

n _ 

(1.12) (x, y) = 2 (*, e i)(}'> e d (Parseval's formula). 

i -1 

In particular, when x = y , we have 

(1.13) l|x|| 2 = 2l(x, ei )| 2 . 

i= 1 

Proof, Taking the inner product of both members of Equation (1.11) withy and using 
the linearity property of the inner product, we obtain (1.12). When x = y, Equation 
(1.12) reduces to (1.13). 

Note: liquation (1.12) is named in honor of M, A. Parseval (circa 1776-1836), who 
obtained this type of formula in a special function space. Equation (1.13) is a 
generalization of the theorem of Pythagoras. 


1.13 Exercises 


1. Let x = (x 1 ,. . . , x,) andy = (y 1; ... , y n ) be arbitrary vectors in V n . In each case, determine 
whether (x, y) is an inner product for V n if (x, y) is defined by the formula given. In case 
(x, y) is not an inner product, tell which axioms are not satisfied. 


(a) (x, y) = % Xi \y<\ 

i=1 


(b) fx,y) = 


2 x ‘j< 


n n 


(c) (x,y) = 2 -L 2 V; • 

1=1 3=1 


/ w \l/2 

(d) (x, y) = ( 2 x ifi) • 

(e) (x, y) = 2 (x, + yd 2 - 2 x \ “ 2 fi ■ 


2. Suppose we retain the first three axioms for a real inner product (symmetry, linearity, and 
homogeneity but replace the fourth axiom by a new axiom (4’): (x, x) = 0 if and only if 
x = 0. Prove that either (x, x) > 0 for all x 0 or else (x, x) < 0 for all x 0. 

[Hint: Assume (x, x) > 0 for some x ^ 0 and (y, y) < 0 for some y # 0. In the 
space spanned by (x, y), find an element z 7* 0 with (z, z) = 0.] 

Prove that each of the statements in Exercises 3 through 7 is valid for all elements x and y in a 
real Euclidean space. 


3. (x, y) = 0 if and only if ||* + y || = ||jf — y\\ . 

4. (x, y) = 0 if and only if ||* + y\\ 2 = ||x|| 2 + ||>’|| 2 . 

5. (x, y) = 0 if and only if |]jc + cy\\ > ]]jc|| for all real c. 

6. (x + y, x — y) = 0 if and only if ||x|| = i[y|| • 

7. If x and y are nonzero elements making an angle 0 with each other, then 
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8. In the real linear space C(l, e), define an inner product by the equation 


(/. g) = (log x)f(x)g(x) dx , 

(a) lff(x) = V x , compute [|/j|. 

(b) Find a linear polynomial g(x) = a + bx that is orthogonal to the constant function 
f(x) =1. 

9. In the real linear space C( — 1, 1), let (f, g) = J 1 j f(t)g{t) dt . Consider the three functions 

%, « 2 » l h gi ven by 

«i(0 = 1 , uft) = t, u 3 (t) = 1 + t. 

Prove that two of them are orthogonal, two make an angle w/3 with each other, and two 
make an angle nj6 with each other. 

10. In the linear space P n of all real polynomials of degree < n, define 


M3- 


fc =0 


(a) Prove that ( f, g) is an inner product for P n . 

(b) Compute (/, g) when f <t) = t and g(t) = at + b , 

(c) If/(/) = t , find all linear polynomials g orthogonal to f 

11. In the linear space of all real polynomials, define ( f,g) = J* e~ f f(t)g(t) dt . 

(a) Prove that this improper integral converges absolutely for all polynomials f and g. 

(b) If x n (t) = t n for n = 0,1,2,... , prove that (x n , x,„) = (m + n)l. 

(c) Compute (f,g) when fit) = (t + l) 2 and g(t) = t 2 + 1 . 

(d) Find all linear polynomials g(t) = a + bt orthogonal to fit) — 1 + t. 

12. In the linear space of all real polynomials, determine whether or not (f g) is an inner product 
if (f,g) is defined by the formula given. In case ( f,g ) is not an inner product, indicate which 
axioms are violated. In (c), f and g 1 denote derivatives. 


(a) (f,g) =f(l)g(l). 

(b) = | J>W dt 


(c) = 

w (/.<■) = (j‘/«> ■*)(£/(') <*) • 


13. Let F consist of all infinite sequences (x,} of real numbers for which the series £x 2 converges. 
If x = { x n } and y = {y n } are two elements of V, define 


00 


(x, y) = 2 ■ 

»i=i 


(a) Prove that this series converges absolutely. 

[Hint: Use the Cauchy-Schwarz inequality to estimate the sum 2«=i [v fl yj.] 

(b) Prove that V is a linear space with (x, y) as an inner product. 

(c) Compute (x, y ) if x n = l/n and y„ = 1 /(« + 1) for n > 1. 

(d) Compute (x, y) if x n = 2 n and y„ - l/n! for n 1. 

4. Let V be the set of all real functions f continuous on [0, + oo) and such that the integral 
Jo° e y 2 ( ? ( ‘I* converges. Define (f,g) = jjf e~ { f(t)g(t ) dt . 
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(a) Prove that the integral for ( j\ g) converges absolutely for each pair of functions f and g 

in 1/. 

[Hint: Use the Cauchy-Schwarz inequality to estimate the integral e~ l | f (/)^(/)| dt.] 

(b) Prove that V is a lineal' space with (f, g) as an inner product. 

(c) Compute (f,g) if fit) = e~ f and g(t) = t n , where n = 0. 1,2,. . . . 

15. In a complex Euclidean space, prove that the inner product has the following properties for 
all elements x, y and z, and all complex a and b. 

(a) {ax, by) = ab{x, y). (b) (x, ay + bz) = d{x, y) + b(x, z ). 

16. Pi'ove that the following identities are valid in every Euclidean space. 

(a) \\x +y II 2 = ||x|l 2 + ll/ll 2 + (x,y) + {y, x). 

(b) lix + jll 2 - \\x - y H 2 = 2(x, y) + 2{y, x). 

(c) ||x + yf + ||x - y |] 2 = 2 !l*|! 2 + 2 ||_y|| 2 . 

17. Prove that the space of all complex-valued functions continuous on an interval [a, b] becomes 
a unitary space if we define an inner product by the formula 


(/■<?) = j* w(t)f(t)g{t)dt. 


where w is a fixed positive function, continuous on [a, b]. 


1.14 Construction of orthogonal sets. The Gram-Scltmidt process 

Every finite-dimensional lineal' space has a finite basis. If the space is Euclidean, we can 
always construct an orthogonal basis. This result will be deduced as a consequence of a 
general theorem whose proof shows how to construct orthogonal sets in any Euclidean 
space, finite or infinite dimensional. The construction is called the G ram-Schmidt orthog¬ 
onal'! zationprocess, in honor of J. P. Gram (1850-1916) and E. Schmidt (18451921). 


theorem 1.13. orthogonalization theorem. Let x±, x %,, . . , be ajinite or infinite 

sequence o f elements in a Euclidean space V, and let L{x x x k ) denote the subspace 
spanned by the first k of these elements. Then there is a corresponding sequence of elements 
y 1 ,y 2 ,in V which has the following properties for each integer k: 

(a) The element y k is orthogonal to every element in the subspace L(y 1 yv-i)- 

(b) The subspace spanned by y \,.. ., y k is the same as that spanned by x a ,..., x k : 

L (y~r > • • • j J4-) = L{X\, • • • j x k ). 

(c) The sequence y\,y 2 / , is unique, except for scalar factors. That is, ifyfi yfi..., is 
another sequence of elements in V satisfying properties (a) and (b) for all k, then for each k 
there is a scalar c k such that y' k = c k y k . 

Proof. We construct the elements y lt y 2 , , by induction. To start the process, we 

take y^= Xj. Now assume we have constructed y k , . . . , y r so that (a) and (b) are satisfied 
when k = r . Then we define _y r+1 by the equation 


Tr-n = W+i ^ 

i=X 


(1.14) 
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where the scalars a„ ... , a, are to be determined. For j < T , the inner product of y r+ 1 
with yj is given by 


Ov+i. y>) = (*r+i, y,) -1 °i(y\ » y,) = (w+i , yi) - aAyi - yi) ■ 


1 


(yi > = o if i . If y, ^ o , we can make y r+1 orthogonal to y t by taking 


(1.15) 


(Xr+l , yi) 

O'*. yi)' 


I' = o, then y r+1 is orthogonal to y } - for any choice of a j, and in this case we choose 
dj — 0. Thus, the element j r+1 is well defined and is orthogonal to each of the earlier 
elements y t , . . . , y T . Therefore, it is orthogonal to every element in the subspace 


L(yi,. • • ,;v) ■ 


This proves (a) when k = r + 1. 

To prove (b) when k = r + 1 , we must show that L(y 1 , . . . , y r+ i) — L(x j , . . . , X r+1 ) , 
given that L(y 1 , . . . , y r ) = L(x l , . . . , X r ) . The first r elements y ± , . . . , y r are in 

L(x i, . . . , x r ) 


and hence they are in the larger subspace L(x 1 , X r+1 ). The new element y r ^ l given by 

(1.14) is a difference of two elements in L(x x , . . . , JC r+1 ) so it, too, is in L(x 1 , . . . , X r+1 ). 
This proves that 


L(yi > • • ■ > y r + 1 ) ^ L(x 1 ,, x r+1 ) • 

Equation (1.14) shows that x r+J is the sum of two elements in L(y j , . . . , y r+ A) so a similar 
argument gives the inclusion in the other direction: 


L(x 1 , , , . , x r+1 ) £ L(y\ , . . , , y r+1 ) , 


This proves (b) when k = f + 1. Therefore both (a) and (b) are proved by induction on k. 

Finally we prove (c) by induction on k. The case k = 1 is trivial. Therefore, assume (c) 
is hue lor k = r and consider the element y' . Because of (b), this element is in 


so we can write 


L(yi,... ,y r + 1 ), 


r-f-1 

y’r+l = 1 C J t = Zr 


i =1 


^r+lTr+1» 


where Z T £ L(y x , , y r ) ■ We wish to prove that z r = 0. By property (a), both y' r+1 and 

C r+ iy r +i are orthogonal to z r . Therefore, their difference, z r , is orthogonal to z r . In other 
words, Z r is oithogonal to itself, so z r = 0. This completes the proof of the orthogonaliza- 
tion theorem. 
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In the foregoing construction, suppose we have y r+1 = 0 for some r. Then (1.14) 
shows that X r+x is a linear combination of Jfr, . . . ,y r , and hence of JC 1( . . . , X r , so the 
elements Xy, ... , x r+1 are dependent. In other words, if the first k elements X 1 , . . . , x k 
are independent, then the corresponding elements y x ..... y k arc nonzero, hi this case the 
coefficients in (1.14) are given by (1,15), and the formulas defining y k become 

(1.16) y x = Xy, y r+ J . x r+1 - y. for r = 1, 2,. . . , k - l. 

(Fott) 


These formulas describe the Gram-Schmidt process for constructing an orthogonal set of 
nonzero elements y x , . . . , y t which spans the same subspace as a given independent set 
Xy , . . . , X k , In particular, if x t , . . . , x k is a basis for a finite-dimensional Euclidean space, 
then Jh ;. . . > }’ k is an orthogonal basis for the same space. We can also convert this to an 
orthonormal basis by normalizing each element y t , that is, by dividing it by its norm. 
Therefore, as a corollary of Theorem 1.13 we have the following. 

theorem i.i4. Every finite-dimensional Euclidean space has an orthonormal basis. 

If x and y are elements in a Euclidean space, withy 5 ^ 0. the element 

(w y ) 

(y, y) 

is called the projection of x along y. In the Gram-Schmidt process (1.16), we construct 
the element y r+ y by subtracting from x r+1 the projection of X r+i along each of the earlier 
elements y x . . ... y r . Figure 1.1 illustrates the construction geometrically in the vector 
space V s . 



Figure 1.1 The Gram-Schmidt process in V 3 ■ An orthogonal set (y x , IV , y 3 } is 
constructed from a given independent set {x x , x 2 , x 3 ]. 
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example 1. In F 4 , find an orthonormal basis for the subspace spanned by the three 
vectors X j = (1, -1, 1, — 1), X 2 = (5, 1, 1, 1), and x 3 = (-3, -3, 1, -3). 

Solution. Applying the Gram-Schmidt process, we find 


* = *i = a, -i, i, -1), 

y 2 *2 “ ~ ’ —; Ti - x 2 - . (4, 2, 0, 2), 

= Or. Ti) 

y 3 = *3 - [ x * ’^ yi - [ X:< ’ >’2 = - yi + t 2 = (o, o, o, o). 

0'i.j'i) (t 2 ,t 2 ) 

Since y 3 = 0 , the three vectors x x , x 2 , X 3 must be dependent. But since y 1 and y 2 are 
nonzero, the vectors x 1 and x 2 are independent. Therefore L(x l , X 2 , x 3 ) is a subspace of 
dimension 2. The set {y l , y 2 } is an orthogonal basis for this subspace. Dividing each of 
y 1 and y 2 by its norm we get an orthonormal basis consisting of the two vectors 


^ = *(1,-1. 1,-1) and 
II Till 


— = ~(2, 1,0, 1). 
11*11 V 6 


example 2. The Legendre polynomials. In the linear space of all polynomials, with the 
inner product (x, y) = j"^ x{t)y(t) dt , consider the infinite sequence x 0 . x 3 , x 2 , _ where 

X n (t) = t n . When the orthogonalization theorem is applied to this sequence it yields 
another sequence of polynomials y 0 , yi, y 2 , . . . , first encountered by the French mathe¬ 
matician A. M. Legendre (1752-1833) in his work on potential theory. The first few 
polynomials are easily calculated by the Gram-Schmidt process. First of all, we have 
yo(t) = *o(0 = 1 ■ Since 


(To, To) = dt = 2 and (xq, To) = t dt = 0, 

we find that 

ti( 0 = w(0 - To(0 = w(0 = t. 

(To»ja) 

Next, we use the relations 


(*a>*) = j^t 2 dt = l, (x 2 , Ti) — £/* = 0, (Tr, Ti) — £ **</* = f, 


to obtain 


T 2 (0 = x 2 (i) - j, o(0 _ (iEiiA) j, l(0 = 


(Tco )TiD) (Tl > Ti) 

Similarly, we find that 

Ts(0 = t 3 - it, *(0 = l 4 - fl 2 + -is, y 6 (t) = t h - ±it 3 + fy. 



26 


Linear spaces 


We shall encounter these polynomials again in Chapter 6 in our further study of differential 
equations, and we shall prove that 


y n ( 0 


-2L (,• - 1 r. 

(2n)! dt n v 


The polynomials P n given by 


Pn(t) 


( 2 / 1 )! 

2 n (nl) ! 


y n ( 0 


1 d^ 

2"n! df" 


(t 2 - 1) 


are known as the Legendrepolynomials. The polynomials in the corresponding orthonormal 
sequence <f 0 , <p 1) .. . > given by cp n = yj\\y n \\ are called the normalized Legendre poly¬ 

nomials. From the formulas for y 0 , . . . , y 5 given above, we find that 

<p 0 (t) = VI , (0 = VI t , <p 2 (t) = |VI (3t 2 - 1)) rplt) = |VI (5t 3 - 3 1) , 

9?i(0 = |Vf (35? 4 - 30f 2 + 3), 9> 5 (0 = |V¥ (63/ R - 70/ 3 + 15/)- 


1.15. Orthogonal complements. Projections 

Let V be a Euclidean space and let S be a finite-dimensional subspace. We wish to 
consider the following type of approximation problem: Give!1 an element X in V, to deter¬ 
mine an element in S whose distance from x is as small as possible. The distance between 
two elements x and y is defined to be the norm (4i; — y || . 

Before discussing this problem in its general form, we consider a special case, illustrated 
in Figure 1.2. Here M is the vector space V 3 and S is a two-dimensional subspace, a plane 
through the origin. Given x in M, the problem is to find, in the plane S, that point s 
nearest to x. 

If x G S, then clearly .S' = x is the solution. If x is not in S, then the nearest point S 
is obtained by dropping a perpendicular from x to the plane. This simple example suggests 
an approach to the general approximation problem and motivates the discussion that 
follows. 

definition. Let S be a subset of a Euclidean space V. An element in V is said to be 
orthogonal to S if it is orthogonal to every element of S. The set of all elements orthogonal 
to S is denoted by S - and is called “S perpendicular." 

It is a simple exercise to verify that S is a subspace of V, whether or not S itself is one. 
In case S is a subspace, then S is called the orthogonal complement of S. 

EXAMPLE. If S is a plane through the origin, as shown in Figure 1.2, then is a line 
through the origin perpendicular to this plane. This example also gives a geometric inter¬ 
pretation for the next theorem. 
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S x 


Figure 1.2 Geometric interpretation of the orthogonal decomposition theorem in V 3 . 

THEOREM 1.15. ORTHOGONAL DECOMPOSITION THEOREM. Let V be Ct Euclidean SpOCe 

and let S be a finite-dimensional subspace of V. Then every element x in V can be represented 
uniquely as a sum of two elements , one in S and one in . That is, we have 

(1.17) x = S + y 1 , where s £ S and S 1 £ S ± . 

Moreover , the norm of x is given by the Pythagorean formula 

(1.18) \\x\\ 2 = ||y|| 2 + li^l! 2 . 

Proof. Fust we prove that an orthogonal decomposition (1.17) actually exists. Since 
S is finite-dimensional, it has a finite orthonoimal basis, say {e, , . . . , e,}. Given x, define 
the elements s and as follows: 

(1-19) s = 2 (x, e,)e t , s 1 = x - s . 

*=i 

Note that each term (x, e i )e i is the projection of x along e i . The element S is the sum of the 
projections of x along each basis element. Since j is a lineal' combination of the basis 
elements, .y lies in S. The definition of y-*- shows that Equation (1.17) holds. To prove that 
.y 1 lies in S 1 , we consider the inner product of y- and any basis element . We have 

(s 1 , ef) = (x - s, ef = (x, e.) - (s, e,) . 

But from (1.19), we find that (s, £>)) = (x, e,), so y 1 is orthogonal to . Therefore y ! - 
is orthogonal to every element in S, which means that y e S ■ 

Next we prove that the orthogonal decomposition (1.17) is unique. Suppose that x 
has two such representations, say 

X = y + y 1 



( 1 . 20 ) 


and 


X = t + t 1 , 
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where s and t are in S, and s 1 - and are in S^. We wish to prove that s = t and j- 1 - = ■ 

From (1.20), we have s — t = t L — S l , so we need only prove that s — t = 0. But 

S — t £ Sand — 5- 1 £ S 1 so s — t is both orthogonal to -and equal to ?-*- — 5 1 . 

Since the zero element is the only element orthogonal to itself, we must have $ — t = 0. 
This shows that the decomposition is unique. 

Finally, we prove that the norm of x is given by the Pythagorean formula. We have 

ll*|| 2 = (*, x) = (,S + S 1 , S + J 1 ) = (s, S) + (j- 1 , S 1 ), 

the remaining temis being zero since 5 and s' are orthogonal. This proves (1.18). 

definition. Let S be a finite-dimensional subspace of a Euclidean space V, and let 
{e x ,. ef be an orthonormal basis for S. I f x E V, the element s defined by the equation 


n 

s = 2 (x. Vi)e t 

i=1 

is called the projection of x on the subspace S. 


We prove next that the projection of x on S is the solution to the approximation problem 
stated at the beginning of this section. 


1.16 Best approximation of elements in a Euclidean space by elements in a finite¬ 
dimensional subspace 

theorem 1 . 16 . approximation theorem. Let S be a finite-dimensional subspace of 

a Euclidean space V, and let x be any element of V. Then the projection of x on S is nearer to 
x than any other element of S. That is, if S is the projection of x on S, we have 

II* “ 4 < \\X - t\\ 

for all t in S; the equality sign holds if and only if t = s. 

Proof. By Theorem 1.15 we can write x = s + , where s £ S and s : G S~ . Then, 

for any t in S, we have 

x — t = (x — s) + (s — t) . 

Since s — t E S and x — 5 = s~ E S , this is an orthogonal decomposition of x — t, so 
its norm is given by the Pythagorean formula 

II* ~t\\ 2 =11* -*|| 2 +\\s ~t\\ 2 . 

But |jf — f || 2 > 0, so we have ||x — t\\ 2 > ||x — •S'll 2 , with equality holding if and only if 
S = t . This completes the proof. 
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example 1. Approximation of continuous functions on [0, 27 T] by trigonometric polynomials. 
Let V = C(0,2tt), the linear space of all real functions continuous on the interval [0, 2tt], 
and define an inner product by the equation (/ g) = Jjj' 7 f(x)g(x) dx . In Section 1.12 
we exhibited an orthonomral set of trigonometric functions <pQ, <Pi, (p 2 , ■ ■ • , where 

~,x / \ — 1 /x cos kx , N sin kx , . . 

(1.21) <p 0 (x) - <Pu-i(x)= —— , <p 2k (x) = —7=^, for k> 1. 

y/2W V tt yj 77 

The 2n + 1 elements q) 0 ,<p 1 , . . . , tp 2n s P an a subspace S of dimension 2n + 1. The ele¬ 
ments of S are called trigonometric polynomials. 

If/6 C(0, 2n ), let/„ denote the projection off on the subspace S. Then we have 

2 n r 2n 

(1-22) f n =2(/» %)%> where (/, tp k ) = J f(x)<p k (x) dx. 

k= o 

The numbers (/, (p k ) are called Fourier coefficients off. Using the fomiulas in (1.21), we 
can rewrite (1.22) in the form 

n 

f(x) = la 0 +2(«* cos kx + b k sin kx), 

k= 1 

i r 2 * i r 2 " 

a k = — f(x) cos kx dx, b k = — f(x) sin kx dx 

IT Jo Tt JO 

for k = 0, 1,2,. The approximation theorem tells us that the trigonometric poly¬ 

nomial in (1.23) approximates f better than any other trigonometric polynomial in S, in 
the sense that the norm ||/ •— / 11 is as small as possible. 

example 2. Approximation of continuous functions on [— 1, 1] by polynomials 0 f 
degree < n. Let V = C(- 1, 1), the space of real continuous functions on [- 1. 1], and let 
(/, g) = j/ f(x)g(x) dx . The n + 1 normalized Legendre polynomials <p 0 , <p t , . . . , q o n , 
introduced in Section 1.14, span a subspace S of dimension n + 1 consisting of all poly¬ 
nomials of degree < n. If/e C(— 1,1), let f n denote the projection off on S. Then we 
have 

fn = 1 (/» > where (/, <p k ) = P / (0^(0 dt. 

ft =0 

This is the polynomial of degree < n for which the noim || / — f n || is smallest. For example, 
when fix) = sin 77X, the coefficients (/ q> k ) are given by 

if fie) = J_j sin ^ fk(t) dt. 

In paificular, we have (/ cp 0 ) = 0 and 


(1.23) 

where 
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Therefore the linear polynomial f x {t) which is nearest to sin 77 1 on [-1, 1] Ls 

/i(0 = /" <Pi(t) = -t. 

\ z 77 77 

Since (j t cp 2 ) = 0, this is also the nearest quadratic approximation. 


1.17 Exercises 

1. In each case, find an orthonormal basis for the subspace of V 3 spanned by the given vectors. 

(a) xj = (1, 1, 1), * 2 = (1,0,1), x 3 = (3,2,3). 

(b) jq = (1, 1, 1), * 2 = (-1, 1, -1), = (1.0, 1). 

2. In each case, find an orthonormal basis for the subspace of V 4 spanned by the given vectors. 

(a) x 1= (1,1,0, 0), JC 2 = (0,1, 1,0), x 3 = (0, 0, 1, 1), * 4 = (1,0,0, 1). 

(b) x 1 = (1, 1,0,1), x 2 = (1,0, 2,1), x 3 = (1,2, -2, 1). 

3. In the real linear space C(0, v), with inner product (x, y) = Jjj x(t)y{t) dt, let x,(t) = cos nt 

fom =0,1,2 , . . . . Prove that the functions y 3 , y x , y 2 , . . . , given by 

1 12 

y 0 (t) = —rr and y n {t) = l-cosnt for n > 1, 

fomt an orthonormal set spanning the same subspace as x 0 , x x , x 2 , . . . . 

4. In the linear space of all real polynomials, with inner product (x,y) = JJ x(t)y(t) dt, let 

x,(t) = t n for n = (), \, 2, ... . Prove that the functions 


}’oW = E Jito = ^3 (2t - 1), y,(t) = V 5 ( 6 1 2 - 6t + 1) 

fomt an orthonormal set spanning the same subspace as {x 0 , x x , x 2 }. 

5. Let V be the linear space of all real functions f continuous on [0, + 00 ) and such that the 

integral e~ l f l (t) dt converges. Define (f,g) = dt, and let y 0 ,yi,y 2 , • • • , be 

the set obtained by applying the Gram-Schmidt process to x 0 , x 4 , x 2 , ■ ■ ■ , where x,(t) = t n 
for n > 0. Prove that y u (t) = 1, y\(t) = t — 1, y 2 (t) = t 2 — 4t + 2, y 3 {t) = t 3 — 9/ 2 + 
18 /- 6 . 

6. In the real linear space C(l, 3) with inner product (f,g) = j' 1 ) f (x)g(x) dx, let f(x) = 1/x 

and show that the constant polynomial g nearest to f is g = | l°g 3. Compute ||g -f || 2 for 

this g. 

7. In the real linear space C(0, 2) with inner product (f, g) = Jjj f (x)g(x) dx , let f(x) = e x and 
show that the constant polynomial g nearest to f is g = e 2 — 1). Compute |j^ -f || 2 for 
this g. 

8. In the real linear space C( — 1, 1) with inner product (f, g) = ('fj f (x)g(x) dx , let f(x) = e x 
and find the linear polynomial g nearest to f. Compute \\g — f || 2 for this g. 

9. In the real linear space C(0, 2w) with inner product (f,g) = Jq" f(x)g{x) dx, let f(x) = x. 

hi the subspace spanned by u„(x) = 1 , u x {x) = cos x, u 2 (x) = sin x, find the higonometric 

polynomial nearest to f. 

10. In the linear space V of Exercise 5, let f (x) = e~ x and find the linear polynomial that is nearest 

to f 
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LINEAR TRANSFORMATIONS AND MATRICES 


2.1 Linear transformations 

One of the ultimate goals of analysis is a comprehensive study of functions whose 
domains and ranges are subsets of linear spaces. Such functions are called transformations, 
mappings, or operators. This chapter treats the simplest examples, called linear transforma¬ 
tions, which occur in all branches of mathematics. Properties of more general transforma¬ 
tions are often obtained by approximating them by linear transformations. 

First we introduce some notation and terminology concerning arbitrary functions. Let 
V and W be two sets. The symbol 


T : V -* W 

will be used to indicate that T is a function whose domain is 1/ and whose values are in 1/1/. 
For each x in V, the element T(x) in 1/1/ is called the image of X under T, and we say that T 
maps x onto T(x). If A is any subset of V, the set of all images T(x) for x in A is called the 
image of A under T and is denoted by T(A). The image of the domain V, T(V), is the range 

of T. 

Now we assume that 1/ and Ware lineal' spaces having the same set of scalars, and we 
define a linear transformation as follows. 

definition . If V and Ware linear spaces, a function 7:1/ —► 1/1/ is called a linear trans¬ 
formation of V into W if it has the following two properties: 

(a) T(x + y) = T(x) + T(y) for all x and y in V, 

(b) T{cx) = cT(x ) for all x in V and all scalars c. 

These properties are verbalized by saying that T preserves addition and multiplication by 
scalars. The two properties can be combined into one formula which states that 

T(ax + by) = aT(x) + bT(y) 

for all X,y in 1/ and all scalars a and b. By induction, we also have the more general relation 

T(j, = 2 afTixf) 

J t=l 

for any n elements x x , . . . , x n in V and any n scalars a lf ... ,a n . 
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The reader can easily verify that the following examples are linear transformations. 

EXAMPLE 1. The identity transformation. The transformation T: M —> V, where T(x) = x 
for each x in V, is called the identity transformation and is denoted by Z or by Iy. 

example 2. The :efO transformation. The transformation T: V —>■ V which maps each 
element of V onto 0 is called the zero transformation and is denoted by 0. 

example 3. M ultiplication by a fixed scalar c. Here we have T: V —> V, where T(x) = cx 
for all x in V. When c = 1 , this is the identity transformation. When c = 0, it is the zero 
transformation. 

example 4, Linear equations. Let V = V n and W = V m . Given mn real numbers a ik , 

where / = 1, 2. m and k = 1,2,.. . , n, define T: V n -> V m as follows: Tmapseach 

vector x = (xj, . . . , x,) in V n onto the vector y = (}\, ... , y m ) in V m according to the 
equations 

n 

Yi =J,a ik X k for i = l,2. m. 

k = l 

example 5. Inner product with a fixed element. Let V be a real Euclidean space. For a 
fixed element z in V, define T: 1/ R as follows: If x £ V, then T(x) = (x, z), the inner 
product of x with z. 

example 6. Projection on a subspace. Let V be a Euclidean space and let S be a finite¬ 
dimensional subspace of V. Define T: V —> S as follows: If x £ M, then T(x) is the 
projection of x on S. 

example 7. The differentiation operator. Let M be the linear space of all real functions 

f differentiable on an open interval (a, b). The linear transformation which maps each 
fimctionfin M onto its derivativef is called the differentiation operator and is denoted by 
D. Thus, we have D: M —v IV, where D ( f) = fi for each f in V. The space 1/1/ consists of 
all derivatives f. 

example 8. The integration operator. Let V be the linear space of all real functions 

continuous on an interval [a, b]. If f£ V, define g = T(f) to be that function in M given by 

g{x) = [ f(t) dt if a < x < b . 

da 

This transformation T is called the integration operator. 

2.2 Null space and range 

In this section, Tdenotes a linear transformation of a linear space V into a linear space I/I/. 

theorem 2.1. The set T(V) (the range of T) is a subspace of I/I/. Moreover, T maps 
the zero element of M onto the zero element of I/I/. 
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Proof. To prove that T( V) is a subspace of I/I/, we need only verify the closure axioms. 

Take any two elements of T(V), say T(x) and T(y). Then T(x) + T(y) = T(x + y) , so 

T(x) + T(y) is in T( V). Also, for any scalar c we have cT(x ) = T(cx) , so cT(x ) is in T(V). 
Therefore, T( V) is a subspace of I/I/. Taking c = 0 in the relation T(cx) = cT(x), we find 
that T(0) = 0. 

definition. The set of all elements in V that T maps onto 0 is called the null space of 
T and is denoted by N (T). Thus, we have 

N(T) = fr | x e V and T(x) = 0} . 

The null space is sometimes called the kernel of T. 

THEOREM 2.2. The null space of T is a subspace ofV. 

Proof. If x and y are in N(T), then so are x + y and cx for all scalars c, since 

T(x + y) = T(x) + T(y) = 0 and T(cx) = cT(x) = 0. 

The following examples describe the null spaces of the lineal' transformations given in 
Section 2.1. 

example 2. Identity transformation. The null space is {0}, the subspace consisting of 
the zero element alone. 

example 2. Zero transformation, Since every element of 1/ is mapped onto zero, the 
null space is V itself. 

example 3. Multiplication by a fixed scalar c. If c fi 0, the null space contains only 0. 

If c = 0, the null space is M. 

example 4. Linear equations. The null space consists of all vectors (.Vj , . . . , x,) in V„ 
for which 

% a ik x k = 0 for i = 1,2 ,... ,m. 

k =1 

example 5. Inner product with a fixed element z. The null space consists of all elements 
in \/ orthogonal to z. 

example 6. P rojection on a subspace S. If x 6 V, we have the unique orthogonal 
decomposition x = S + J- 1 - (by Theorem I .15). Since T(x) = s, we have T(x) = 0 
if and only if x = . Therefore, the null space is S L , the orthogonal complement of S. 

example 7. Differentiation operator. The null space consists of all functions that are 
constant on the given interval. 

example 8. Integration operator. The null space contains only the zero function. 
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2.3 Nullity and rank 

Again in this section T denotes a linear transformation of a lineal' space V into a linear 
space I/I/. We are interested in the relation between the dimensionality of V, of the null 
space N(T), and of the range T(V). If V is finite-dimensional, then the null space is also 
finite-dimensional since it is a subspace of V. The dimension of N (T) is called the nullity 
of T . In the next theorem, we prove that the range is also finite-dimensional; its dimension 
is called the rank of T. 

theorem 2.3. nullity plus rank theorem. If V is finite-dimensional, then T(V) is 
also finite-dimensional, and we have 

(2.1) dim fi( T) + dim T(V) = dim V . 

In other words, the nullity plus the rank of a linear transformation is equal to the dimension 
of its domain. 

Proof. Let n = dim V and let e 1 , . . . , e k be a basis for N(T), where k = dim N(T) < n. 
By Theorem 1.7, these elements are pail of some basis for V, say the basis 

(2.2) Ci ■ ■ i * , , ... > ^k+r ’ 

where k + r = n . We shall prove that the r elements 

(2.3) T(e k+1 ),. . . , T(e k+r ) 

form a basis for T(V), thus proving that dim T(V) = r . Since k + r = tl , this also proves 
(2.1). 

First we show that the r elements in (2.3) span T(V). If y G T(V), tve have y = T(x) 
for some X in V, and we can write x = c 1 e 1 + • • • + C k+r e k+r ■ Hence, we have 

k+r k k+r k+r 

y = T(x) =2 Ci ne t ) = 2 c t T(e t ) + 2 c.Tfe) = 2 cjfa) 

i =1 i—1 i=/c+X i=A:+l 

since T(ef) = ••'• = T(e k ) = 0. This shows that the elements in (2.3) span T(V). 

Now we show that these elements are independent. Suppose that there are scalars 
C k+ 1 , . . . , c k+r such that 

2 c ( T(e f ) = 0 . 

i=k+l 

This implies that 



so the element x = c k+1 e k+1 + ' ' • + c k+r e k+r is in the null space N(T). This means there 
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are scalars c 1 , ... ,C k such that x = c l e l + • . • + C k e k , so we have 

k k+r 

x - x = v cfii - y C& = 0 . 

i=k +1 

But since the elements in (2.2) are independent, this implies that all the scalars c t are zero. 
Therefore, the elements in (2.3) are independent. 

Note: If V is infinite-dimensional, then at least one of N(T) or T(V) is infinite¬ 
dimensional. A proof of of this fact is outlined in Exercise 30 of Section 2.4. 


2.4 Exercises 

In each of Exercises 1 through 10, a transformation T: V 2 F 2 is defined by the formula given 
for T(x, y), where (x, y) is an arbitrary point in V 2 . In each case determine whether Tis linear. If 
T is linear, describe its null space and range, and compute its nullity and rank. 


1. T(x, y ) = (y, x). 

2. T(x, y) = (x, -y) 

3. T(x,y)= (x, 0). 

4. T(x, y) = (x, x) . 

5. T(x,y) - (x\ y 2 ). 


6. T(x, y) = (e x , e '<). 

7- T(x, y) = (x, 1). 

8. T(x,y) = (x + 1 ,y + 1). 

9. T(x,y) = (x -y,x +y). 

10. T(x,y) =(2x -y,x +y). 


Do the same as above for each of Exercises 11 through 15 if the transformation T: V 2 —>- V., 
is described as indicated. 


11. T rotates every point through the same angle <p about the origin. That is, T maps a point 
with polar coordinates (r, 0) onto the point with polar coordinates (r, 0 + y), where qj is 
fixed. Also, T maps 0 onto itself. 

12 . T maps each point onto its reflection with respect to a fixed line through the origin. 

13. T maps every point onto the point (1, 1). 

14. T maps each point with polar coordinates (r, 0) onto the point with polar coordinates (2r, 0). 
Also, T maps 0 onto itself. 

15. T maps each point with polar coordinates (r, 0) onto the point with polar coordinates (r, 2d). 
Also, T maps 0 onto itself. 


Do the same as above in each of Exercises 16 through 23 if a transformation T : V 3 —* V 3 is 
defined by the formula given for T(x, y , z), where (x, y, z) is an arbitrary point of V 3 . 


16. T(x,y,z) = ( z,y,x ). 

17. T(x,y,z) = (x,y, 0). 

18. T(x,y, z) = (x, 2y, 3z) 

19. T(x,y,z) = ( x,y, 1). 


20. T(x, y,z) = (x + 1, y + 1 , z - 1). 

21. T(x,y, z) = (x + 1 ,y+ 2, z + 3). 

22. T(x, y, z) = (x, y 2 , z 3 ). 

23. T(x, y, z) = (x + Z, 0, X + y). 


In each of Exercises 24 through 27, a transformation T: V —> V is described as indicated. In 
each case, determine whether T is linear. If T is linear, describe its null space and range, and 
compute the nullity and rank when they are finite. 

24. Let V be the linear space of all real polynomials p(x) of degree < n . Up E V , q = T(p) means 
that q(x) = p(x + 1) for all real x. 

25. Let V be the linear space of all real functions differentiable on the open interval (— 1, 1). 

If/G V, g = T(f) means that g(x) = xf'(x) for all x in ( — 1, 1). 
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26. Let V be the lineal' space of all real functions continuous on [a, b]. If/6 V, g = T(f) means 
that 

g(x) =J fit) sin (x — t) dt for a < x < b. 


27. Let V be the space of all real functions twice differentiable on an open interval (a, b). If 
y E V, define T(y) = y” + Py' + Qy , where P and Q are fixed constants. 

28. Let V be the linear space of all real convergent sequences {x,}. Define a transformation 
T: V —> V as follows: If x = {x,} is a convergent sequence with limit a, let T(x) = {y n }, 
where y n = a — x„ for n > I . Prove that Tis linear and describe the null space and range of T. 

29. Let V denote the linear space of all real functions continuous on the interval [ — it, tt]. Let S 
be that subset of V consisting of all / satisfying the three equations 

f f(t)dt= 0, f f(t)cos t dt =0, f fit) sin t dt =0. 

J —TT v — TT J ~7f 

(a) Prove that S is a subspace of V. 

(b) Prove that S contains the functions / (x) = cos nx and f (x) = sin nx for each n = 2, 3,. . . . 

(c) Prove that S is infinite-dimensional. 

Let T\ V —> V be the linear transformation defined as follows: Iff 6 V,g = T(f) means that 
g(x) = f {1 + cos {x-t)jf(t) dt. 

(d) Prove that T(V), the range of T, is finite-dimensional and find a basis for T(V). 

(e) Determine the null space of T. 

(f) Find all real c ^ 0 and all nonzero / in V such that T(f) = cf (Note that such an / 
lies in the range of T.) 

30. Let T: V —> IP be a linear transformation of a lineal' space V into a lineal' space !L If V is 
infinite-dimensional, prove that at least one of T(V) or N(T) is infinite-dimensional. 

[Hint: Assume dim N(T) = k , dim T(V) = r , let e± , . . , e k be a basis for N(T) and 
let e 1 , ■ ■ ■ , e k , e k , . . . , e k+n be independent elements in V, where n > r. The 
elements T(e k+1 ),. . . , T(e k , „) are dependent since n > r. Use this fact to obtain a 
contradiction.] 


2.5 Algebraic operations on linear transformations 

Functions whose values lie in a given linear space W can be added to each other and can 
be multiplied by the scalars in W according to the following definition. 

definition. Let S: V —> W and T: V —► W be two functions with a common domain V 
and with values in a linear space W. If c is any scalar in W, we define the sum S + T and the 
product cT by the equations 

(2.4) (S + T)(x) = S(x) + T(x ), icT)(x) = cT(x) 


for all x in V. 
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We are especially interested in the case where V is also a linear space having the same 
scalars as W. In this case we denote by f£ ( V, W) the set of all lineal' transformations of V 
into W. 

If S and Tare two linear transformations in f£( V, W), it is an easy exercise to verify that 
S + T and cT are also linear transformations in ^f(V, W). More than this is true. With 
the operations just defined, the set ff (V, W ) itself becomes a new linear space. The zero 
transformation serves as the zero element of this space, and the transformation (—1)T 
is the negative of T. It is a straightforward matter to verify that all ten axioms for a linear 
space are satisfied. Therefore, we have the following. 

theorem 2.4. The set f£( V, W) of all linear transformations of V into W is a linear 
space with the operations of addition and multiplication by scalars defined as in (2.4). 

A more interesting algebraic operation on linear transformations is composition or 
multiplication of transformations. This operation makes no use of the algebraic structure 
of a linear space and can be defined quite generally as follows. 



definition . Let U, V, W be sets. Let T: U V be a function with domain U and 
values in V, and let S: V —>■ W be another function with domain V and values in W. Then 
the composition ST is the function ST: U —*■ W defined by the equation 

(ST)(x) = S[T(X )] for every x in U ■ 

Thus, to map x by the composition ST, we first map x by T and then map T(x) by S. 
This is illustrated in Figure 2.1. 

Composition of real-valued functions has been encountered repeatedly in our study of 
calculus, and we have seen that the operation is, in general, not commutative. However, 
as in the case of real-valued functions, composition does satisfy an associative law. 

theorem 2.5. If T: U —> V , S: V — > W , and R: W — > X are three functions, then we have 

R( ST) = ( RS)T. 
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Proof. Both functions R(ST) and ( RS)T have domain U and values in X. For each X 
in U , we have 

[R(ST)](x) = R[{ST)(x)] = R[S[T(x)]] and [(RS)T\(x) = (RS)[T(x)} = R[S[T(x)]], 

which proves that R(ST) = (RS)T. 

definition. Let T: V —*■ V be a function which maps V into itself. We define integral 
powers of T inductively as follows: 

T° =/. T n = TT"- 1 for n > 1. 

Here / is the identity transformation. The reader may verify that the associative law 
implies the law of exponents X m f n = jm+n f or gjj n0 nnegative integers m and n. 

The next theorem shows that the composition of linear transformations is again linear. 

theorem 2.6. If U, V, W are linear spaces with the same scalars, and if T: U —y V 
and S: V —>■ W are linear transformations, then the composition ST: U —>■ VV is linear. 

Proof. For all x, y in U and all scalars a and b, we have 


(ST)(ax + by) = 5[T(ax + by)] = S[aT(x) + bT(y)] = aST(x) + bST(y ). 

Composition can be combined with the algebraic operations of addition and multiplica¬ 
tion of scalars in fX(V, W) to give us the following. 

theorem 2.7. Let U, V, W be linear spaces with the same scalars, assume S and T are 
in ££(V, W), and let c be any scalar. 

(a) For any function R with values in V t we have 

(S + T)R = SR + TR and ( cS)R = c(SR ) . 

(b) For any linear transformation R: W —> U , we have 

R ( S + T) = RS + RT and R(cS) = c(RS) ■ 

The proof is a straightforward application of the definition of composition and is left as 
an exercise. 

2.6 Inverses 

In our study of real-valued functions we learned how to construct new functions by 
inversion of monotonic functions. Now we wish to extend the process of inversion to a 
more general class of functions. 
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Given a function T, our goal is to find, if possible, another function S whose composition 
with T is the identity transformation. Since composition is in general not commutative, 
we have to distinguish between ST and IS. Therefore we introduce two kinds of inverses 
which we call left and right inverses. 


definition. Given two sets V arid Wand a function T: V W. A function S: T(V) —► V 
is called a left inverse of T ;/S[7 , (x)] = x for all x in V, that is, if 


ST=Iy, 


where Iy is the identity transformation on V. A function R: T(V) —> V is called a right inverse 
of T if T[R(y)] = y for ally in T(V), that is, if 


TR — I T ( V ), 

where Ij ( y > is the identity transformation on T(V). 

example. A function with no left inverse but with two right inverses. Let V = (1, 2) 
and let W = {0}. Define T: V—> Was follows: T(l) = T(2) = 0. This function has two 
right inverses R: W — > V and R’ : W —> V given by 

R(0) = 1, R’(0) = 2. 

It cannot have a left inverse S since this would require 

1 = S[T(1)] = S(0) and 2 = S[T{2)] = S(0). 

This simple example shows that left inverses need not exist and that right inverses need not 
be unique. 

Every function T: V —> W has at least one right inveise. hi fact, each y in T(V) has the 
form y = T(x ) for at least one x in V. If we select one such x and define R(y) = x , then 
T[R(y)] = T(x) = y for each y in T(V), so I? is a right inverse. Nonuniqueness may occur 
because there may be more than one x in V which maps onto a given y in T(V). We shall 
prove presently (in Theorem 2.9) that if each y in T(V) is the image of exactly one x in V, 
then right inverses are unique. 

First we prove that if a left inverse exists it is unique and, at the same time, is a right 
inverse. 


theorem 2.8. A function T\ V —*■ W can have at most one left inverse. If T has a left 
inverse S, then S is also a right inverse. 

Proof. Assume T has two left inverses, S: T(V)+ Vand S': T(V)+ V. Choose any 
y in T(V). We shall prove that S(y) = S’(y) . Now y = T(x) for some x in V, so we have 


S[T(x)]= X and S'[T(x)] = x 
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since both S and S' are left inverses. Therefore S(j) = x and S'(y) = x , so S(y) = S'(y) 
for all y in T(V). Therefore S = S’ which proves that left inverses are unique. 

Now we prove that every left inverse S is also a right inverse. Choose any element y in 
T(V). We shall prove that r[S(_y)] = y . Since y £ 7'( V) , we have y = T(x) for some x in 
V. But S is a left inverse, so 

x = S[T(x)] = S(y). 

Applying T, we get T(x) = . But y = T(x), so y = 7’[iS'(y)] , which completes the 

proof. 

The next theorem characterizes all functions having left inverses. 


theorem 2.9. A function T: V —y W has a left inverse if and only if T maps distinct 
elements of V onto distinct elements of W; that is, if and only if for all x and y in V, 

(2.5) x 7 s y implies T{x) ^ T(y). 

Note: Condition (2.5) is equivalent to the statement 

(2.6) T(x) = T(y) implies x =y. 

A function T satisfying (2.5) or (2.6) for all x and y in V is said to be one-to-one on V. 

Proof. Assume T has a left inverse S, and assume that T(x) = T(y). We wish to prove 
that x = y . Applying S, we find S[Y(;c)] = ^ITOO] nice 5[T(x)] = x and 5”[r(^)] = y, 
this implies x = y. This proves that a function with a left inverse is one-to-one on its 
domain. 

Now we prove the converse. Assume Tis one-to-one on V. We shall exhibit a function 
S: T(V) —y V which is a left inverse of T. If y e T(V) , then y = T(x) for some x in V. By 

(2.6) , there is exactly one x in V for which y = T(x). Define S(y) to be this x. That is, 
we define S on T(V) as follows: 


S(y) = x means that T(x) = y . 

Then we have iS[7’(a:)] = x for each x in V, so ST = /,. Therefore, the function S so 
defined is a left inverse of T. 


definition. Let T: V —> W be one-to-one on V. The unique left inverse of T (which 
we know is also a right inverse) is denoted by 7’ -1 . We say that T is invertible, and we call 
X -1 the inverse of T. 


The results of this section refer to arbitrary functions. Now we apply these ideas to 
linear transformations. 
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2.7 One-to-one linear transformations 

In this section, V and W denote linear spaces with the same scalars, and T: V —* W 
denotes a linear transformation in f£{V, W). The lineality of T enables us to express the 
one-to-one property in several equivalent forms. 

THEOREM 2.10, Let T: V —> W be a linear transformation in V, W). Then the following 
statements are equivalent. 

(a) T is one-to-one on V. 

(b) T is invertible and its inverse T ^ 1 ; T(V) —y V is linear. 

(c) For all x in V, T(x) = 0 implies x = 0. That is, the null space N(T) contains only 
the zero element of V. 

Proof. We shall prove that (a) implies (b), (b) implies (c), and (c) implies (a). First 
assume (a) holds. Then T has an inverse (by Theorem 2.9), and we must show that T" -1 
is linear. Take any two elements u and v in T(V). Then u = T(x) and v = T(y) for some 
x and y in V. For any scalars a and b, we have 


au >k bv = aT{x ) + bT(y) = T(ax + by), 


since T is linear. Flence, applying T 1 , we have 


T 1 (au + bv) = ax + by = aT 1 (u) + bT 1 (v), 
so f- 1 is linear.. Therefore (a) implies (b). 

Next assume that (b) holds. Take any x in V for which T(x) = 0. Applying T _1 , we 
find that x = T~\0) = 0, since T 1 is linear. Therefore, (b) implies (c). 

Finally, assume (c) holds. Take any two elements u and v in V with T(u) = T(v). By 
lineality, we have T(u — v) = 77 u) — T(v) = 0, so u — v = 0. Therefore, Tis one-to-one 
on V, and the proof of the theorem is complete. 

When V is finite-dimensional, the one-to-one property can be formulated in terms of 
independence and dimensionality, as indicated by the next theorem. 


theorem 2.1 1. Let T: V —*■ W be a linear transformation in f£{ V, W) and assume that 
V is finite-dimensional, say dim V = n . Then the following statements are equivalent. 

(a) T is one-to-one on V. 

(b) //*],..., e, are independent elements in V, then T(ef), .... T(e p ) are independent 
elements in T(V). 

(c) dim T(V) = n . 

(d )If{e u ...,e,} is a basis for V, then {T(e{), ■ ■ ■ , T(e n )} is a basis for T(V). 

Proof. We shall prove that (a) implies (b), (b) implies (c), (c) implies (d), and (d) implies 
(a). Assume (a) holds. Let e 1 , ■ ■ . , e v be independent elements of V and consider the 
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elements T(e^), . . . , T{e^) in T(V). Suppose that 

2 c{T(ed = 0 

i =1 

for certain scalars c l9 . . . , c,. By linearity, we obtain 

( v \ v 

2 c i e i I = 0 , ^ hence 2 % = ° 

i=i / i=i 

since T is one-to-one. But e,, . . . , are independent, so Cj = ' ' . = C v = 0. Therefore 
(a) implies (b). 

Now assume (b) holds. Let {e„ . . . , e,} be a basis for V. By (b), the n elements 
T{e ^),. . . , T(e n ) in T(V) are independent. Therefore, dim T(V) > n . But, by Theorem 

2.3, we have dim T(V) < n . Therefore dim T(V) = tl , so (b) implies (c). 

Next, assume (c) holds and let {e„ . . . , e,} be a basis for V. Take any element y in 

T(V). Then y = T(x) for some x in V, so we have 

n n 

X = 2 c i e i’ and hence y = T(x) = c i T(e i ). 

i=1 i=l 

Therefore { T(e • • . ,T(e n )} spans T(V). But we are assuming dim T(V) = n, SO 

{T(e j),, , ,, T{e n )\ is a basis for T(V). Therefore (c) implies (d). 

Finally, assume (d) holds. We will prove that T(x) = 0 implies x = 0. Let {ej, . . . , e,} 
be a basis for V. If x e V, we may write 


n n 

X = ^ t and hence T(x) — 2 c iT( e i) . 
i=l i=r 

If T(x) = O, then c 1 = ■ • • = c n = 0, since the elements 7’(c 1 ), . . . , T(e n ) are independent. 
Therefore x = 0, so Tis one-to-one on V. Thus, (d) implies (a) and the proof is complete. 


2.8 Exercises 


1. Let V = {0, 1} • Describe all functions T: V—> V . There are four altogether. Label them as 
T 1 , T >>, T 3 ,T i and make a multiplication table showing the composition of each pair. Indicate 
which functions are one-to-one on V and give their inverses. 

2. Let V = {0, 1,2}. Describe all functions T: V—> V for which T(V) = V . There are six 
altogether. Label them as T lt . . . ,T§ and make a multiplication table showing the com¬ 
position of each pair. Indicate which functions are one-to-one on V, and give then inverses. 


In each of Exercises 3 through 12, a function T: V 2 -*■ V 2 is defined by the formula given for 
T(x, y), where (x, y) is an arbitrary point in V 2 . In each case determine whether T is one-to-one 
on V 2 . If it is, describe its range T( V 2 ); for each point (u, v) in T( V 2 ), let (x, y) = 7 ,_1 («, v ) and 
give formulas for determining x and y in terms of u and v. 


3. T(x,y) = {y, x). 

4. T(x, y) = (x, -}’) 

5. T(x, y) = (x, 0). 

6. T(x, y) = (x, x). 

7. T(x,y)= (x 2 , /). 


8. T(x,y) = (f, e’ J ). 

9. T(x, y) = (x, 1). 

10. T(x,y) = (x+ 1,7+1). 

11 . T(x,y) = (x -y,x +y). 

12. T(x,y) =(2x -y,x + 7 ). 
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In each of Exercises 13 through 20, a function TV V 3 —> V :j is defined by the formula given for 

T(x, }', z), where (x, y, z) is an arbitrary point in V 3 . In each case, determine whether Tis one-tO- 

one on V 3 . If it is, describe its range T(V 3 ); for each point (u, v, tv) in T(V 3 ), let (x,y, z) — 

T~\u, v, tv) and give foimulas for determining x, y, and z in terms of u, v, and tv. 

13 . T(x, y,z) = (z. y,x) 17. T(x, y, z) = (x + l,y+l,z—l). 

14. T(x,y,z) = (x,y, 0). 18. T(x,y, z) == (x + \,y + 2, z + 3). 

15. T(x, y, z) = (x, 2y, 3 z) . 19. T(x, y, z) =■ (x, x + y, x + y + z). 

16. T(x, y, z) = (x,y,x + y + z). 20. T(x, y, z) == (x + y, y + z,x + z). 

21. Let T : V V he a function which maps V into itself. Powers are defined inductively by the 
formulas T° = I, T n = TT n ~ l for n > I . Prove that the associative law for composition 
implies the law of exponents: T m T n = T m+n . If Tis invertible, prove that T n is also invertible 
and that ( yny-i _ ( j-iyi _ 

In Exercises, 22 through 25, S and T denote functions with domain V and values in V. In 

general, ST ^ TS. If ST = TS, we say that S and T commute. 

22. If S and T commute, prove that ( ST) n = S n T n for all integers n > 0. 

23. If S and Tare invertible, prove that ST is also invertible and that (ST)- 1 = T^S^ 1 . In other 
words, the inverse of ST is the composition of inverses, taken in reverse order. 

24. If S and Tare invertible and commute, prove that their inverses also commute. 

25. Let V be a linear space. If S and T commute, prove that 


(S + Tf = S 2 + 2ST + T 2 and (S + Tf = S 3 + 3 S 2 T + 3 SP + T s . 


Indicate how these formulas must be altered if ST 1 TS. 

26. Let S and / be the linear transformations of V s into V 3 defined by the foimulas S(x, J, z) = 
(z, y, x) and T(x, z) = (x, x + y, x + y + z), where (x, y, z ) is an arbitrary point of V 3 , 

(a) Determine the image of (x, y, z) under each of the following transformations : ST, TS, 
ST - TS. S 2 , T 2 , (ST) 2 , (TS) 2 , (ST - TS) 2 . 

(b) Prove that S and Tare one-to-one on V 3 and find the image of (u, v, w) under each of the 
following transformations : S* 1 , T -1 , (ST)- 1 , (TS)- 1 . 

(c) Find the image of (x, y, z) under (T — l) n for each n > 1. 

27. Let V be the linear space of all real polynomials p(x). Let D denote the differentiation operator 
and let T denote the integration operator which maps each polynomial p onto the polynomial 
q given by q(x) = pit) dt . Prove that DT = I v but that TD ^ Iy. Describe the null space 
and range of TD. 

28. Let V be the linear space of all real polynomials p(x). Let D denote the differentiation operator 
and let T be the linear transformation that maps p(x) onto xp'(x). 

(a) Let p(x) = 2 + 3x — x 2 + 4x 3 and determine the image ofp under each of the following 
transformations; A T, dt, td, dt - TD, T 2 D 2 - D 2 T 2 . 

(b) Determine those p in V for which T(p ) = p . 

(c) Determine thosep in V for which (DT — 2 D)(p) = 0. 

(d) Determine thosep in V for which (DT — TD) n (p) = D n (p). 

29. Let V and D be as in Exercise 28 but let T be the lineal' transformation that maps p(x) onto 
xp(x). Prove tihat DT - TD = Z and that DT n - T n D = /jT 71-1 for « > 2. 

30. Let S and T be in &(V, V) and assume that ST - TS = I. Prove that ST n - T n S = nT n 1 
for all n > 1 . 

3 1. Let V be the linear space of all real polynomials p(x). Let R, S, T be the functions which map 
an arbitrary polynomial p(x) = c 0 + c x x + . . . + c n x n in V onto the polynomials u(x), s(x). 
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and t(x), respectively, where 

r(x) = p{ 0 ), s{x) = ^ c k x k - 1 , 
1 


n 

f(x ) = 1 Cj.X* +1 . 


(a) Let p(x) = 2 + 3x — x 2 + x 3 and determine the image of p under each of the following 
transformations: R, S, T, ST, TS, ( TS ) 2 , T 2 S 2 , S 2 T 2 , TRS, RST. 

(b) Prove that R, S, and Tare lineal' and determine the null space and range of each. 

(c) Prove that T is one-to-one on V and determine its inverse. 

(d) If n> 1, express ( TS) n and S r ‘ T" in terms of / and R. 

32. Refer to Exercise 28 of Section 2.4. Determine whether T is one-to-one on V. If it is, describe 
its inverse. 


2.9 Linear transformations with prescribed values 

If V is finite-dimensional, we can always construct a linear transformation T: V —*■ 1/1/ 
with prescribed values at the basis elements of V, as described in the next theorem. 

theorem 2.12. Let e lt ..., e n be a basis for an n-dimensional linear space V. Let 
be n arbitrary elements in a linear space W. Then there is one and only one linear 
transformation T: V —>■ W such that 

(2.7) T(e k ) = u k for k = 1, 2 ,... ,n. 

This T maps an arbitrary element x in V as follows: 

n n 

(2.8) If x =2,x lc e i , then T(x)=%x k u k . 

k=1 k=l 

Proof. Every x in 1/ can be expressed uniquely as a linear combination of e k , e n , 

the multipliers x x , . . . , x n being the components of x relative to the ordered basis 
(e 1 , . e,). If we define T by (2.8), it is a straightforward matter to verily that T is 

lineal'. If X = e k for some k, then all components of X are 0 except the kth, which is 1, so 
(2.8) gives T(e k ) = U k , are required. 

To prove that there is only one lineal' transformation satisfying (2.7), let T' be another 
and compute T'(x). We find that 

( n \ n n 

2x k e k ) =2 x k T'(e k ) = l x,u, = T(x). 

k= 1 / k =1 k =1 

Since T’(x) = T(x) for all x in V, we have T’ = T , which completes the proof. 

example . Determine the lineal' transformation T: V 2 —>■ V 2 which maps the basis elements 
i = (1,0) and j = (0, 1) as follows: 


T(i) = i+j, T (j) = 2i — j. 
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Solution. If x = xj + X 2 j is an arbitrary element of V 2 , then T(x) is given by 
T(x) = x x T(i) + x 2 T(j) = x x (i +j) + x 2 {li - j) = (x t + 2x 2 )i + (x x - x 2 )j. 

2.10 Matrix representations of linear transformations 

Theorem 2.12 shows that a linear transformation T'. V —*■ W of a finite-dimensional 
linear space V is completely determined by its action on a given set of basis elements 
e x , . . . , e n . Now, suppose the space W is also finite-dimensional, say dim W = m , and let 
Wj, , . . , W m be a basis for W. (The dimensions n and m may or may not be equal.) Since T 
has values in W, each element T(e k ) can be expressed uniquely as a lineal' combination of the 
basis elements Wj, • • ■ , , say 

m 

T(e k )= I t a Wi, 

i=1 

where t ik , . . . , t mk are the components of T(e j.) relative to the: ordered basis (uq, . . . , w,). 
We shall display the m-tuple ( t lk , , . . , t mk ) vertically, as follows: 


(2.9) 

I_ t mk _| 

This array is called a column vector or a column matrix. We have such a column vector for 
each of the n elements T(ef), . . . , T(e n ). We place them side by side and enclose them in 
one pair of brackets to obtain the following rectar gular array: 

Ill Ii2 ' ‘ ‘ in 

hi hi ‘ ' ' 2 n 


ml Im2 ' ’ ' !mn_ 

This array is called a matrix consisting of m rows and n columns. We call it an m by n matrix, 
or an m x n matrix. The fust row is the 1 x n matrix (f n , t 12 , . . . , t ln ). The m x 1 

matrix displayed in (2.9) is the kth column. The scalars t ik are indexed so the first subscript 
i indicates the row:, and the second subscript k indicates the column in which t ilc occurs. 
We call t ik the ik-entry or the ik-element of the matrix. The more compact notation 

(**), or (t ik )^i, 

is also used to denote the matrix whose ik-entry is t ik . 


hk 

hk 
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Thus, every linear transformation T of an n-dimensional space V into an m-dimensional 
space W gives rise to an m x n matrix ( t ik ) whose columns consist of the components of 
T(e j), . T(e n ) relative to the basis (nq, . . . , w,). We call this the matrix representation 

of T relative to the given choice of ordered bases (e„ . . . , e,) for V atld (u',, . . . , w,) for 
W. Once we know the matrix (t ik ), the components of any element T(x) relative to the 
basis (w„ . . . , w,) can be determined as described in the next theorem. 


theorem 2.13. Let T be a linear transformation in JT( V, W), where dim V = n and 
dim W = m. Let {e 1 ,. . . , e„) and (nq .. . . , w,) be ordered bases for Vand W, respectively, 
and let (t ik ) be the m X It matrix whose entries are determined by the equations 

m 

(2.10) T(e k ) - 2 Uk w i > f° r k = 1,2,. . . ,n. 

i =1 


Then an arbitrary element 

(2.11) X = 2 x k e k 

k = 1 

in V with components (Xj,. . . , x,) relative to (e^,, e,) is mapped by T onto the element 

m 

(2.12) T( X ) = ^ ym 

i—l 

in W with components (j 1; . . . , y,) relative to (w .. w,). The are related to the 

components of x by the linear equations 


(2.13) y, = 2 t ilc X k for i = 1,2, ... , m. 

i)=l 

Proof. Applying T to each member of (2.11) and using (2.10), we obtain 


n n m m i n \ Tti 

T(x) = J, x J(e k ) =2^2 { nc w i = I ( ZUkXk ) = 2 }'i w i . 

k= 1 i—l i=l V=1 / i=l 

where each y i is given by (2.13). This completes the proof. 

Having chosen a pair of bases (e„ . . . , e,) and (tVj, . . . , M’ m ) for V and W, respectively, 
every linear transformation T: V—> W has a matrix representation ( t ik ). Conversely, if 
we start with any mil scalars arranged as a rectangular matrix ( t jk ) and choose a pair of 

ordered bases for V and W, then it is easy to prove that there is exactly one linear trans¬ 
formation T: V W having this matrix representation. We simply define Tat the basis 

elements of V by the equations in (2.10). Then, by Theorem 2.12, there is one and only 

one linear transformation T: V —>■ W with these prescribed values. The image T(x) of an 
arbitrary point x in V is then given by Equations (2.12) and (2.13). 
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EXAMPLE 1. Construction of a linear transformation from a given matrix. Suppose we 
start with the 2 x 3 matrix 

'3 1 -2* 

1 0 4_ 

Choose the usual bases of unit coordinate vectors for V 3 and V 2 . Then the given matrix 
represents a lineal' transformation T: V 3 - > V t which maps an arbitrary vector (x t , x 2 , X 3 ) 
in V 3 onto the vector (y 1 , y 2 ) in V 2 according to the linear equations 


y x = 3x x + x 2 - 2x z , 


y 2 — + OX, + 4Xg ■ 


example 2. Construction of a matrix representation of a given linear transformation. 
Let V be the linear space of all real polynomials p(x) of degree < 3. This space has dimen¬ 
sion 4, and we choose the basis (1, x, x 2 , X 3 ). Let D be the differentiation operator which 
maps each polynomial p(x) in V onto its derivative p’(x). We can regard D as a linear 
transformation of V into W, where W is the 3-dimensional space of all real polynomials 
of degree <' 2’. In W we choose the basis (1, x, x 2 ). To find the matrix representation of D 
relative to this (choice of bases, we transform (differentiate) each basis element of V and 
express it as a linear combination of the basis elements of W. Thus, we fmd that 

D(l) = 0 = 0 + Ox + Ox 2 , D(x) = 1 = 1 + Ox + Ox 2 , 

D(x 2 ) = 2x = 0 + 2 X + Ox 2 , D(x 3 ) = 3x 2 = 0 + Ox + 3x 2 . 

The coefficients of these polynomials determine the columns of the matrix representation of 
D. Therefore, the required representation is given by the following 3x4 matrix: 

"0 1 0 O' 

0 0 2 0 . 

_0 0 0 3_ 

To emphasize that the matrix representation depends not only on the basis elements but 
also on their order, let us reverse the order of the basis elements in Wand use, instead, the 
ordered basis (x 3 , x, 1). Then the basis elements of V are transformed into the same poly¬ 
nomials obtained above, but the components of these polynomials relative to the new 
basis (x 2 , X, 1) appeal' in reversed order. Therefore, the matrix representation of D now 
becomes 

'0 0 0 3' 

0 0 2 0 . 

0 10 0 
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Let us compute a third matrix representation for D, usingthebasis (1, 1 + x , I + x + a 2 , 
1 + x + x 2 + x 3 ) for V, and the basis (1, x. A' 2 ) for W. The basis elements of V are trans- 
formed as follows: 

D(l) = 0, D{ 1 + x) = 1, D(1 +x + x 2 )=l +2x, 

D(1 +x + X 2 + X z ) = 1 +2x + 3x\ 
so the matrix representation in this case is 


"0 

1 


0 

0 2 

F 

0 

0 * 

1 


2.11 Construction of a matrix representation in diagonal form 

Since it is possible to obtain different matrix representations of a given linear transforma¬ 
tion by different choices of bases, it is natural to try to choose the bases so that the resulting 
matrix will have a particularly simple fomr. The next theorem shows that we can make 
all the entries 0 except possibly along the diagonal starting from the upper left-hand comer 
of the matrix. Along this diagonal there will be a string of ones followed by zeros, the 
number of ones being equal to the rank of the transformation. A matrix with all 
entries t ik = 0 when i ^ k is said to be a diagonal matrix. 

theorem 2.14. Let V and W be finite-dimensional linear spaces, with dim V = ll and 
dim W = m . Assume T e V, W) and let r = dim T(V) denote the rank of T. Then there 

exists a basis (e, , , e,) for V and a basis (wy, .... w m ) for W such that 

(2.14) T(e^) = Wj for i — 1,2. r, 

and 

(2.15) T(e t ) = 0 f o r i = r + \,...,n. 

Therefore, the matrix ( t ik ) of T relative to these bases has all entries zero except for the r 

diagonal entries 

til = hi = ' ' ' = t rr = 1 • 

Proof. First we construct a basis for W. Since T(V) is a subspace of W with dim T(V) = 

r, the space T(V) has a basis of r elements in W, say uj , . . . , w. r . By Theorem 1.7, these 

elements form a subset of some basis for W. Therefore we can adjoin elements W r+1 , ... , 
W m so that 

(2.16) (Wj, .. . ,w r , w r+1 ,. . . ,w m ) 


is a basis for W. 
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Now we construct a basis for V. Each of the first r elements nr in (2.16) is the image of at 
least one element in V. Choose one such element in V and call it e, . Then T(e t ) = H’, : for 
/ = 1,2, . . . , r so (2.14) is satisfied. Now let k be the dimension of the null space N(T). 
By Theorem 2.3 we have n = k + r. Since dim N(T) = k, the space N(T) has a basis 
consisting of k elements in V which we designate as e r+ i , , e r+k . For each of these 

elements, Equation (2.15) is satisfied. Therefore, to complete the proof, we must show 
that the ordered set 


( 2 - 17 ) • • , e r ,e r+ i,. . . , e r+k ) 

is a basis for V. Since dim V = n = r + k, we need only show that these elements are 
independent. Suppose that some linear combination of them is zero, say 

(2.18) 1^ = 0. 

*== 1 

Applying T and using Equations (2.14) and (2.19, we find that 

r+k r 

2 c ’; T 0i) = 2 c i w i = ° ■ 
i=l i=1 

But w lt . . . ,W r are independent, and hence = • ’ • = C r = 0. Therefore, the first r 
terms in (2.18) are zero, so (2.18) reduces to 


<—r+l 

But <? r i I., C, fife independent since they form a basis for N(T), and hence c r+l = 

■ • • = C r+ jc = 0- Therefore, all the c i in (2.18) are zero, SO the elements in (2.17) form a 
basis for V. This completes the proof. 


example. We refer to Example 2 of Section 2.10, where J) is the differentiation operator 
which maps the space V of polynomials of degree < 3 into the space W of polynomials of 
degree <2. hi this example, the range T(V) = W, so T has rank 3. Applying the method 

used to prove Theorem 2.14, we choose any basis for W, for example the basis (1, x. X 2 ). 

A set of polynomials in V which map onto these elements is given by (x, ^x 2 , |x 3 ), We 
extend this set to get a basis for V by adjoining the constant polynomial 1, which is a basis 
for the null space of D. Therefore, if we use the basis (.x:, Lx 2 , -jX’ 1 , 1) for V and the basis 
(1, x, x 2 ) for W, the corresponding matrix representation for D has the diagonal fomi 

'1 0 0 O' 

0 10 0 . 

0 0 1 0 
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2.12 Exercises 

In all exercises involving the vector space V n , the usual basis of unit coordinate vectors is to be 
chosen unless another basis is specifically mentioned. In exercises concerned with the matrix of 
a linear transformation 7 : V —* W where V = W, we take the same basis in both V and W u n I ess 
another choice is indicated. 

1. Determine the matrix of each of the following linear transformations of V n into V n : 

(a) the identity transformation, 

(b) the zero transformation, 

(c) multiplication by a fixed scalar c. 

2. Determine the matrix for each of the following projections. 


(a) T: V 3 - 

* e 2 , 

where 

T(x i, x 2 ,x 3 ) = 

( x i , x 2 ) ■ 

(b) T: V 3 ~ 


where 

T(x u x 2 ,x 3 ) = 

(*2, ^ 3 ) • 

(c) T: V 5 - 

>K 3 , 

where 

T{Xi, x 2 , x 3 , x t , x 3 ) — (x 2 , x 3 , x 4 ) 


3. A linear transformation T: V 2 V 2 maps the basis vectors i andj as follows: 

T(i) = i+j, T(j) = 2i -j. 

(a) Compute T(3i — 4j) and T 2 (3i — 4j) in temrs of i and j. 

(b) Determine the matrix of T and of T‘ l . 

(c) Solve pail (b) if the basis (i, j) is replaced by (e 4 , e 2 ), where gj = i — j. e 2 = 3i + j. 

4. A linear transformation T: V 2 —>■ V 2 is defined as follows: Each vector (x, y) is reflected in 
the y-axis and then doubled in length to yield T(x, y). Determine the matrix of 7 and of T 2 . 

5. Let T: V 3 —> V 3 be a linear transformation such that 

T(k) = 2i + 3j + 5k, T(j + k) =/, T ( i + j + k ) = j - k . 

(a) Compute T(i + 2j + 3k) and determine the nullity and rank of T. 

(b) Determine the matrix of T. 

6. For the linear transformation in Exercise 5, choose both bases to be (e„ e 2 , e 3 ), where e 1 = 
(2, 3, 5), <?, = (1, 0, 0), e 3 = (0, 1, —1), and determine the matrix of T relative to the new 
bases. 

7. A linear transformation T: V 3 -> V 2 maps the basis vectors as follows: T(i) = (0, 0), T(j) = 

a, i), m= (i, .1). 

(a) Compute T(4i -j + k) and deteimine the nullity and rank of T. 

(b) Determine the matrix of 7. 

(c) Use the basis (i, j, k) in V 3 and the basis (h^ , w 2 ) in V 2 , where Wj = (1, 1), vv 2 = (1,2). 
Determine the matrix of / relative to these bases. 

(d) Find bases (e 1 , e 2 , e 3 ) for V 3 and (wj , w 2 ) for V 2 relative to which the matrix of Twill be 
in diagonal form. 

8. A lineal' transformation T : V,, —> V 3 maps the basis vectors as follows: T(i) = (!, 0, 1), 
77/7 = (-1,0. I I. 

(a) Compute T(2i — 3j) and determine the nullity and rank of T. 

(b) Determine the matrix of T. 

(c) Find bases (e„ e,) for V 2 and (w„ w 2 ,w 3 ) for V 3 relative to which the matrix of Twill be 
in diagonal form. 

9. Solve Exercise 8 if T(i) = (1,0, 1) and T(j) = (1, 1, 1). 

10. Let V and W be linear spaces, each with dimension 2 and each with basis {e x , e 2 ). Let T: V—* W 
be a linear transformation such that T(e 1 + e 2 ) = 3e 1 + 9e 2 , T(3e t + 2e 2 ) = 7e 1 + 23c 2 . 

(a) Compute T(e 2 — ef) and deteimine the nullity and rank of T. 

(b) Detemiine the matrix of T relative to the given basis. 
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(c) Use the basis (e x , e.) for V and find a new basis of the form (e x + ae 2 , 2e x + be,) for 1/1/, 

relative to which the matrix of Twill be in diagonal form. 

In the linear space of all real-valued functions, each of the following sets is independent and 
spans a finite-dimensional subspace V. Use the given set as a basis for V and let D: V -+ V be 
the differentiation operator. In each case, find the matrix of D and of D 2 relative to this choice 
of basis. 

11. (sin x, cos x). 15. (-cos x, sin x). 

12. (1, x, e x ). 16. (sin x, cos x, x sin x, x cos x). 

13. (1,1 + x, I + x + e x ). 17. (e x sin x, e x cos x). 

14. ( e x , xe x ). IS. ( e 2x sin 3x, e ix cos 3x). 

19. Choose the basis (1, x, x 2 , x 3 ) in the linear space 1/ of all real polynomials of degree <3. 

Let D denote the differentiation operator and let T: V —> V be the lineal' transformation 
which maps p(x) onto xp (x). Relative to the given basis, determine the matrix of each of the 
followingti'ansfomiations: (a) T; (b) DT; (c) TD; (d) TD — DT; (e) T 2 \ (f) T 2 D 2 — D 2 T 2 . 

20. Refer to Exercise 19. Let 1/1/ be the image of Vunder TD. Find bases for Vand for 1/1/ relative 

to which the matrix of TD is in diagonal form. 


2.13 Linear spaces of matrices 

We have seen how matrices arise in a natural way as representations of linear trans¬ 
formations. Matrices can also be considered as objects existing in their own right, without 

necessarily being connected to linear transformations. As such, they form another class of 
mathematical objects on which algebraic operations can be defined. The connection 
with lineal' transformations serves as motivation for these definitions, but this connection 
will be ignored for the moment. 

Let m and n be two positive integers, and let 1 m n be the set of all pairs of integers (i,j) 
such that 1 < i < ni ,1 < j < n . Any function A whose domain is I m is called an m X n 
matrix. The function value A(i, j) is called the ij-entry or ij-e/ement of the matrix and will 
be denoted also by a. u . It is customary to display all the function values in a rectangular 

array consisting of m rows and n columns, as follows: 


a n a n ' ’ ' a in 

Q‘l\ a 22 ' ' ■ a 2n 

_@ml ' ' Rmn_ 

The elements a a may be arbitrary objects of any kind. Usually they will be real or complex 
numbers, but sometimes it is convenient to consider matrices whose elements are other 
objects, for example, functions. We also denote matrices by the more compact notation 

A or A=(a u ). 

If m = n , the matrix is said to be a square matrix. A 1 x n matrix is called a row matrix; 
an m x 1 matrix is called a column matrix. 
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Two functions are equal if and only if they have the same domain and take the same 
function value at each element in the domain. Since matrices are functions, two matrices 
A = (ttij) and B = (b^) are equal if and only if they have the same number of rows, the 
same number of columns, and equal entries fly = b tj for each pair 

Now we assume the entries are numbers (real or complex) and we define addition of 
matrices and multiplication by scalars by the same method used for any real- or complex¬ 
valued functions. 


DEFINITION . If A = (a i; ) and B = (b rj ) are two m x n matrices and if c is any scalar, 

we define matrices A + B and cA as follows: 


A + B = {a u + b i} ), cA = (caf. 

The sum is defined only when A and B have the same size 

EXAMPLE. If 



' 1 

2 

- 3 



'5 

0 

r 

A = 

-1 

0 

41 

and 

B = 










_1 

-2 

3_ 


then we have 



'6 2 -2" 


r 2 4 -61 


■-5 o -r 

A + B = 

.0 -2 7_ 

, 2A = 

1 

oo 

O 

04 

1 

_1 

, (-1 )B = 

— ! 2 — 3_ 


We define the zero matrix 0 to be the m x n matrix all of whose elements are 0. -With 
these definitions, it is a straightforward exercise to verify that the collection of all ID X (I 
matrices is a lineal' space. We denote this linear space by M m n . If the entries are real 
numbers, the space M m n is a real linear space. If the entries are complex, M m n is a complex 
linear space. It is also easy to prove that this space has dimension mn. In fact, a basis for 
M m „ consists, of the mn matrices having one entry equal to 1 and all others equal to 0. 
For example, the six matrices 


P 

0 

0' 


'0 

1 

O' 


'0 

0 

r 


'0 

0 

O' 


'0 

0 

O' 


'0 

0 O' 

o 

0 

0 _ 


_0 

0 

0 _ 

> 

0 

0 

o_ 


_1 

0 

0 


0 

1 

0_ 

> 

.0 

0 1, 


form a basis for the set of all 2 x 3 matrices. 

2.14 Isomorphism between linear transformations and matrices 

We return now to the connection between matrices and lineal' transformations. Let V 
and 1/1/ be finite-dimensional linear spaces with dim V = n and dim W = m. Choose a 
basis (e„ . . . , e,) for 1/ and a basis (vtq, . . . , w,) for I/I/. In this discussion, these bases are 
kept fixed. Let ££?{V, W) denote the linear space of all linear transformations of 1 / into 
1/1/. If T e V , W), let m(T) denote the matrix of T relative to the given bases. We recall 
that m(T) is defined as follows. 
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The image of each basis element e k is expressed as a linear combination of the basis 
elements in IV’. 

m 

(2.19) T(e k ) = 2 t ik Wi for k = 1,2,... ,n. 

i=l 

The scalar multipliers t ik are the ik-entries of m(T). Thus, we have 
(2-20) m(T) = (t ik )™ifLi ■ 

Equadon (2.20) defines a new function m whose domain is £C(V, I/I/) and whose values 
are matrices in M mn . Since every m x n mahix is the,matrix m(T) for some Tin ( V, I/I/), 
the range of m is M mn - The next theorem shows that the transformation m: VP(V, I/I/) —> 
M m n is lineal' and one-to-one on V, IV). 

theorem 2.15. isomorphism theorem. For all S and 1 " in W) and all scalars 
c, we have 

m(S +T)= m(S) + m(T) and m{cT) = cm(T). 

Moreover, 

m(S) = m(T) implies S = T, 
so m is one-to-one on W). 

Proof. The matrix m(T) is formed from the multipliers t ik in (2.19). Similarly, the 
matrix m(S) is formed from the multipliers s ik in the equations 

m 

(2.21) S(e k ) = 2 s ik w i for k = 1, 2, • • • , n. 

i =1 

Since we have 

m m 

(S + T)(e k ) = 2 (% + h k )w t and (cT)(e k ) = 2 (ct ik )Wi, 

i =1 i= 1 

we obtainm(S + T) = (s ik + t ik ) = m(S) + m(T) and m{cT) - ( ct ik ) = cm(T). This proves 
that m is linear. 

To prove that m is one-to-one, suppose that m(S) = m(T ), where S = (s ik ) and T = 
(t ik ). Equations (2.19) and (2.21) show that S(e k ) = T(e k ) for each basis element e k , 
so S(x) = T(x) for all x in V, and hence S = T. 

Note; The function m is called an isomorphism. For a given choice of bases, m 
establishes a one-to-one correspondence between the set of lineal' transformations 
F(V, W) and the set of m x n matrices M m , n . The operations of addition and multipli¬ 
cation by scalars are preserved under this correspondence. The linear spaces V, I/I/) 
and M m n are said to be isomorphic. Incidentally, Theorem 2.11 shows that the domain 
of a one-to-one linear transformation has the same dimension as its range. Therefore, 
dim y{V, IV) = dim M mn = mn . 

If V = Wand if we choose the same basis in both 1/ and W, then the matrix m(Z) which 
corresponds to the identity transformation I: V —* V is an n x n diagonal matrix with each 
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diagonal entry equal to 1 and all others equal to 0. This is called the identity or unit matrix 
and is denoted by / or by /,. 


2.15 Multiplication of matrices 

Some lineal' transformations can be multiplied by means of composition. Now we shall 
define multiplication of matrices in such a way that the product of two matrices corresponds 
to the composition of the linear transformations they represent. 

We recall that if T: U —*■ V and S: V -> Ware linear transformations, their composition 
ST: [J —> W is a linear transformation given by 

ST(x) = S[T(x)] forallxin U. 

Suppose that U, V, and Ware finite-dimensional, say 

dim U = tl, dim V — p, dim W= m. 

Choose bases for U, V, and W. Relative to these bases, the matrix m(S) is an m X p 
matrix, the matrix T is a p x tl matrix, and the matrix of ST is an in x tl matrix. The 
following definition of matrix multiplication will enable us to deduce the relation m{ST ) = 
m(S)m(T). This extends the isomorphism property to products. 

definition. Let A be any m x p matrix, and let B be any p x n matrix, say 
A = and B = 

Then the product AB is defined to be the m x n matrix C = ( c i} ) whose ij-entry is given by 
( 2 - 22 ) c tj = J a ik b kj . 

jt=i 

Note: The product AB is not defined unless the number of columns of A is equal to 
the number of rows of B, 

If we write A i for the ith row of A, and B } for thejth column of B, and think of these as 
p-dimensional vectors, then the sum in (2.22) is simply the dot product A t • BL In other 
words, the ij-Q ntry of AB is the dot product of the ith row of A with thejth column of B: 

AB=(A { . 

Thus, matrix multiplication can be regarded as a generalization of the dot product. 

'4 6' 

5 -1 
0 2 


' 3 12' 

example 1 . Let A = and B = 

-l 1 0 


. SinceAis2 x 3 and B is 3 x 2 , 
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the product AB is the 2 x 2 matrix 


~A 1 • B 1 

A x • B 2 ' 


'17 

21" 

A 2 • B 1 

1 

N 

<N 


_ 1 

—7_ 


The entries of AB are computed as follows: 

A 1 -B 1 = 3-4 + 1-5 + 2-0 = 17, A,.B 2 = 3 • 6 + 1 • (-1) + 2 • 2 = 21 , 

A, • B l = (-1) • 4 + 1-5 + 0-0=1, A 2 -B* = (-1) • 6 + 1 • (-1) + 0 • 2 = -7. 

EXAMPLE 2. Let 






— 

'-2' 


'2 

1 

-3" 



A= 

1 

2 

4_ 

and B= 

1 






2 


Here A is 2 x 3 and B is 3 x 1, so AB is the 2 x I matrix given by 


Mi • 


r- 9 i 

a? 

_1 


— i 

oo 

_f 


since A, ■B x = 2 ■ (-2) + 1 • 1 + (-3) • 2 = -9 and A 2 B 1 = 1 • (-2) + 2 • 1 + 4 • 2 = 8. 


example 3. If A and B are both square matrices of the same size, then both AB and BA 
are defined. For example, if 


we find that 






This example shows that in general AB ^ BA . If AB = BA , we say A and B commute. 


example 4. If /j, is the p x p identity matrix, then l^A = A for every p x n matrix A, 
and BI V = B for every m x p matrix B. For example, 


o 

o 


"2" 


’2' 

0 1 0 


3 

= 

3 

© 

© 


_4_ 


_4_ 


'1 2 
4 5 



0 I 

1 

0 £ 


"1 2 3 
4 5 6 


Now we prove that the matrix of a composition ST is the product of the matrices m(S) 
and m(r). 
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THEOREM 2.16. Let T: U —► V and S'. V -> W fee //near transformations, where U, V, W 
are finite-dimensional linear spaces. Then, for a fixed choice of bases, the ma trices of S, T, 
and ST are related by the equation 

m(ST) = m(S)m(T). 

Proof. Assume dim U = n, dim V = p, dim W — m. Let (u x , ■ ■ . , a n ) be a basis for 
U, (v j,..., v,) a basis for V, and (h'j , , w,) a basis for W. Relative to these bases, we 

have 

m 

m(S) = (s 0 )££i, where S(vfi = 2 S ik W { for k = 1, 2,. . . , p, 

1 

and 

m(T) = (Ql’jLi, where T(u,) = 2 hPk for j =1,2,... ,n. 

Therefore, we have 

p pm m / p \ 

STiuf) = S[T(u } )] = 2 t kj s(v k ) = 2 t kj 2 S ik w t = 2 2 s <Ai I Wo 

k=l ft=l i=l *=1 \*=1 / 

so we find that 

( p \m,n 

2%< w ) = m(S)m(T ). 

We have already noted that matrix multiplication does not always satisfy the com¬ 
mutative law. The next theorem shows that it does satisfy the associative and distributive 
laws. 

THEOREM 2.17. ASSOCIATIVE AND DISTRIBUTIVE LAWS FOR MATRIX MULTIPLICATION. 

Given matrices A, B, C. 

(a) If the products A(BC) and (AB)C are meaningful, we have 
A(BC ) = (AB)C (associative law). 

(b) Assume A and B are of the same size. If AC and BC are meaningful, we have 

(A + B)C = AC + BC (right distributive law), 

whereas if CA and CB are meaningjiil, we have 

C(A + B) = CA + CB (left distributive law). 

Proof. These properties can be deduced directly from the definition of matrix multi¬ 
plication, but we prefer the following type of argument. Introduce finite-dimensional 
linear spaces U, V, W, X and lineal' transformations T: U —*■ V, S: V —> W, R: W —> At 
such that, for a fixed choice of bases, we have 


A = m(R), B = m(S), C = m(T). 
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By Theorem 2.16, we have m(RS) = AB and m(ST) = BC From the associative law for 
composition, we find that R(ST) = (RS)T. Applying Theorem 2.16 once more to this 
equation, we obtain m(R)m(ST) = m(RS)m(T ) or A(BC) = ( AB)C , which proves (a). The 
proof of (b) can be given by a similar type of argument. 


definition. If A is a square matrix, we define integral powers of A inductively as follows: 

A” = 1, A n = AA "- 1 for n>\. 


2.16 Exercises 




1 

1 

2 


'2 

2 " 


1 

-4 

2 







1 . If A = 




, B = 

-1 

3 

, c = 

1 

-1 


-1 

4 

—2_ 












5 

-2 


1 

-3 


BA, AC, CA, A(2B - 3C). 

'0 1 " 

0 2 

3. In each case find a, b, c, cl to satisfy the given equation. 


, compute B + C, AB, 


2. Let A - 


Find all 2 x 2 matrices B such that (a) AB = 0 ; (b) BA = 0. 


'0 0 1 O' 


' a 


T 

10 0 0 


b 


9 

0 10 0 


c 


6 

.0 0 0 1. 


d_ 


_5_ 


(a) 


4. Calculate AB — BA in each case. 


(b) 




T 

0 

2 

0" 





'a b 

1 

0 

0 

1 

1 


p 0 

6 

6' 

_1 4 

9 _L 

0 

1 

0 

0 


L< » 

8 

4_ 



0 

0 

1 

0 







"l : 

> 2 



' 4 

1 

f 



(a) A = 

2 : 

1 2 

9 

B = 

-4 

2 

0 

; 



i ; 

> 3 



1 

2 

1 




2 

0 

o' 



3 


1 

-2 

(b) A = 

1 

1 

2 

, B = 

3 


-2 

4 


-1 

2 

1 _ 



-3 


5 

11 _ 


5. If A is a square matrix, prove that A n A m = A m+n for all integers m > 0, n > 0 . 


6. Let A 


7. Let A 


. Verify that A 2 = 


1 1 
0 l 
'cos 9 —sin 9 
sin 9 cos 0 


1 2 
0 1 


and compute A n . 


Verify that A 2 = 


cos 29 —sin 20 
sin 20 cos 20 


and compute A ”. 



1 1 f 


‘l 2 3' 

8. Let A = 

0 1 1 

. Verify that A 2 = 

0 1 2 


_0 0 1 


0 0 1_ 


. Compute A 3 and A i . Guess a general 


formula for A ” and prove it by induction. 
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9. Let A 


10 

, Prove that A 2 = 2A — Z and compute A 100 . 

L-i u 


10. Find all 2 x 2 matrices A such that A 2 = 0. 

11. (a) Prove that a 2 x 2 matrix A commutes with every 2x2 matrix if and only if A commutes 
with each of the four matrices 


o 
_ 1 


r ° n 


! 

o 

o 

1_ 


'0 ol 

1 

o 

o 

I_ 

9 

i 

o 

o 

1 

9 

1 

o 

_ 1 

9 

1 

o 

. -J 


(b) Find all such matrices A. 

12. The equation A 2 = Z is satisfied by each of the 2 x 2 matrices 


p 

o' 


"1 0~ 


P 

b 

I 

o 

i_ 

9 

c —1 

9 

1 

o 

-1_ 


where b and c are arbitrary real numbers. Find all 2 x 2 matrices A such that A 2 = I. 



r 2 -n 


'7 

6' 

13. If A = 

i 

1 

N> 

oo 

I_ 

and B = 

9 

8_ 


a n d D A = B . 


14. (a) Verily that the algebraic identities 


find 2x2 matrices C and D such that AC — B 


(A + Bf = A 2 + 2AB + B 2 and 


(A + B)(A -B) = A 2 - B 2 


do not hold for the 2 x 2 matrices A 


"1 -f 


‘1 0" 


and B = 


_° 2_ 


_! 2_ 


(b) Amend the right-hand members of these identities to obtain formulas valid for all square 
matrices A and B. 

(c) For which matrices A and B are the identities valid as stated in (a)? 


2.17 Systems of linear equations 

Let A = (a i3 ) be a given m x n matrix of numbers, and let Cj, . . . , C m be m further 
numbers. A set of m equations of the form 


(2.23) %a ik x k = c t for i = 1 , 2, . . . , m, 

fc=i 

is called a system of m lineal' equations in n unknowns. Here x 1 , . . . , x„ are regarded as 
unknown. A solution of the system is any n-tuple of numbers (x x , . . . , x n ) for which all the 
equations are satisfied. The matrix A is called the coefficient-matrix of the system. 

Linear systems can be studied with the help of linear transformations. Choose the usual 
bases of unit coordinate vectors in V n and in V m . The coefficient-matrix A determines a 
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lineal' transformation, T: V n —> V m , which maps an arbitrary vector x = (a'j , . . . , x,) in V„ 
onto the vector y = (y x , , y m ) in V m given by the m linear equations 

n 

i'i = 2 a m x h for * = 1,2,..., m. 

k = 1 

Let c = (Cj , . . . , c,) be the vector in V m whose components are the numbers appealing in 
system (2.23). This system can be written more simply as; 

T(x) = c. 

The system has a solution if and only if c is in the range of T. If exactly one x in V n maps 
onto c, the system has exactly one solution. If more than one x maps onto c, the system 
has more than one solution. 

example : 1. A system with no solution. The system x + y= l, X + y = 2 has no 

solution. ‘The sum of two numbers cannot be both I and 2. 

example 2. A system with exactly one solution. The system x + y = 1, x — y = 0 has 
exactly one solution: (x, y) = (|, |). 

example: 3. A system with more than one solution. The system x + y = 1 , consisting 
of one equation in two unknowns, has more than one solution. Any two numbers whose 
sum is 1 gives ii solution. 

With each linear system (2.23), we can associate another system 

n 

2 ', a ikX k =0 for i = 1, 2, . . . , m, 

*=i 

obtained by replacing each C i in (2.23) by 0. This is called the homogeneous system corre¬ 
sponding to (2.23). If c 0 , system (2.23) is called a nonhomogeneous system. A vector 
x in V n will satisfy the homogeneous system if and only if 

T(x) = 0, 

where T is. the linear transformation determined by the coefficient-matrix. The homogene¬ 
ous system always has one solution, namely x = 0, but it may have others. The set of 
solutions of the homogeneous system is the null space of T. The next theorem describes the 
relation between solutions of the homogeneous system and those of the nonhomogeneous 
system. 

theorem 2.18. Assume the nonhomogeneous system (2.23) has a solution , say b. 

(a) If a vector x is a solution of the nonhomogeneous system, then the vector v = x — b 
is a solution of the corresponding homogeneous system. 

(b) If a vector v is a solution of the homogeneous+ system, then the vector x = v + b is a 
solution of the nonhomogeneous system. 
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Proof. Let T: V n —*■ V m be the linear transformation determined by the coefficient- 
matrix, as described above. Since b is a solution of the nonhomogeneous system we have 

T(b) = c . Let x and v be two vectors in V„ such that v = x — b. Then we have 

T(v) = T{x - b) = T(x) - T(b) = T(x) - c. 

Therefore T(x) = c if and only if T(v) = 0. This proves both (a) and (b). 

This theorem shows that the problem of finding all solutions of a nonhomogeneous 

system splits naturally into two parts: (1) Finding all solutions v of the homogeneous 

system, that is, determining the null space of T; and (2) finding one particular solution b of 
the nonhomogeneous system. By adding b to each vector v in the null space of T, we thereby 
obtain all solutions x = v + b of the nonhomogeneous system. 

Let k denote the dimension of N(T) (the nullity of T). If we can find k independent 
solutions v,, . . . , v k of the homogeneous system, they will fomi a basis for N(T), and we 
can obtain every v in N(T) by forming all possible linear combinations 

V = fv x + • • ' + t k V k , 

where t k , . . . , t k are arbitrary scalar's. This lineal' combination is called the general solution 
of the homogeneous system. If b is one particular solution of the nonhomogeneous system, 
then all solutions x are given by 

X — b + t k V k + • • . + /j. l' k . 

This lineal' combination is called the general solution of the nonhomogeneous system. 
Theorem 2.18 can now be restated as follows. 

theorem 2.19. Let T: V n —► V m be the linear transformation such that T(x) = y, where 
x = (-4.) . . • ! •£,))) y = (Jr ^... f fm) 


n 

Ti = 2 a ik x k f° r i = 1, 2, . • . ,m. 

k = l 

Let k denote the nullity of T. If V lt . . . , V k are k independent solutions of the homogeneous 
system T(x) — 0 , and if b is one particular solution of the nonhomogeneous system T(x) = C . 
then the general solution of the nonhomogeneous system is 


X - b + tjV r + . . . + t k v k , 


where t 1 ,. . ■ . t k are arbitrary scalars. 

This theorem does not tell us how to decide if a nonhomogeneous system has a particular 
solution b, nor does it tell us how to determine solutions V k , . . . , of the homogeneous 
system. It does tell us what to expect when the nonhomogeneous system has a solution. 
The following example, although very simple, illustrates the theorem. 
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example. The system x + y = 2 has for its associated homogeneous system the equation 
x + y = 0. Therefore, the null space consists of all vectors in V 2 of the form (t, —t), 
where t is arbitrary. Since (/, — t) = f(l, —1), this is a one-dimensional subspace of V 2 
with basis (1, — 1). A particular solution of the nonhomogeneous system is (0,2). There¬ 
fore the general solution of the nonhomogeneous system is given by 

(*, y) = (0, 2) + /(I, -1) or x = t, y = 2-t, 
where t is arbitrary. 


2.18 Computation techniques 

We turn now to the problem of actually computing the solutions of a nonhomogeneous 
linear system. Although many methods have been developed for attacking this problem, 
all of them require considerable computation if the system is large. For example, to solve 
a system of ten equations in as many unknowns can require several hours of hand com¬ 
putation, even with the aid of a desk calculator. 

We shall discuss a widely-used method, known as the Gauss-Jordan elimination method, 
which is relatively simple and can be easily programmed for high-speed electronic computing 
machines. The method consists of applying three basic types of operations on the equations 
of a linear system: 

(1) Interchanging two equations; 

(2) Multiplying all the terms of an equation by a nonzero scalar: 

(3) Adding to one equation a multiple of another. 

Each time we perform one of these operations on the system we obtain a new system having 
exactly the same solutions. Two such systems are called equivalent. By performing these 
operations over and over again in a systematic fashion we finally arrive at an equivalent 
system which can be solved by inspection. 

We shall illustrate the method with some specific examples. It will then be clear how the 
method is to be applied in general. 

example 1. A system with a unique solution. Consider the system 

2x — 5y + 4z = - 3 
x — 2y + z = 5 
x — 4y + 6z = 10. 


This particular system has a unique solution, X = 124, y = 75, z = 31 , which we shall 
obtain by the Gauss-Jordan elimination process. To save labor we do not bother to copy 
the letters x, y, z and the equals sign over and over again, but work instead with the aug¬ 
mented matrix 


'2 

-5 

4 

-3~ 

1-2 


1 

5 

_1 

-4 

6 

!Q_ 


(2.24) 




62 


Linear transformations and matrices 


obtained by adjoining the right-hand members of the system to the coefficient matrix. The 
three basic types of operation mentioned above are performed on the rows of the augmented 
matrix and are called row operations. At any stage of the process we can put the letters 
x, y, z back again and insert equals signs along the vertical line to obtain equations. Our 
ultimate goal is to arrive at the augmented matrix 


(2.25) 



after a succession of row operations. The corresponding system of equations is x = 124, 
y = 75, z = 31 , which gives the desired solution. 

The first step is to obtain a 1 in the upper left-hand comer of the matrix. We can do this 
by interchanging the first row of the given matrix (2.24) with either the second or third 
row. Or, we can multiply the first row by ^. Interchanging the first and second rows, we get 


"1-2 1 

5" 

2-5 4 

-3 

_1 -4 6 

10. 


The next step is to make all the remaining entries in the first column equal to zero, leaving 
the first row intact. To do this we multiply the first row by -2 and add the result to the 
second row. Then we multiply the first row by -1 and add the result to the third row. 
After these two operations, we obtain 


(2.26) 




i 

0 -1 

2 

- 1 3 

q - -i 

5 

?l 


Now we repeat the process on the smaller matrix [ 


-1 2 
-2 5 


-13' 


which appears 


adjacent to the two zeros. We can obtain a 1 in its upper left-hand comer by multiplying 


the second row of (2.26) by — 1 


This gives us the matrix 


00-21-2 1 -2 5 1 


Multiplying the second row by 2 ail 


'1 adding the resuli 


to the third, we get 


(2.27) 


1-2 1 
_ 0 1 - 2 
0 0 1 


5 

13. . 
31 
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At this stage, the corresponding system of equations is given by 

x — 2y + z = 5 
y — 2z = 13 
Z = 31. 


These equations can be solved in succession, starting with the third one and working 
backwards, to give us 

z = 31, y = 13 + 2z = 13 + 62 = 75, x = 5 + 2y - z = 5 + 150 - 31 = 124. 


Or, we can continue the Gauss-Jordan process by making all the entries zero above the 
diagonal elements in the second and third columns. Multiplying the second row of (2.27) 
by 2 and adding the result to the £rst row, we obtain 


L III 001-3-21 


ii ri 


Finally, we multiply the third row by 3 and add the result to the first row, and then multiply 
the third row by 2 and add the result to the second row to get the matrix in (2.25). 

example 2. A system with more than one solution. Consider the following system of 3 
equations in 5 unknowns: 

2x — Sy + 4z + u — v = — 3 
(2.28) x — 2y + z - u + v = 5 

x — 4y + 6z + 2u — v = 10. 

The corresponding augmented matrix is 


L 2-5 1 1 -2 -4 4 6 1-1 2 1 


-310 5.1 


The coefficients of x, y, z and the right-hand members are the same as those in Example 1. 


If we perform the same row operations used in Example 1, we' 


matrix 


finally arrive at the augmented 


1 0 0-16 

0 10-9 

0 0 1-3 


19 


124 


4 31 
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The corresponding system of equations can be solved for x, y, and z in temis of U and V, 
giving us 

X = 124 + 16 u — \9v 

y = 75 + 9u — llu 

z = 3 1 + 3m — 4i>. 


If we let U = ti and V = t 2 , where t l and t 2 are arbitrary real numbers, and determine 
x, y, z by these equations, the vector (x, y, z, u, v) in V 5 given by 

(x,y,z, u, v) = (124 + 16fj — 19 1 2 , 75 + 9t t — 11 1 2 , 31 + 3 — 4 t 2 , t lf t,) 

is a solution. By separating the parts involving and t 2 , we can rewrite this as follows: 

(x,y,z, u, v) = (124, 75, 31,0,0) + ^(16, 9,3, 1,0) + t 2 (- 19, -11, -4,0, 1). 

This equation gives the general solution of the system. The vector (124, 75, 31,0,0) is a 
particular solution of the nonhomogeneous system (2.28). The two vectors (16, 9, 3, 1,0) 
and (-19, —11,-4 , 0, 1) are solutions of the corresponding homogeneous system. Since 
they are independent, they form a basis for the space of all solutions of the homogeneous 
system. 


example 3. A system with no solution. Consider the system 


2x — 4- 4z = - 3 

(2.29) x ~2y + z = 5 

x-4y + 5z = 10. 


This system is almost identical to that of Example 1 except that the coefficient of z in the 
third equation has been changed Irom 6 to 5. The corresponding augmented matrix is 


L ITl-2-54 111 -3 1( 5. 


Applying the same row operations used in Example 1 to transform (2.24) into (2,27), we 
arrive at the augmented matrix I 


(2.30) 


L 001-201 -2 0 1 ill 


When the bottom row is expressed as an equation, it states that 0 = 31. Therefore the 
original system has no solution since the two systems (2.29) and (2.30) are equivalent. 
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In each of the foregoing examples, the number of equations did not exceed the number 
of unknowns. If there are more equations than unknowns, the Gauss-Jordan process is 
still applicable. For example, suppose we consider the system of Example 1, which has the 
solution x = 124 , y = 75, z = 31. If we adjoin a new equation to this system which is also 
satisfied by the same triple, for example, the equation 2x — 3_y + z = 54, then the 
elimination process leads to the agumented matrix 


1 

0 0 

124" 

0 

10 

75 

0 0 1 

3 1 

000 

0 


with a row of zeros along the bottom. But if we adjoin a new equation which is not satisfied 
by the triple (124, 75, 31), for example the equation x + y + z = 1, then the elimination 
process leads to an augmented matrix of the form 


1 

0 

0 

124" 

0 

1 

0 

75 

0 

0 

1 

31 

0 

0 

0 

a 


where a 0. The last row now gives a contradictory equation 0 = a which shows that 
the system has no solution. 

2.19 Inverses of square matrices 

Let A = be a square n x n matrix. If there is another n x n matrix B such that 
BA = I, where Z is the n x n identity matrix, then A is called nonsingular and B is called a 
left inverse of A 

Choose the usual basis of unit coordinate vectors in V n and let T: V n —>■ V n be the linear 

transformation with matrix m ( T) = A. Then we have the following. 

theorem 2.20. The matrix A is nonsingular if and only ifT is invertible. If BA = I 
then B = m (T~ v ). 

Proof. Assume that A is nonsingular and that BA = I. We shall prove that T(x) = 0 
implies x = 0. Given x such that T(x) = 0, let X be the n x 1 column matrix fomied 

from the components of x. Since T(x) = 0, the matrix product AX is an n x 1 column 

matrix consisting of zeros, so B(AX) is also acolumn matrixof zeros. But B(AX) = ( BA)X = 
IX = X , so every component of x is 0. Therefore, Tis invertible, and the equation 7T -1 = Z 
implies that m(T)m(T J ) = Z or Am(T -1 ) = I. Multiplying on the left by B, we find 
w(r _1 ) = B , Conversely, if 7 is invertible, then T~ l T is the identity transformation so 
m(r _1 )m(r)is the identity matrix. Therefore A is nonsingular and m{T~ 1 )A = I. 
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All the properties of invertible linear transformations have their counterparts for non- 
singular matrices. In particular, left inverses (if they exist) are unique, and every left 
inverse is also a right inverse. In other words, if A is nonsingular and BA = I, then 
AB = /, We call B the inverse of A and denote it by A~K The inverse A~ x is also non¬ 
singular and its inverse is A. 

Now we show that the problem of actually determining the entries of the inverse of a 
nonsingular matrix is equivalent to solving n separate nonhomogeneous linear systems. 

Let A = (a i; ) be nonsingular and let A -1 = (b i3 ) be its inverse. The entries of A and 
A -1 are related by the n 1 equations 

n 

(2.31) 2 a ik b kj = 6 U , 

k =l 

where b (j = 1 if / = j , and 6 ij = 0 if / 9^ j. For each fixed choice of j, we can regard this 
as a nonhomogeneous system of n lineal' equations in n unknowns b 1 j, b 2 j, ■ ■ ■ , b n} . Since 
A is nonsingular, each of these systems has a unique solution, the jth column of B. All 
these systems have the same coefficient-matrix A and differ only in their right members. 
For example, if A is a 3 x 3 matrix, there are 9 equations in (2.31) which can be expressed 
as 3 separate linear systems having the following augmented matrices : 


’flu 

fll2 

fll3 

r 


rH 

<3 

1_ 

fll2 

a l3 

O' 


'flu 

fll2 

a 13 

O' 

fl21 

a 22 

a 23 

0 

9 

fl21 

a 22 

a 23 

1 

9 

fl*i 

a 22 

a 23 

0 

_fl31 

a 3 2 

a 33 

0_ 


_A31 

a 32 

a 33 

0_ 


_fl31 

a 32 

a 33 

1_ 


If we apply the Gauss-Jordan process, we arrive at the respective augmented matrices 


'l 

0 

0 

V 


'1 

0 

0 

b 12 


'1 

0 

0 

b\3 

0 

1 

0 

bi\ 

9 

0 

1 

0 

^22 

9 

0 

1 

0 

b*i3 

_0 

0 

1 

^31_ 


_0 

0 

1 

t>32_ 


_0 

0 

1 

^33. 


In actual practice we exploit the fact that all three systems have the same coefficient-matrix 
and solve all three systems at once by working with the enlarged matrix 


flu 

a 12 

fll3 

1 

0 

0| 

fl 21 

a 22 

a 2Z 

0 

1 

0 

.flsi 

a 32 

a 33 

0 

0 

11 


The elimination process then leads to 


'1 

0 

0 

b 11 

bvi 

bl3 

0 

1 

0 

b 21 

b 2 2 

bi3 

0 

0 

1 

b 3 i 

^32 

^33. 
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The matrix on the right of the vertical line is the required inverse. The matrix on the left 
of the line is the 3 x 3 identity matrix. 

It is not necessary to know in advance whether A is nonsingular. If A is singular (not 
nonsingular), we can still apply the Gauss-Jordan method, but somewhere in the process 
one of the diagonal elements will become zero, and it will not be possible to transform A 
to the identity matrix. 

A system of n linear equations in n unknowns, say 

n 

2 ®ik x k G ’ i ~ 15 2,..., n , 

k= 1 

can be written more simply as a matrix equation, 

AX= C, 

where A := (a t j) is the coefficient matrix, and X and C are column matrices. 



-*1 






c 2 

x = 

■ 

> c= 



- X n- 


~ C/ n. 


If A is nonsingular there is a unique solution of the system given by X = A~ l C. 


2.20 Exercises 

Apply the Gauss-Iordan elimination process to each of the following systems. If a solution 


exists, determine the general solution. 

1. x + y + 3z = 5 
2x — y + 4z = 11 

—y + z = 3. 

2. 3x + 2y + z = 1 
5x + 3y -t3z =2 

x + y - z = 1 . 

3. 3x + 2y + z = 1 
5x +3 y Az =2 
7x + 4y + 5z = 3. 

4. 3x + 2y + z = 1 

5x +3 y -8z = 2 

7x +4y + 5z = 3 

x + y - z = o . 

9. Prove that the system x + y + 2z = 2, lx 
solution if a ^ 8 . Find all solutions when a 

10. (a) Determine all solutions of the system 


5. 3X — 2y + 5z + u = 1 

X + y — 3Z + 2U = 2 

6x+ y — 4z + 3« = 7. 

6 . x+y-3z+u=5 

2 x - y + z-2«=2 

lx + y - 7z + 3u = 3. 

7 . x + y + 2z + 3U + 4v = 0 
2X + 2y + 7z + 11 h + 14u=0 
3x + 3 y + 6z + 10« + 15u =0, 

8. x - 2 y + Z + 2U = - 2 
2X + 3y - z - 5« = 9 
4x~y+z-u= 5 
5X — 3y + 2z + u = 3. 

- y + 3z = 2, 5x — y + az = 6, has a unique 

= 8 . 


5x + 2y — 6z + 2u = --1 

x- y+ z- u= — 2 . 
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(b) Determine all solutions of the system 

5x + 2y — 6z + 2k = - 1 
x-y+ z - u = -2 
x + y + z = 6. 

I 

11. This exercise tells how to determine all nonsingular 2x2 matrices. Prove that 


a 

b 

d 

-b 

c 

d 

—c 

a 


Deduce that 


1 


= (ad — be) I. 

is nonsingular if and only if ad — be ^ 0, in which case its inverse is 

1 


ad — be 


d -b 
—c a 


Determine the inverse of each of the matrices in Exercises 12 through 16. 


12 . 


2 

2 

-1 


3 4 
1 1 
1 2 


15 . 


i 2 3 4 i 
0 1 2 3 „ 

0 0 12 ’ 

0 0 0 lj 


13. 


1 

2 

1 


2 

-1 

3 


2 

1 

2 


14 . 


1 -2 
-2 5 

1 -4 



'0 1 0 0 0 0 “ 

2 0 2 0 0 0 

0 3 0 1 0 0 

0 0 1 0 2 0 

0 0 0 3 0 1 
0 0 0 0 2 0 _ 


2.21 Miscellaneous exercises on matrices 

1. If a square matrix has a row of zeros or a column of zeros, prove that it is singular. 

2. For each of the following statements about n x n matrices, give a proof or exhibit a counter 
example. 

(a) 11 AH + BA = O , then A 2 B 3 = B 3 A 2 . 

(b) If A and B are nonsingular, then A + B is nonsingular. 

(c) If A and B are nonsingular, then AB is nonsingular. 

(d) If A, B, and A + B are nonsingular, then A — B is nonsingular. 

(e) If A 3 = 0, then A — Z is nonsingular. 

(f) If the product of k matrices A, ... A, is nonsingular, then each matrix A t is nonsingular. 
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3. If A =* 


, find a nonsingular matrix P such that P ] AP 


0 -1 


a l 

4. The matrix A = , where * a = — 1, a = |(1 + y/5 ), and b = |(1 — V 5 ) > has the prop- 

i b 

erty that A 2 = A. Describe completely all 2 x 2 matrices A with complex entries such that 
A 2 = A. 

5. If A 2 = A, prove that (A + l) k = Z + ( 2 k — l)A. 

6. The special theory of relativity makes use of a set of equations of the form x’ = a(x — vt), 
y = y,z' = z, t' = a(t — vxjc 2 ). Here v represents the velocity of a moving object, c the 
speed of light, and a = cj^Jc 2 — v 2 , where |p| < c . The linear transformation which maps the 
two-dimensional vector (x, t) onto (x', t’) is called a Lorentz transformation. Its matrix 
relative to the usual bases is denoted by L(v) and is given by 




Note that L(v) is nonsingular and that L(0) = I. Prove that L(v)L(u) = L(w), where w = 
(u + v)c 2 j(uv + c 2 ). In other words, the product of two Lorentz transformations is another 
Lorentz transformation. 

7. If we interchange the rows and columns of a rectangular matrix A, the new matrix so obtained 
is called the transpose of A and is denoted by AK For example, if we have 



Prove that transposes have the following properties : 

(a) (A 1 ) 1 = A. (b) (A + B) 1 = A i + BY (c) (cAf = cA l . 

(d) (ABY = B t A t . (e) (A 'j~ x = (A^ 1 ) 1 if A is nonsingular. 

8. A square matrix A is called an orthogonal matrix if AA l -.= /. Verily that the 2 x 2 matrix 

'cos 6 -sin Ol 

is orthogonal for each real 6. If A is any n x tl orthogonal matrix, prove 

sin 6 cos 8 

that its rows, considered as vectors in V n , form an orthonormal set. 

9. For each of the following statements about n x n matrices, give a proof or else exhibit a 
counter example. 

(a) If A and B are orthogonal, then A + B is orthogonal. 

(b) If A and B are orthogonal, then AB is orthogonal. 

(c) If A and B are orthogonal, then B is orthogonal. 

10. Hadumard matrices, named for Jacques Hadamard (1865-1963), are those n x n matrices 
with the following properties: 

I. Each entry is 1 or -1 . 

II. Each row, considered as a vector in V n , has length ^Jn, 

III. The dot product of any two distinct rows is 0. 

Hadamard matrices arise in certain problems in geometry and the theory of numbers, and 
they have been applied recently to the construction of optimum code words in space com¬ 
munication. In spite of their apparent simplicity, they present many unsolved problems. The 
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main unsolved problem at this time is to determine all n for which an n x n Hadamard matrix 
exists. This exercise outlines a partial solution. 

(a) Determine all 2 x 2 Hadamard matrices (there are exactly 8). 

(b) This part of the exercise outlines a simple proof of the following theorem: If A is an n x n 
Hadamard matrix, where n > 2, then n is a multiple of 4. The proof is based on two very simple 
lemmas concerning vectors in n-space. Prove each of these lemmas and apply them to the 
rows of Hadamard matrix to prove the theorem. 

lemma 1. If X,Y,Z are orthogonal vectors in V n , then we have 

{X+Y)-(X + Z)= HATH*. 

lemma 2. Write X=(x, f ...,x n ),Y = (y 1 ,...,y n ),Z = (z 1 ,...,z n ). If each 
component x t , y \, z i is either 1 or — 1, then the product (x { + y t )(Xi + z t ) is either 0 or 4. 
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3.1 Introduction 


In many applications of linear algebra to geometry and analysis the concept of a 
determinant plays an important part. This chapter studies the basic properties of determi¬ 
nants and some of their applications. 

Determinants of order two and three were intoduced in Volume I as a useful notation for 
expressing certain formulas in a compact form. We recall ‘that a determinant of order two 
was defined by the formula 


(3.1) 


Q21 a22 

Despite similarity in notation, the determinant 


Q I I Q 2 2 “* 

a u a n 


1^21 Q22 


(written with vertical bars) is 


conceptually distinct from the matrix 


0]1 fil 


L a n fl 22 j 


(written with square brackets). The 


deter min ant is a number assigned to the matrix according to Formula (3.1). To emphasize 
this connection we also write 


«n 

a i2 

= det 

r 0n 

a l2 

a 21 

a 22 


_ a 21 

a 22. 


Determinants of order three were defined in Volume I in terns of second-order determi¬ 
nants by the formula 


(3.2) det 


"«U 

012 

a \2 












a 22 

°23 


a 21 a 23 

+ ^13 

<*21 fl 22 

G 21 

a 22 

a 23 

— a u 



— a 12 







a 22 

a 3'i 


a iL a 23 


031 032 

_ a 31 

fl 32 

fl 33_ 

\ 






This chapter treats the more general case, the determinant of a square matrix of order n 
for any integer n > I . Our point of view is to treat the: determinant as a function which 
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assigns to each square matrix A a number called the determinant of A and denoted by det A. 

It is possible to define this function by an explicit formula generalizing (3.1) and (3.2). 
This formula is a sum containing n ! products of entries of A. For large n the formula is 
unwieldy and is rarely used in practice. It seems preferable to study determinants from 
another point of view which emphasizes more clearly their essential properties. These 
properties, which are important in the applications, will be taken as axioms for a determi¬ 
nant function. Initially, our program will consist of three parts: (1) To motivate the 
choice of axioms. (2) To deduce further properties of determinants from the axioms. 
(3) To prove that there is one and only one function which satisfies the axioms. 


3.2 Motivation for the choice of axioms for a determinant function 


In Volume I we proved that the scalar triple product of three vectors A„ A„ A, in 3-space 
can be expressed as the determinant of a matrix whose rows are the given vectors. Thus 
we have 


A, x A, • A, = deh: 


hi ^23 . 


a n did 

d 2 l #22 ^23 / 

fl 31 a 32i 


where A 1 - (a n , n 12 , a 13 ), A 2 = (flji, a n > d 23 ), and A 3 — (tz 31 , a 33 , a 33 ). 

If the rows are linearly independent the scalar triple product is nonzero; the absolute 
value of the product is equal to the volume of the parallelepiped determined by the three 
vectors A„ A„ A,. If the rows are dependent the scalar triple product is zero. In this case 
the vectors A„ A„ A, are coplanar and the parallelepiped degenerates to a plane figure of 
zero volume. 

Some of the properties of the scalar triple product will serve as motivation for the choice 

of axioms for a determinant function in the higher-dimensional case. To state these 

properties in a form suitable for generalization, we consider the scalar triple product as a 

function of the three row-vectors A„ A 2 , A 3 . We denote this function by d; thus. 


d(A lt A 2 , A 3 ) — A 1 x A 2 -A 3 . 


We focus our attention on the following properties: 

(a) Homogeneity in each row. For example, homogeneity in the first row states that 

d(tA 1 , A 2 , A 3 ) = t d(A 1 , A 2 , A 3 ) for every scalar t . 

(b) Additivity in each row. For example, additivity in the second row states that 

d(Ay, A 2 _|_ C, A 3 ) = d[A 1 , A 2 , A 3 ) + d(A lt C, A 3 ) 


for every vector C. 

(c) The scalar triple product is zero if two of the rows are equal. 

(d) Normalization: 


d(i,j, k) = 1, 


where i = (1,0,0), j = (0, 1,0), k = (0,0, 1). 
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Each of these properties can be easily verified from properties of the dot and cross 
product. Some of these properties are suggested by the geometric relation between the scalar 
triple product and the volume of the parallelepiped determined by the geometric vectors 
A 1 , A s , A :j . The geometric meaning of the additive property (b) in a special case is of 
particular interest. If we take C = A, in (b) the second term on the right is zero because of 
(c), and relation (b) becomes 

(3.3) d(A 1 ,A 2 +A lt A 3 ) = d(A t , a„ A s ) . 

This property is illustrated in Figure 3.1 which shows a parallelepiped determined by 
A,, A f , A„ and another parallelepiped determined by A,, A, + A 2 , A,. Equation (3.3) 
merely states that these two parallelepipeds have equal volumes. This is evident geometri¬ 
cally because the parallelepipeds have equal altitudes and bases of equal area. 


Volume = d{A , , A 2 , A 3 ) Volume = d{A ,, A, + A, A 3 ) 



Figure 3.1 

Geometric interpretation of the property d(A 1 , A„ A 3 ) = d(A lt A, + A„ A 3 ). The 
two parallelepipeds have equal volumes. 


3.3 A set of axioms for a determinant function 

The properties of the scalar triple product mentioned in the foregoing section can be 
suitably generalized and used as axioms for determinants of order n. If A = (a w ) is an 
n x n matrix with real or complex entries, we denote its rows by A,, . . . , A,, . Thus, the 
ith row of A is a vector in n-space given by 

At — (cZji , a i3 ) ■ • • > tiff), 

We regal'd the determinant as a function of the n rows A,, A,, and denote its values by 

d(A 1 , . . . , A,) or by det A. 

axiomatic definition of a determinant function. A real- or complex-valuedfunction 
d, defined for each ordered n-tuple of vectors A„ . . . , A, in n-space, is called a determinant 
function of order n if it satisfies the following axioms for ail choices of vectors A,, A, 
and C in n-space: 
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axiom 1. homogeneity in each row. If the kth row A, is multiplied by a scalar t, 
then the determinant is also multiplied by t: 

d(. . . , tA k) . . .) = tcl(. . . , A„ . . .). 

AXIOM 2 . ADDITIVITY IN EACH ROW. F OV 6UCh k W£ flClVC 


d(A 1 ,,A k + C, 


' An) — d(A 1 , 


> A, 


, A n ) + d(A 1 ,...,c 


>A,). 


AXIOM 3. THE DETERMINANT VANISHES IF ANY TWO ROWS ARE EQUAL: 


d(A 1 .... ,A n ) = 0 if A t = A, for some i and j with i ^ j. 

AXIOM 4. THE DETERMINANT OF THE IDENTITY MATRIX IS EQUAL TO 1 : 

d(h,...,I n )=l, where I, is the kth unit coordinate vector. 


The first two axioms state that the determinant of a matrix is a linear function of each of 
its rows. This is often described by saying that the determinant is a multilinear function of 
its rows. By repeated application of linearity in the first row we can write 

d (^2 > A 2 , ■ ■ ■ , > A2> ■. . > A n ), 

\k= 1 / k^l 

where t k , . . . , t v are scalars and C lt . . . , C v are any vectors in n-space. 

Sometimes a weaker version of Axiom 3 is used: 


AXIOM 3’. THE DETERMINANT VANISHES IF TWO ADJACENT ROWS ARE EQUAL: 

d(A 1 ,,, . , A,) = 0 if A k = A k+1 for some k = 1,2 n-1. 

It is a remarkable fact that for a given n there is one and only one function cl which 
satisfies Axioms 1, 2, 3’ and 4. The proof of this fact one of the principal results of this 
chapter, will be given later. The next theorem gives properties of determinants deduced 
from Axioms 1,2, and 3’ alone. One of these properties is Axiom 3. It should be noted that 
Axiom 4 is not used in the proof of this theorem. This observation will be useful later when 
we prove uniqueness of the determinant function. 

theorem 3.1. A determinant function satisfying Axioms 1, 2, and 3’ has the following 
further properties: 

(a) The determinant vanishes if some row is 0: 

d(A 1 ,A n ) = 0 if A k — O for some k . 
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(b) The determinant changes sign if two adjacent rows are interchanged: 

• ■ • A k > ^k+i > • ■ •) = d(.. . , A k ^_ x > A .) • 

(c) The determinant changes sign if any two rows A i and Aj with i 5 ^ j are interchanged. 

(d) The determinant vanishes if any two rows are equal: 

d(A 1 , • • . , A„) — 0 if A i = Aj for some i and j with i ^ j- 

(e) The determinant vanishes if its rows are dependent. 

Proof. To prove (a) we simply take t = 0 in Axiom 1. To prove (b), let B be a matrix 
having the same rows as A except for row k and row k + 11. Let both rows B k and B kkl 
be equal to A k + A k+1 . Then det B = 0 by Axiom 3’. Thus we may write 

d(. ... A k + A k+ 1 , A k + A k+1 ,...) = 0. 

Applying the additive property to row k and to row k + 1 we can rewrite this equation as 
follows : 


d( I.. A k , A k> d(. . . , A k , A kJr j, ...)■(■ d(, , , , Aj e j r 1 , A k> ...) 

+ d(. . . ,A k+ i,A k+1 ,...) = 0. 

The first and fourth terms are zero by Axiom 3’. Hence the second and third terms are 
negatives of each other, which proves (b). 

To prove (c) we can assume that i < j . We can interchange rows A ( and Aj by performing 
an odd number of interchanges of adjacent rows. First we interchange row A, successively 
with the earlier adjacent rows A ,_ x , Aj_ 2> . ■ ■ , A t . This requires j — i interchanges. 
Then we interchange row Aj successively with the later adjacent rows A i+1 , A i+2 , .... Aj_ x . 
This requires j — i — I further interchanges. Each interchange of adjacent rows reverses 
the sign of the determinant. Since there are (j — i) + (j — i — 1) = 2 (j — i) — 1 inter¬ 
changes altogether (an odd number), the determinant changes sign an odd number of times, 
which proves (c). 

To prove (d), let B be the matrix obtained from A by interchanging rows A t and Aj. 

Since A, = Aj we have B = A and hence det B = det A. But by (c), det B = -det A. 

Therefore det A ~ 0. 

To prove (e) suppose scalars cq, . . . , C n exist, not all zero, such that 2 j?=i c k-^k = 
Then any row A, with C k 9 ^ 0 can be expressed as a linear combination of the other rows. 
For simplicity, suppose that A, is a linear combination of the others, say A, = 2 t k A k . 

By linearity of the first row we have 

( n \ n 

2 tjcAjc 5 A-2 » . • • s A n J 2 d(A k , A 2 3 . . ., A n ). 

/f =2 / k= 2 

But each term d(A k , A. A.) in the last sum is zero since A, is equal to at least one of 

A 2 >••<}' A n • Hence the whole sum is zero. If row A, is a linear combination of the other 

rows we argue the same way, using linearity in the ith row. This proves (e). 
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3.4 Computation of determinants 

At this stage it may be instructive to compute some determinants, using only the axioms 
and the properties in Theorem 3.1, assuming throughout that determinant functions exist. 
In each of the following examples we do not use Axiom 4 until the very last step in the 
computation. 


1. Determinant of a 2 x 2 matrix. We shall prove that 


(3.4) 


det 


1 


a n 

a 21 fPlm 


ni a 22 — a l2 a 21 ■ 


Write the row vectors as linear combinations of the unit coordinate vectors i = 0,0) and 

j = ( 0 , 1 ): 


A x — Ohi, # 12 ) — dni + Cluj, A 2 — (a 21 , ct 22 ) — fl 2 i i + a 22 j • 

Using lineality in the first row we have 

d(A 1 , A 2 ) = d(a n i + a n j,A,) = a„ d(i,A,) + a„ d(J, A 2 ). 
Now we use linearity in the second row to obtain 

d(i, A 2 ) = d(i, a 21 i + a. 2 ,j) = a 21 d(i, i) + a 22 d(i,j) = a tt d(i,j), 
since d(i, i ) = 0. Similarly we find 

d(j, A 2 )= d(j, a 21 i + a 22 j) = a 21 d(j,i ) = -a n d(i,j). 


Hence we obtain 

d(A x , A 2 ) = (a lx a 22 — a i2 a. n ) d(i,j ) . 

But d(i,j) = 1 by Axiom 4, so d(A x , A,) = a n a 22 — a 12 a 21 , as asserted. 

This argument shows that if a determinant function exists for 2 x 2 matrices, then it 
must necessarily have the fomi (3.4). Conversely, it is easy to verify that this formula does, 
indeed, define a determinant function of order 2. Therefore we have shown that there is one 
and only one determinant function of order 2. 

example 2. Determinant of a diagonal matrix. A square matrix of the form 


a n 0 0 

0 a 2 2 0 


(0 0 


^nn_ J 
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is called a diagonal matrix. Each entry a iS off the main diagonal (i j) is zero. We shall 
prove that the determinant of A is equal to the product of its diagonal elements, 

(3.5) det A = <* 11*22 -"a nn , 

The kth row of .A is simply a scalar multiple of the kth unit ‘coordinate vector. A, = a kk l k ■ 
Applying the homogeneity property repeatedly to factor out the scalars one at a time we get 

det A = d(A k , AJ = d(a n I t ,..., a nn I n ) = a n • • • a nn d{I u . . ., /„). 


This formula can be written in the form 

det A = a,, << • a,,,, det /, 

where Z is the identity matrix. Axiom 4 tells us that det Z = 1 so we obtain (3.5). 
example 3. Determinant of an upper triangular matrix. A square matrix of the form 

*12 ' ‘ * u ln 

U 22 ' ' ' U 2n 

L° 0 “nn_ 

is called an upper triangular matrix. All the entries below the main diagonal are zero. We 
shall prove that the determinant of such a matrix is equal to the product of its diagonal 
elements, 

det U = u n u 2i • • • u nn . 

First we prove that det U = 0 if some diagonal element u u = 0. If the last diagonal 
element u nn is zero., then the last row is 0 and det U = 0 by Theorem 3.1 (a). Suppose, then, 
that some earlier diagonal element u u is zero. To be specific, say u 22 = 0. Then each of 
the n — 1 row-vectors (J 2 ,. .., U n has its first two components zero. Hence these vectors 
span a subspace of dimension at most n — 2. Therefore these n — 1 rows (and hence all 
the rows) are dependent. By Theorem 3.1(e), det t/= 0. In the same way we find that 
det U = 0 if any diagonal element is zero. 

Now we treat the general case. First we write the first row C/ t as a sum of two row-vectors, 

u, = V, + V[, 

where V 1 = [u u , 0, . . . , 0] and V'= [0, u 12 , u 13 ,. . . , tqj. By linearity in the first row 
we have 


u n 
0 


det. U = det (V 1; U 2 ,. . . , UJ + det (V[, U 2 . UJ. 
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But det (V^,l/ 2 , ■ • • , U n ) = 0 since this is the determinant of an upper triangular matrix 
with a diagonal element equal to 0. Hence we have 

(3.6) det U = det (Ki , U„). 

Now we treat row-vector t/ 2 in a similar way, expressing it as a sum, 

u, = V 2 + Vi, 

where 

V 2 = [0, u 22 , 0, . . . , 0] and Vi=[0, 0, u 2 3 i* • ■ > W 2n ] . 

We use this on the right of (3.6) and apply lineality in the second row to obtain 


(3.7) det U = det (V 1 , V % , U 3 , . , . , U n ), 

since det (Kj, Vi, . U 3 , . . . , U n ) = 0. Repeating the argument on each of the succeeding 
rows in the right member of (3.7) we finally obtain 


det {/ = det (Tj, F 2 ,... , V n ), 


where ( V 1 , V 2 , . . . , V n ) is a diagonal matrix with the same diagonal elements as U. There¬ 
fore, by Example 2 we have 


as required. 


det U - UxjH 2 2 • ' ' U nn , 


example 4. Computation by the Gauss-Jordan process. The Gauss-Jordan elimination 
process for solving systems of linear equations is also one of the best methods for com¬ 
puting determinants. We recall that the method consists in applying three types of operations 
to the rows of a matrix: 

(1) Interchanging two rows. 

(2) Multiplying all the elements in a row by a nonzero scalar. 

(3) Adding to one row a scalar multiple of another. 

By performing these operations over and over again in a systematic fashion we can transform 
any square matrix A to an upper triangular matrix U whose determinant we now know 
how to compute. It is easy to determine the relation between det A and det U. Each time 
operation (1) is performed the determinant changes sign. Each time (2) is performed with 
a scalar c ^ 0, the determinant is multiplied by c. Each time (3) is performed the deter¬ 
minant is unaltered. Therefore, if operation (1) is performedp times and if G , . . . , c are 
the nonzero scalar multipliers used in connection with operation (2), then we have 


(3.8) 


det A = (— 1 )p( Ci c 2 * ■ • c^T 1 det U. 


Again we note that this formula is a consequence of the first three axioms alone. Its proof 
does not depend on Axiom 4. 
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3.5 The uniqueness theorem 

In Example 3 of the foregoing section we showed that Axioms 1, 2, and 3 imply the 
formula det U == U n U 22 ' ' ■ det /. Combining this with (3.8) we see that for every n x n 
matrix A there is a scalar c (depending on A) such that 

(3.9) d(A 1 ,..., A,) = c </(/!,.. . , /„). 

Moreover, this formula is a consequence of Axioms 1, 2, and 3 alone. From this we can 
easily prove that there cannot be more than one determinant function. 


THEOREM 3.2, UNIQUENESS THEOREM FOR DETERMINANTS. Let d be (ijlf HC tl () ll Slltl Sj\iH g 

all four axioms for a determinant function of order n, and let f be another function satisfying 
Axioms 1,2, and 3. Then for every choice of vectors A„ . . , A, in n-space we have 

(3-10) /(. A u .. . , A n )=d(A l ,.. . , A n )f(h,.. .,/„)• 

In particular, iff also satisfies Axiom 4 we have f (A„ , . . , A,,) = d(A 1 , .... A„). 

Proof. Let g(A l ,. . . , A,) = f(A 1 A,) — d(A l ,. . . , AJfif We will 

prove that g(A ly . . . , A,,) = 0 for every choice of A,, . . . , A,. Since both cl and f satisfy 
Axioms 1,2, and 3 the same is true of g. Hence g also satisfies Equation (3.9) since this was 
deduced from the first three axioms alone. Therefore we can write 

(3-U) g(A t ,. A n )= cg(I lt . . ., /„), 

where c is a scalar depending on A. Taking A = / in the definition of g and noting that cl 
satisfies Axiom 4 we find 

g(h, .... 4) = fih >• ■ ■, 4)-/(A...., 4) = o. 

Therefore Equation (3.11) becomes g(A x , . . . , A,) =0. This completes the proof. 


3.6 Exercises 

hi this set of exercises you may assume existence of a determinant function. Determinants of 
order 3 may be computed by Equation (3.2). 

1. Compute each of the following determinants 



2 

1 1 


3 

0 

8 


a 

1 0 

(a) 

1 

4 -4 

, (b) 

5 

0 

7 

■ (c) 

2 

a 2 


1 

0 2 


- 1 

4 

2 


0 

1 a 
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1, compute the determinant of each of the following matrices: 



2x 


2 z 


X 

y 

z 

(a) 

3 

2 

0 

1 

, (b) 

3x + 3 

3 J 

3z + 2 


1 

1 

1 


x + 1 

y + 1 

z + 1 


1 1 1 

3. (a) Prove thai a b c = (b — a)(c — d)(c — b). 
a 2 b 2 c 2 

(b) Find corresponding formulas for the determinants 



1 1 

1 


1 1 1 

a b 

c 

and 

a 2 b 2 c 2 

a 5 b 3 

c 3 


a 3 b z c 3 


4. Compute the determinant of each of the following matrices by transforming each of them to an 
uppe triangular matrix.l 

1-1 11 [1 1 1 H - 1111 " 

1-1-1 -1 a bed abed 

(3) Ll 1 _1 _ll ’ (b) a 2 b 2 c 2 p > ( C ) fl 2 b 2 c 2 d 2 > 

11 1-1 a 3 b 3 c 3 d 3 a 4 b 4 c 4 d 4 


-a 1 0 0 O' 

4 a 2 0 0 

(d) 0 3 a 3 0 

0 0 2 a 4 

0 0 0 1a- 



5. A lower triangular matrix A = (a f3 ) is a square matrix with all entries above the main diagonal 
equal to 0; that is, a u = 0 whenever / < j. Prove that the determinant of such a matrix is 
equal to the product of its diagonal entries: det A = a n a 22 . . . O n n ■ 

6. Let f x . g\, g 2 be four functions differentiable on an interval (a, b). Define 


for each x in (a, b). Prove that 
F'(x) 


AW AW 

i^iW ^W, 


AW AW AW AW 

+ , , . 
gl(x) g 2 (x) g 1 W g 2 W 
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7. State and prove a generalization of Exercise 6 for the determinant 


F(x) = 


AW 

£TW 


AW AW 
gi w <? 3 W 


AW AW AW 


8. (a) If F(x) = 


AW 

A'W 


AW 

A'W 


, prove that F’(x) = 


AW AW 
I A'W A'W 


(b) State and prove a corresponding result for 3 x 3 determinants, assuming the validity of 
Equation (3.2). 

9. Let U and V be two tlutl upper triangular matrices. 

(a) Prove that each of U + V and UV is an upper triangular matrix. 

(h) Prove that det (UV) = (det £/)(det V) . 

(c) If det U 5^ 0 prove that there is an upper triangular matrix U^ 1 such that UU^ 1 = /, 
and deduce that det (I/ -1 ) = 1 /det U . 

10. Calculate det A, det ( A -1 ), and A for the following upper triangular matrix: 


-2 3 4 51 
0 2 3 4 
0 0 2 3’ 

A = 1_0 0 0 2 || 

3.7 The product formula for determinants 

In this section ‘we use the uniqueness theorem to prove that the determinant of a product 
of two square matrices is equal to the product of their determinants, 


det ( AB ) = (det /I) (det B) , 


assuming that a determinant function exists. 

We recall that the product AB of two matrices A = (a„) and B = (b ij ) is the matrix 
C = (Cj j) whose i, j entry is given by the formula 


(3.12) 


L j — ^ 

k = l 


kj • 


The product is defined only if the number of columns of the left-hand factor A is equal to 
the number of rows of the right-hand factor B. This is always the case if both A and B are 
square matrices of the same size. 

The proof of the product formula will make use of a simple relation which holds between 
the rows of AB and the rows of A. We state this as a lemma. As usual, we let A i denote 
the ith row of matrix A. 
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LEMMA 3.3. If A is an m x n matrix and B an n x p matrix, then we have 


(AB) t = A ( B. 

That is, the ith row of the product AB is equal to the product of row matrix A t with B. 

Proof. Let B j denote thejth column of B and let C = AB. Then the sum in (3.12) can 
be regarded as the dot product of the ith row of A with thejth column of B, 


Ca — A, • BP 


Therefore the ith row Cj- is the row matrix 

C i = (A l .B’, A t . B\..., A,-BP]. 

But this is also the result of matrix multiplication of row matrix A i with B, since 

bi 


AjB ,. . . , o Xn ] 


b n b l2 


l_ b n \ b n 2 


J 1V 


= [A t -A { -B*]. 


Therefore C x = A t B , which proves the lemma. 


THEOREM 3.4. PRODaCTFORMULA FOR DETERMINANTS . FOV (My ft X K Old!t'iCCS A ClUd B 

we have 

det (AB) = (det ^4)(det B) . 

Proof. Since (AB) { = A t B, we are to prove that 

d(A x B,..., A n B) = d(A 1 ,. . ., A n ) d(B x ,. . . , B,). 

Using the lemma again we also have B, = (ZB), = f B, where Z is the n x n identity 
matrix. Therefore d(B l B,) = d(I x B ,.... I n B), and we are to prove that 

d(A x B,..., A n B ) = d(A x ,...,AJ d(I x B, ...,I n B). 

We keep B fixed and introduce a function f defined by the formula 

f(A x „, ■, A,) = d(A x B, .... A n B) , 

The equation we wish to prove states that 

(3-13) f(A x „ , , ,A n )--d(A x ,...,A n )f(I x ,. , 
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But now it is a simple matter to verify that f satisfies Axioms 1, 2, and 3 for a determinant 
function so, by the uniqueness theorem. Equation (3.13) holds for every matrix A. This 
completes the proof. 

Applications of the product formula are given in the next two sections. 


3.8 The determinant of the inverse of a nonsingular matrix 

We recall that a. square matrix A is called nonsingular if it has a left inverse B such that 
BA = /, If a left inverse exists it is unique and is also a right inverse, AB = /. We denote 
the inverse by A^ 1 . The relation between det A and det A -1 is as natural as one could expect. 

theorem 3.5. If matrix A is nonsingular, then det A ^ 0 and we have 

(3.14) det AT 1 = —— , 

det A 


Proof, From the product formula we have 

(det A)(det A ' 1 ) = det (AA~ X ) = det 1=1. 

Hence det A 5 ^ 0 and (3.14) holds. 

Theorem 3.5 shows that nonvanishing of det A is a necessary condition for A to be non- 
singular. Later we will prove that this condition is also sufficient. That is, if det A ^ 0 
then A ~ 1 exists. 


3.9 Determinants and independence of vectors 

A simple criterion for testing independence of vectors can be deduced from Theorem 3.5. 

theorem 3.6. A set of n vectors A„ . . . , A, in n-space is independent if and only if 

d(A 1 , A,) t^O. 

Proof. We already proved in Theorem 3.2(e) that dependence implies d(A x A,) = 

0. To prove the converse, we assume that A„ . . . , A, are independent and prove that 

d(A lt . .. ,A,)*0. 

Let V n denote the linear space of n-tuples of scalars. Since AA, are n independent 
elements in an n-dimensional space they fomi a basis for V n . By Theorem 2.12 there is a 
linear transformation T: V n —> V n which maps these n vectors onto the unit coordinate 
vectors, 

T(A k ) =4 for k— 1,2,... ,n. 

Therefore there is an n x n matrix B such that 


A k B = I, 


for k = 1 , 2 . n. 
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But by Lemma 3.3 we have A k B = (AB), , where A is the matrix with rows A,, . . . , A,. 
Hence AB = I , so A is nonsingular and det A ^ 0. 


3.10 The determinant of a block-diagonal matrix 

A square matrix C of the form 

C 


A 

= I 0 


1 


where A and B are square matrices and each 0 denotes a matrix of zeros, is called a block- 
diagonal matrix with two diagonal blocks A and B. An example is the 5 x 5 matrix 


'1 0 0 0 0 " 

0 10 0 0 

C=|0 0123 
0 0 4 5 6 

0 0 7 8 9 


The diagonal blocks in this case 


A = 


II 

‘1 2 3" 

r 1 W 


S and B — 

4 5 6 

' _L 



--4 

OO 

VO 


The next theorem shows that the determinant of a block-diagonal matrix is equal to the 
product of the determinants of its diagonal blocks. 


(3.15) 


3. 7. For any two square matrices A and B we have 

= (det A)(det B). 


det 


A O 
O B 


Proof Assume A is tl X n and B is m X m . We note that the given block-diagonal 
matrix can be expressed as a product of the form 


'A 

O' 


'A 

O' 

In 

O' 

0 

B_ 


_0 


0 

B 


where I n and I m are identity matrices of orders n and m, respectively. Therefore, by the 
product fomrula for determinants we have 


I 

o 

1 _ 


'A O' 


7„ O' 


- det 


det 


O B 


P I m . 


O B_ 


(3.16) 


det 
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'.A 01 

Now we regal'd the determinant det as a function of the n rows of A. This is 

L° 4J 

possible because of the block of zeros in the upper right-hand comer. It is easily verified 
that this function satisfies all four axioms for a determinant function of order n. Therefore, 
by the uniqueness theorem, we must have 


det A. 


A similar argument shows that det 


O B 


det B. Hence (3.16) implies (3.15). 


3.11 Exercises 

1. For each of the following statements about square matrices, give a proof or exhibit a counter 
example. 

(a) det(A -f B) =detA +detB. 

(b) det {(A + B} 2 } = {det (A + B)f 

(c) det {(A + Bf) = det (A 2 + 2AB + fl 2 ) 

(d) det {(A + Bf } = det (A 2 + B 2 ). 

2. (a) Extend ‘Theorem 3.7 to block-diagonal matrices with three diagonal blocks: 


A O O 
det O B O 
O O C 


(det A)(det B)(det C). 


(b) State and prove a generalization for block-diagonal matrices with any number of diagonal 
blocks. 

fl 0 0 01 fa b c dl 


3. Let A = 


"1 0 0 0 " 
0 10 0 
a bed 

e f 8 K 


e f g h c d 

. Prove that det A = det 
0 0 10 g h 

0 0 0 1 


det B = det 


4. State and prove a generalization of Exercise 3 for n x n matrices. 

a b 0 0 

c d 0 0 \a b~\ \'g h~ 

5. Let A = . . Prove that det A — det det 

e f g h I c d z w 

ix y z wi 

6. State and prove a generalization of Exercise 5 for nx n matrices of the form 


and that 


where B, C, D denote square matrices and 0 denotes a matrix of zeros. 
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7. Use Theorem 3.6 to determine whether the following sets of vectors are linearly dependent or 
independent. 

(a) A, = (1, -1,0), A, = (0,1, -1), A 3 = (2,3, -1). 

(b) A 1 = (1, —1,2, 1), A 2 = (-1,2, -1,0), A, = (3, -1, 1,0 ),A i = (1,0,0, 1). 

(c) A, = (1,0, 0,0,1 ),A 2 = (l, 1,0, 0,0), A, = (1,0, 1,0, 1) , A, = (1, 1,0, 1, 1), 

A, = (0,1,0, 1,0). 


3.12 Expansion formulas for determinants. Minors and cofactors 

We still have not shown that a determinant function actually exists, except in the 2 x 2 
case. In this section we exploit the linearity property and the uniqueness theorem to show 
that if determinants exist they can be computed by a formula which expresses every deter¬ 
minant of order n as a linear combination of determinants of order n — 1 . Equation (3.2) 
in Section 3.1 is an example of this formula in the 3 x 3 case. The general formula will 
suggest a method for proving existence of determinant functions by induction. 

Every row of an n x n matrix A can be expressed as a lineal' combination of the n unit 
coordinate vectors f , . . . , I n . For example, the first row A, can be written as follows: 


n 

A, = 

i =l 

Since determinants are linear in the first row we have 

(3.17) d(A x ,A % ,. . ., A n ) = d(fa u I } ,A 2 , . . . , A„j = fa u d(I,, A 2 ,... , A,). 

Therefore to compute det A it suffices to compute d(f , A,, . . . , A.) for each unit coordinate 
vector Ij . 

Let us use the notation A' xi to denote the matrix obtained from A by replacing the first 
row A, by the unit vector /■ . For example, if /j = 3 there are three such ma&ices: 



'1 

0 

0 ‘ 


' 0 

1 

0 " 


'0 

0 

1 ' 

A[ ! = 

a 21 

a 22 

a 23 

, A 12 — 

a 2l 

a 22 

a 23 

, ^13 — 

^21 

a 22 

a 23 


- a 31 

a 32 

a 33 - 


- a 31 

a 32 

a 33- 


- a 31 

a 32 

a 33- 


Note that det A xi = d(Ij, A 2 , . . . , A,). Equation (3.17) can now be written in the form 


n 

(3.18) det A = ^ Ctij det A[j. 

3=1 

This is called an expansion formula; it expresses the determinant of A as a linear combina¬ 
tion of the elements in its first row. 

The argument used to derive (3.18) can be applied to the kth row instead of the first row. 
The result is an expansion formula in temis of elements of the kth row. 
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theorem 3.8. expansion by cofactors. Let A' kj denote the matrix obtained from A 
by replacing the kth row A, by the unit coordinate vector f. Then we have the expansion 
formula 

(3.19) del A = f^det A' M 

3-1 

which expresses the determinant of A as a linear combination of the elements of the kth row. 
The number det A' kj is called the cofactor of entry a kj . 

In the next theorem we shall prove that each cofactor is, except for a plus or minus sign, 
equal to a determinant of a matrix of order n — 1 • These smaller matrices are called 
minors. 

definition. Given a square matrix A of order n > 2, the square matrix of order n — 1 
obtained by deleting the kth row and the jth column of A is called the k, j minor of A and is 
denoted by A,. . 

example. A matrix A = (a kj ) of order 3 has nine minors. Three of them are 

#22 #23 #21 #23 #21 #22 

■^11 = > ^12 = > ^13 = 

_#32 #33 J L^31 #33J L^31 #32 

Equation (3.2) expresses the determinant of a 3 x 3 matrix as a linear combination of 
determinants of these three minors. The formula can be written as follows: 

det A = a,, det A,, — a i2 det A„ + a 13 det A„ . 

The next theorem extends this formula to the n x n case for any n>2. 

theorem 3.9. expansion by Ath-ROW minors. For any n x n matrix A, n >2, the 
cofactor of a kj is related to the minor A kj by the formula 

(3.20) det A’ kj = det A kj . 

Therefore the expansion of det A in terms of elements of the kth row is given by 

(3.21) det A = — 1 ) k+i a kj det A kj . 

3=1 

Proof. We illustrate the idea of the proof by considering first the special case k = j = i . 
The matrix A' n has the form 

i o o ' • • 0 

a 2X a. 2 2 a 23 • • ■ a 2n 

fl 31 a 32 a 33 ’ ' ' a 3n 

A;, = 


fl «1 ^n2 &nZ * * * ^nn- 




Determinants 


By applying elementary row operations of type (3) we can make every entry below the 1 in 
the first column equal to zero, leaving all the remaining entries intact. For example, if we 
multiply the first row of A' n by — a 21 and add the result to the second row, the new second 
row becomes (0, a n , a 23 , . . . , a u ). By a succession of such elementary row operations 
we obtain a new matrix which we shall denote by Ah and which has the form 

0 • • • 0 " 

a22 ' ' ' U 2n 

a 32 ’ ' ’ « 3 n 

1—0 @n2 ' ’ ®n«- 

Since row operations of type (3) leave the determinant unchanged we have 



(3.22) det Ah = det A' n . 

But A\ j is a block-diagonal matrix so, by Theorem 3.7, we have 

det Ah = det A n , 

where A„ is the 1, 1 minor of A, 

fl 22 ‘ ‘ ' a 2n 
a 32 ' ‘ ' a 3n 


&nn _ 1 


Therefore det A' n = det A n , which proves (3.20) for k = j = 1. 

We consider next the special case k = 1 ,j arbitrary, and prove that 

(3.23) det A' lt = (— l)* -1 det A Xj . 

Once we prove (3.23) the more general formula (3.20) follows at once because matrix A’ kj 
can be transformed to a matrix of the form B' u by ^ — 1 successive interchanges of adjacent 
rows. The determinant changes sign at each interchange so we have 


(3.24) det A' kj = (- l) s 1 det Bj,-, 

where B is an n * n matrix whose first row is / 3 - and whose 1 ,j minor B u is A kj . By (3.23), 
we have 

det B' u = (-l)'- x det B u = (-l) 3 " 1 det A kj , 

so (3.24) gives us 


det A’ kj = (-\f 1 y 1 det A ki = (- l) fc + 3 'det A kj . 


Therefore if we prove (3.23) we also prove (3.20). 
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We turn now to the proof of (3.23). The matrix Ay has the form 


" C • • • 1 


A' u 



l 2i 


0 

^2 n 


' ’ ' ®nj 


® JinJ 


By elementary row 
transform this to 

operations of type (3) we 

introduce a 

column of zeros below the 1 and 



0 

0 

1 

0 

0 




a 2 \ ■ ■ 

a 2,j-l 

0 

a 2,j+l 

' ' . a 2n 



A* - 

71 li — 

^a n i . 

®n,i— 1 

0 

®n,j+ 1 

* . O' nn- 1 

* 


As before, the determinant is unchanged so det Ay — det Ay. The 1, j minor Ay has the 
form 

P^21 ' ‘ ’ a 2.i+l ’ ' ' a 2n ^1 


A i j 


@n,3 —1 ®rt,i +1 


a 


nn_ 


Now we regard det Ay as a function of the n — 1 rows of Ay, say det Ay = /(Ay) . The 
functionfsatisfies the first three axioms for a determinant function of order n — i. There¬ 
fore, by the uniqueness theorem we can write 


(3.25) 


/(An) = f(J) det Ay , 


where J is the identity matrix of order n — 1. Therefore, to prove (3.23) we must show that 
f(J) = (— l) 3-1 . Now f(J) is by definition the determinant of the matrix 


0 ' • • 0 1 0 

1 0 0 0 



0~ 

0 


c = 


0 

0 


0 


V • • 

. 1 0 0 • • • 0 

0 0 1 • • • 0 



0 0 0 • • ■ 1 

t 

jth column 


jth row 
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The entries along the sloping lines are all 1. The remaining entries not shown are all 0. 
By interchanging the first row of C successively with rows 2, 3, . . . ,j we arrive at the n x n 
identity matrix I after j — 1 interchanges. The determinant changes sign at each inter¬ 
change, so det C = (- 1)* 1 . Hence f(J) = (- l) 3 1 , which proves (3.23) and hence (3.20). 

3.13 Existence of the determinant function 

In this section we use induction on tl, the size of a matrix, to prove that determinant 
functions of every order exist. For n = 2 we have already shown that a determinant function 
exists. We can also dispense with the case n = 1 by defining det \a n ] = a„ . 

Assuming a determinant function exists of order 11 — 1, a logical candidate for a deter¬ 
minant function of order n would be one of the expansion formulas of Theorem 3.9, for 
example, the expansion in terms of the first-row minors. However, it is easier to verify the 
axioms if we use a different but analogous formula expressed in terms of the first-column 
minors. 

theorem 3.10. Assume determinants of order n — 1 exist. For any n x n matrix 
A = (a ik ), let f be the function defined by the formula 

(3.26) f(A 1 ,. . ., A,) = £(— 1 ) i+1 a n det A n . 

3-1 

Then f satisfies all four axiomsfor a determinantfunction of order n. Therefore, by induction, 
determinants of order n exist for every n. 

Proof, We regard each term of the sum in (3.26) as a function of the rows of A and we 
write 

fM i ,••■>&>) = (- iy +i % det A n . 

If we verify that each f satisfies Axioms 1 and 2 the same will be true for f. 

Consider the effect of multiplying the first row of A by a scalar t. The minor A„ is not 
affected since it does not involve the first row. The coefficient a„ is multiplied by t, so we 
have 

ffitA\; , A,) = tan det A„ = tfi(A i , , A,). 

Ifj > 1 the first row of each minor A n gets multiplied by t and the coefficient a ;1 is not 
affected, so again we have 

ffitAi, A 2 , , ■ i j Af) — tffiA i, A %. ■. • , Afi. 

Therefore each fj is homogeneous in the first row. 

If the kth row of A is multiplied by t, where k > 1, the minor A„ is not affected but a ki is 
multiplied by t, so f k is homogeneous in the kth row. If j ^ k, the coefficient a } i is not 
affected but some row of A jk gets multiplied by t. Hence every f. is homogeneous in the 
kth row. 
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A similar argument shows that each /) is additive in every row, so f satisfies Axioms 1 and 
2. We prove next that f satisfies Axiom 3', the weak version of Axiom 3. From Theorem 
3.1, it then follows that f satisfies Axiom 3. 

To verify that, f satisfies Axiom 3', assume two adjacent rows of A are equal, say A, = 
A m . Then, except for minors A k] and A k+iX , each minor A jX has two equal rows so 
det A n = 0 . Therefore the sum in (3.26) consists only of the two terms corresponding to 
j = k andy = k + 1, 

(3.27) f(A x ,A n ) = (—l)* +1 a fcl det A kl + (-1 ) k+i a k+11 det A„„, . 

But A kl = A k+l j and a kl = a k+11 since A, = A,„ . Therefore the two terms in (3.27) 
differ only in sign, so f (A„ , A,) = 0. Thus, f satisfies Axiom 3’. 

Finally, we verify that f satisfies Axiom 4. When A = 1 we have a„ = 1 and a„ = 0 for 
j > I. Also, A„ is the identity matrix of order n— 1, so each term in (3.26) is zero except 
the first, which is equal to 1. Hence f (I x 1 so/ satisfies Axiom 4. 

In the foregoing proof we could just as well have used a. functionfdefined in terms of the 
kth-column minors A jk instead of the first-column minors A n . In fact, if we let 

(3-28) f{A x A n ) = 2 ( -1 y +k a jh det A jk , 

3=1 

exactly the same type of proof shows that this f satisfies all four axioms for a determinant 
function. Since determinant functions are unique, the expansion formulas in (3.28) and 
those in (3.21) are all equal to det A. 

The expansion formulas (3.28) not only establish the existence of determinant functions 
but also reveal a new aspect of the theory of determinants-a connection between row- 
properties and column-properties. This connection is discussed further in the next section. 


3.14 The determinant of a transpose 

Associated with each matrix A is another matrix called the transpose of A and denoted 
by AK The rows of A‘ are the columns of A. For example, if 


A 


'1 2 3' 
4 5 6 


then 


A* = 


T 4' 

2 5 

3 6 


A formal definition may be given as follows. 


DEFINITION OF TRANSPOSE. The transpose of an m X n matrix A = is the n X m 

matrix A* whose i, j entry is Qj i • 


Although transposition can be applied to any rectangular matrix we shall be concerned 
primarily with square matrices. We prove next that transposition of a square matrix does 
not alter its determinant 
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theorem 3. 11. For any n x fl matrix A we have 

det A = det A‘, 

Proof. The proof is by induction on n. For n = 1 and n = 2 the result is easily verified. 
Assume, then, that the theorem is true for matrices of order n — 1 . Let A = (a ij ) and let 
B — A 1 ~ (6,). Expanding det A by its first-column minors and det B by its first-row 
minors we have 

n n 

det A = J(—l) 3+1 flji det A n , det B = (— 1) }+I fc l3 det B tj . 

3=1 3=1 

But from the definition of transpose we have b lj = a,, and B 1 j = (A 3l ) f . Since we are 
assuming the theorem is true for matrices of order n — I we have det B { j = det A n . 
Hence the foregoing sums are equal term by term, so det A = det B. 


3.15 The cofactor matrix 

Theorem 3.5 showed that if A is nonsingular then det A ^6 0. The next theorem proves 
the converse. That is, if det A ^ 0, then A -1 exists. Moreover, it gives an explicit formula 
for expressing A~ l in terms of a matrix formed from the cofactors of the entries of A. 

In Theorem 3.9 we proved that the i, j cofactor of is equal to (— 1)*+^ det A iS ■ where 
Ajj is the i, j minor of A. Let us denote this cofactor by cof , Thus, by definition. 


cof a i} = (— 1 ) i+i det A i} . 

definition OF the cofactor matrix. The matrix whose i, j entry is cof a tj is called the 
cofactor matrix? of A and is denoted by cof A. Thus, we have 

cof A = (cof a 0 )” j=1 = (( - 1) !!3 det A u )l j=1 . 

The next theorem shows that the product of A with the transpose of its cofactor matrix is, 
apart from a scalar factor, the identity matrix /, 

theorem 3.12. For any n x Tl matrix A with tl > 2 we have 
(3.29) A(cof A) 1 = (det A)1. 

Itt particular, if det A 7 $ 0 the inverse of A exists and is given by 

A -1 = —^ (cof A)*. 
det A 


f In much of the matrix literature the transpose of the cofactor matrix is called the adjugate of A. Some of 
the older literature calls it the adjoint of A. However, current nomenclature reserves the term adjoint for 
an entirely different object, discussed in Section 5.8. 
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Proof. Using Theorem 3.9 we express det A in terms of its kth-row cofactors by the 
formula 

n 

(3.30) det A = 2 a k> cof a iei • 

3=1 


Keep k fixed and apply this relation to a new matrix B whose ith row is equal to the kth 
row of A for some / 5 ^ k, and whose remaining rows are the same as those of A. Then 
det B = 0 because the ith and kth rows of B are equal. Expressing det B in terms of its 
ith-row cofactors we have 

(3.31) det B = 2 cof b u - 0. 

3=1 

But since the ith row of 6 is equal to the kth row of A VVC have 

by = a kj and cof b i} = cof a i} for every j . 

Hence (3.31) states that 

n 

(3.32) 2 a ki c °f a a = 0 if k j . 

3=1 


Equations (3.30) and (3.32) together can be written as follows: 


(3.33) 


cof % 

3=1 


det A 

0 


if i = k 

if i ^ k. 


But the sum appearing on the left of (3.33) is the k, / entry of the product A (cof A) 1 . There¬ 
fore (3.33) implies (3.29). 


As a direct corollary of Theorems 3.5 and 3.12 we have the following necessary and 
sufficient condition for a square matrix to be nonsingular. 


THEOREM 3.13. A square matrix A is nonsingular if and only if det A ^0. 


3.16 Cramer’s rule 

Theorem 3.12 can also be used to give explicit formulas for the solutions of a system of 
linear equations with a nonsingular coefficient matrix. The formulas are called Cramer's 
rule, in honor of the Swiss mathematician Gabriel Cramer (1704-1752). 


theorem 3.14. cramer's rule, if a system of n linear equations in n unknowns 

Xi ,..., x n , 

n 

0 1 , 2 , . . . , ti) 

3=1 
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has a nonsingular coefficient-matrix A = (affi , then there is a unique solution for the system 
given by the formulas 

(3- 34 ) Xj 2^ cof a ki ’ for j = 1,2 , , n. 

Proof. The system can be written as a matrix equation, 


AX = B, 


where X and B are column matrices, X = 


there is a unique solution X given by 


B = 




lAj 


. Since A is nonsingular 


(3.35) 


X = A-'B = (cof AYB. 
det A 


The formulas in (3.34) follow by equating components in (3.35). 


It should be noted that the formula for Xj in (3.34) can be expressed as the quotient of two 
determinants, 


dst. C, 

x =- 1 

det A 


where C, is the matrix obtained from A by replacing the jth column of A by the column 
matrix B. 


3.17 Exercises 


1. Determine the cofactor matrix of each of the following matrices : 







' 3 

1 

2 

4' 


1 

2 

-1 

3 







1 

2 






2 

0 

5 

1 

(a) 



, (b) 

0 

1 

1 

, (c) 






3 

4 






1 

-1 

-2 

6 





-1 

-2 

0 







1 





-2 

3 

2 

3 


2. Determine the inverse of each of the nonsingular matrices in Exercise 1. 

3. Find all values of the scalar A for which the matrix II — A is singular, if A is equal to 





'l 

0 

2 


‘ 11 

-2 

8" 

(a) 

'0 3" 

, (b) 

0 

-1 

-2 

, (c) 

19 

-3 

14 

2 -1_ 











1 

-2 

0_ 


_~ 8 

2 

—5_ 
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4. If A is an n x /; matrix with ll > 2, prove each of the following, properties of its cofactor matrix: 

(a) cof (A 1 ) = (cof A)*. (b) (cof A) 1 A = (det A)I, 

(c) A (cof A) 1 = (cof A) 1 A (A commutes with the transpose of its cofactor matrix). 

5. Use Cramer’s mle to solve each of the following systems: 

(a) x + 2y + 3z = 8, 2 x - y + 4z = 7," -y + z = 1. 

(b) x + y + 2z = 0, 3x - y - z = 3, 2x + 5_y + 3z = 4, 

6. (a) Explain why each of the following is a Cartesian equation for a straight line in the xy-plane 
passing through two distinct points {x x , jq) and (x 2 , y 2 ). 







X 

y 

i 

det 

~ x - x 1 y 

-yi' 

= 0; 

det 

X 1 

yi 

i 


_ x 2 ~ x i Ja 

-yi. 





i 





_x 2 

y 2 


= 0 . 


(b) State and prove corresponding relations for a plane in 3-space passing through three 
distinct points. 

(c) State and prove corresponding relations for a circle in the xy-plane passing through three 
noncolinear points. 

7. Given n 2 functions yc, each differentiable on an interval (a, b), define F(x) = det [f^x)] for 
each x in (a, b). Prove that the derivative F’(x) is a sum of n determinants, 


F’(x) = ^ det A,(x), 

i=l 

where A { (x) is the matrix obtained by differentiating the functions in the ith row of [f^ix]]. 

8. An n x n matrix of functions of the fomi W(x) = [«**— 1) (cc)], in which each row after the first 
is the derivative of the previous row, is called a Wronskian matrix in honor of the Polish mathe¬ 
matician J. M. H. Wronski (1778-1853). Prove that the derivative of the determinant of W(x) 
is the determinant of the matrix obtained by differentiating each entry in the last row of W(x). 

[Hint: Use Exercise 7.] 
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EIGENVALUES AND EIGENVECTORS 


4.1 Linear transformations with diagonal matrix representations 

Let T: V —*■ V be a linear transformation on a finite-dimensional linear space V. Those 

properties of T which are independent of any coordinate system (basis) for V are called 
intrinsicproperties of T. They are shared by all the matrix representations of T. If a basis 
can be chosen so that the resulting matrix has a particularly simple form it may be possible 
to detect some of the intrinsic properties directly from the matrix representation. 

Among the simplest types of matrices are the diagonal matrices. Therefore we might ask 
whether every linear transformation has a diagonal matrix representation. In Chapter 2 
we treated the problem of finding a diagonal matrix representation of a linear transfor¬ 
mation T: V —> W, where dim V = n and dim W = m .In Theorem 2.14 we proved that 
there always exists a basis (e 1 , . . . , e,) for V and a basis (h-'j , . . . , W m ) for W such that the 
matrix of T relative to this pair of bases is a diagonal matrix. In particular, if IT = V 
the matrix will be a square diagonal matrix. The new feature now is that we want to use the 

same basis for both Vand W. With this restriction it is not always possible to find a diagonal 

matrix representation for T. We turn, then, to the problem of determining which trans¬ 
formations do have a diagonal matrix representation. 

Notation: If A = (a i} ) is a diagonal matrix, we write A = diag (a n , a 22 , . . . , a,,). 

It is easy to give a necessary and sufficient condition for a linear transformation to have a 
diagonal matrix representation. 

theorem 4.1. Given a linear transformation T: V — V, where dim V = n. If T has a 
diagonal matrix representation, then there exists an independent set of elements u 1 , ■ ■ ■ , u n 
in V and a corresponding set of scalars A*,. . . , A n such that 

(4.1) T{u k ) = ). k U k for k= 1,2,..., n. 

Conversely, if there is an independent set u ltt . . , u n in V and a corresponding set of scalars 
Aj, . . . , A n satisfying (4.1), then the matrix 

A = diag A„) 

is a representation of T relative to the basis (Uj. u,). 
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Proof. Assume first that T has a diagonal matrix representation A = (a ik ) relative to 
some basis (e 1 , , e,). The action of T on the basis elements is given by the formula 


n 

7 iff) — 2 ^ik^i ~ ®kk^k 
i=l 

since a ik = 0 for i k . This proves (4.1) with u k = e k and l k = a„ . 

Now suppose independent elements U 1 , . . . , u n and scalars l lf .... l n exist satisfying 
(4.1). Since Uy, ■ ■ ■ , U n are independent they form a basis for V. If we define a„ = X k and 
a ik = 0 for / 9 ^ k, then the matrix A = ( a ik ) is a diagonal matrix which represents T 
relative to the basis (u 1 , . . . , U n ). 

Thus the problem of finding a diagonal matrix representation of a linear transformation 
has been transformed to another problem, that of finding independent elements u 1 , ■ ■ . , U 
and scalars l x , . . . , 1, to satisfy (4.1). Elements u k and scalars X k satisfying (4.1) are called 
eigenvectors and eigenvalues of T, respectively. In the next section we study eigenvectors 
and eigenvalues! in a more general setting. 


4.2 Eigenvectors and eigenvalues of a linear transformation 

In this discussion \/ denotes a linear space and S denotes a subspace of 1/. The spaces 5 
and 1/ are not required to be finite dimensional. 

definition. Let T:S ->-V be a I inear transformation ofS into V.A scalar A is called an 
eigenvalue of T if there is a nonzero element x in S such that 

(4.2) T(x) = lx. 

The element x is called an eigenvector of Tbelonging to 1. The scalar l is called an eigenvalue 
corresponding to x. 

There is exactly one eigenvalue corresponding to a given eigenvector x. In fact, if we 

have T(x) = lx and T (x) = fix for some x 9^ 0, then lx □ = fXX so l = fi . 

Note: Although Equation (4.2) always holds for x = 0 and any scalar I, the definition 
excludes 0 as an eigenvector. One reason for this prejudice against 0 is to have exactly one 
eigenvalue l associated with a given eigenvector x. 

The following examples illustrate the meaning of these concepts. 

example 1. Multiplication by a fixed scalar. Let T: S—► V be the linear transformation 

defined by the equation T(x) = cx for each x in S, where c is a fixed scalar. In this example 

every nonzei'O element of S is an eigenvector belonging to the scalar c. 


t The words eigenvector and eigenvalue are partial translations of the German words Eigenvektor and 
Eigenwert, respectively. Some authors use the terms characteristic vector, or proper vector as synonyms for 
eigenvector. Eigenvalues am also called characteristic values, proper values, or latent roots. 
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example 2. The eigenspace E(A) consisting of all x such that T(x) = Xx. Let T: S —> V 
be a linear transformation having an eigenvalue X. Let E(X) be the set of all elements x in 
S such that T(x) = Xx. This set contains the zero element 0 and all eigenvectors belonging 
to il. It is easy to prove that E(I) is a subspace of S, because if x and y are in E(X) we have 

T(ax + by) = aT(x ) + bT(y) = aXx + bXy = X(ax + by) 

for all scalars a and b. Hence (ax + by) £ E(l) so E(X) is a subspace. The space E(l) is 
called the eigenspace corresponding to X. It may be finite- or infinite-dimensional. If E(X) 
is finite-dimensional then dim E(l) > 1 , since E(l) contains at least one nonzero element x 
corresponding to 1 . 

example 3. Existence of zero eigenvalues. If an eigenvector exists it cannot be zero, by 
definition. However, the zero scalar can be an eigenvalue. In fact, if 0 is an eigenvalue for 
x then T(x) = Ox = 0, so x is in the null space of T. Conversely, if the null space of T 
contains any nonzero elements then each of these is an eigenvector with eigenvalue 0. In 
general, E(X) is the null space of T — XI. 

example 4. Rejection in the xy-plane. Let S = V = V.(R) and let T be a reflection in 
the xy-plane. That is, let Tact on the basis vectors j, k as follows: T(i) = j, T(j) = j. 

T(k) = -k. Every nonzero vector in the xy-plane is an eigenvector with eigenvalue 1. 
The remaining eigenvectors are those of the form ck, where c / 0 ; each of them has 
eigenvalue — 1 . 


example 5. Rotation of the plane through a fixed angle a. This example is of special interest 
because it shows that the existence of eigenvectors may depend on the underlying field of 
scalars. The plane can be regarded as a linear space in two different ways: (1) As a 2- 

dimensional real linear space, V = V,(R), with two basis elements (1, 0) and (0, 1), and 

with real numbers as scalars; or (2) as a 1-dimensional complex linear space, V = V 1 (C), 

with one basis element 1, and complex numbers as scalars. 

Consider the second interpretation first. Each element z ^ 0 of ) / 1 (C) can be expressed 
in polar form, z = re' 6 . If T rotates z through an angle a then T(z) = re l{e+ ^ = e i(l Z. 
Thus, each z ^ 0 is an eigenvector with eigenvalue X = e tx . Note that the eigenvalue e za Ls 
not real unless C4 is an integer multiple of 77, 

Now consider the plane as a real linear space, V.(R). Since the scalars of V,(R) are real 
numbers the rotation T has real eigenvalues only if a is an integer multiple of 77, In other 
words, if a is not an integer multiple of 77 then T has no real eigenvalues and hence no 

eigenvectors. Thus the existence of eigenvectors and eigenvalues may depend on the choice 
of scalars for V. 


example 6. The differentiation gperator. Let V be the linear space of all real functions fi 
having derivatives of every order on a given open interval. Let D be the linear transfor¬ 
mation which maps each / onto its derivative, D(f) = f '. The eigenvectors of D are those 
nonzero functions f satisfying an equation of the form 
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r = ¥ 


for some real X. This is a first order linear differential equation. All its solutions are given 
by the formula 

f(x) = ce kx , 

where c is an arbiUary real constant. Therefore the eigenvectors of D are all exponential 
functions f(x) == ce )x with c ^ 0 . The eigenvalue corresponding to f(x) = ce /x is X, In 
examples like this one where V is a function space the eigenvectors are called eigenfunctions. 

example 7. The integration operator. Let V be the linear space of all real functions 
continuous on a finite interval [a, bj. If /6 V define g = T(f ) to be that function given by 

g(x) = (' f(t) dt if a < x <. b . 

The eigenfunctions of T (if any exist) are those nonzerofsatisfying an equation of the form 

(4.3) £ fU)dt = Xf(x) 

for some real 4. If an eigenfunction exists we may differentiate this equation to obtain the 
relation f(x) = Xf'(x), from which we find fix) = ce xlk , provided X 9^ 0 . In other words, 
the only candidates for eigenfunctions are those exponential functions of the form fix) = 
ce xU w Jtti c ^ 0 and X ?£ 0. However, if we put x = a in (4.3) we obtain 


0 = Xf(a) = Ice”‘“. 

Since e a ‘' w is never zero we see that the equation T(f) = A/cannot be satisfied with a non¬ 
zero f, so Thas no eigenfunctions and no eigenvalues. 

example 8. The subspace spanned by an eigenvector. Let T: S —> V be a linear ttans- 
formation having an eigenvalue 1. Let x be an eigenvector belonging to X and let Lix) be 
the subspace spanned by x. That is, L(x) is the set of all scalar multiples of x. It is easy to 
show that T maps L(x) into itself. In fact, if y = cx we have 


T(y) = T(cx ) = cTix) = c(Xx) = X(cx) = fv ■ 


If c 5 ^ 0 then y 0 so every nonzero element y of Lix) is also an eigenvector belonging 
to A. 

A subspace U of S is called invariant under Tif Tmaps each element of U onto an element 
of U. We have j ust shown that the subspace spanned by an eigenvector is invariant under T. 
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4.3 Linear independence of eigenvectors corresponding to distinct eigenvalues 

One of the most important properties of eigenvalues is described in the next theorem. As 
before, S denotes a subspace of a linear space V. 

theorem 4.2. Let U\, .... u k be eigenvectors of a linear transformation T: S —> V, and 
assume that the corresponding eigenvalues Aj, . . . , are distinct. Then the eigenvectors 
u \, ■ . , , u k are independent. 

Proof. The proof is by induction on k. The result is trivial when k = 1 . Assume, then, 
that it has been proved for every set of k — 1 eigenvectors. Let If, ... . U k he k eigen¬ 
vectors belonging to distinct eigenvalues, and assume that scalars c t exist such that 

k 

(4.4) 2 Wi = 0 . 

i=1 

Applying T to both members of (4.4) and using the fact that T(uk) = X i U i we find 

k 

(4.5) 'Xc i X i u i = 0. 

Multiplying (4.4) by X k and subtracting from (4.5) we obtain the equation 


2 C A - 4H = o, 

i= 1 

But since u l , . . . , u k are independent we must have C i (?i i — h k ) = 0 for each i = 1, 2, . . . , 
k — 1 . Since the eigenvalues are distinct we have X i ^ X k for i ^ k so C i = 0 for i = 1,2, 

. . . , k — 1 . From (4.4) we see that c k is also 0 so the eigenvectors U±, ... , U k are inde¬ 
pendent. 

Note that Theorem 4.2 would not be true if the zero element were allowed to be an eigen¬ 
vector. This is another reason for excluding 0 as an eigenvector. 

Warning: The converse of Theorem 4.2 does not hold. That is, if T has independent 

eigenvectors U x , . . . , U f ., then the corresponding eigenvalues f, . . . , need not be dis¬ 
tinct. For example, if T is the identity transformation, T(x) = x for all x, then every 
x ^ 0 is an eigenvector but there is only one eigenvalue, 2=1. 

Theorem 4.2. has important consequences for the finite-dimensional case. 

theorem 4.3. I f dim V = n , every linear transformation T: V —*■ V has at most n distinct 
eigenvalues. If T has exactly n distinct eigenvalues, then the corresponding eigenvectors form 
a basis for V and the matrix of T relative to this basis is a diagonal matrix with the eigenvalues 
as diagonal entries. 

Proof. If there were n I distinct eigenvalues then, by Theorem 4.2, V would contain 

n + 1 independent elements. This is not possible since dim V = n . The second assertion 
follows from Theorems 4.1 and 4.2. 
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Note: Theorem 4.3 tells us that the existence of tl distinct eigenvalues is a sufficient 
condition for Tto have a diagonal matrix representation. This condition is not necessary. 
There exist lineal' transformations with less than n distinct eigenvalues that can be 
represented by diagonal matrices. The identity transformation is an example. All its eigen¬ 
values are equal to 1 but it can be represented by the identity matrix. Theorem 4.1 
tells us that the existence of n independent eigenvectors is necessary and sufficient for 
T to have a diagonal matrix representation. 


4.4 Exercises 

1. (a) If T has an eigenvalue A, prove that aT has the eigenvalue at. 

(b) If x is an eigenvector for both T 1 and 71, prove that x is also an eigenvector for aT 1 + bT 2 ■ 
How are the eigenvalues related? 

2. Assume ‘T: V-* V has an eigenvector x belonging to an eigenvalue 1. Prove that x is an eigen¬ 
vector of T 2 belonging to A 2 and, more generally, x is an eigenvector of T n belonging to A”. 
Then use the result of Exercise 1 to show that if P is a polynomial, then x is an eigenvector of 
P(T) belonging to P(A). 

3. Consider the plane as a real linear space, V = K 2 (R) , and let 7 be a rotation of V through an 
angle of n-/2 radians. Although T has no eigenvectors, prove that every nonzero vector is an 
eigenvector for T 2 . 

4. If V -► V has the property that T 2 has a nonnegative eigenvalue A 2 , prove that at least one 
of A or —A is an eigenvalue for 7. [Hint: T 2 — A 2 / = (T + A/)( 7' — A/) .] 

5. Let V be the linear space of all real functions differentiable on (0, 1). If f E V, define g = 

T(f) to mean that ^(7)= tf ft) for all t in (0, 1). Prove that every real A is an eigenvalue for 

T, and determine the eigenfunctions corresponding to A. 

6. Let V be the linear space of all real polynomials p(x) of degree < n. If p E V, define q = 
T{p) to mean that q{t) = p(t + 1) for all real t. Prove that T has only the eigenvalue 1. What 
are the eigenfunctions belonging to this eigenvalue? 

7. Let V be the linear space of all functions continuous on ( — oo, + co) and such that the integral 
I?, oo fit) dt exists for all real x. If f £ V, let g = T(J) be defined by the equation g(x) = 
J- oo f (t) dt ■ Prove that every positive I is an eigenvalue for Tand determine the eigenfunctions 
corresponding to A, 

8. Let V be the linear space of all functions continuous on ( — oc>, + oo) and such that the integral 
I- <o t fit) dt exists for all real x. If / £ V let g = T(f) be defined by the equation g(x) = 
S- oo tf (t) dt . Prove that every negative A is aneigenvalue for T and determine the eigenfunc¬ 
tions corresponding to 1. 

9. Let V = C(0, n) be the real lineal' space of all real functions continuous on the interval [0, 7 r]. 

Let S be the subspace of all functions / which have a continuous second derivative in lineal' 

and which also satisfy the boundary conditions f(0) =/(7r) = 0. Let T: S ->■ V be the linear 
transformation which maps each / onto its second derivative, T(f) = f " . Prove that the 
eigenvalues of Tare the numbers of the form —n 2 , where n = 1, 2, ... , and that the eigen¬ 
functions corresponding to —u 2 are f(t) = c n sin nt , where c n 0. 

10. Let V be the lineal' space of all real convergent sequences {x,}. Define /': V -► V as follows: 
If x = {x,} is a convergent sequence with limit a, let T(x) = {y n }, where y n = a — x n for 
n ~> 1 . Prove that Thas only two eigenvalues, A = 0 and A = -1, and determine the eigen¬ 
vectors belonging to each such A, 

11. Assume that a lineal' transformation T has two eigenvectors x and y belonging to distinct 
eigenvalues A and u. If ax + by is an eigenvector of T, prove that a = 0 or b = 0. 

12. Let T: S --*■ V be a linear transformation such that every nonzero element of S is an eigenvector. 
Prove that there exists a scalar c such that T(x) = cx . In other words, the only transformation 
with this property is a scalar times the identity. [Hint: Use Exercise 11.] 
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4.5 The finite-dimensional case. Characteristic polynomials 

If dim V — n, the problem of finding the eigenvalues of a linear transformation T\ V — *■ V 
can be solved with the help of determinants. We wish to find those scalars X such that the 
equation T(x) = Xx has a solution x with x 5 ^ 0 . The equation T(x) = Xx can be written 
in the form 

(XI — T)(x) = 0 , 

where I is the identity transformation. If we let 72 = XI — T , then X is an eigenvalue if and 
only if the equation 

(4.6) T,(x) = 0 

has a nonzero solution x, in which case 72 is not invertible (because of Theorem 2.10). 
Therefore, by Theorem 2.20, a nonzero solution of (4.6) exists if and only if the matrix of 
7- is singular. If A is a matrix representation for T, then XI — A is a matrix representation 
for T x . By Theorem 3.13, the matrix XI — A is singular if and only if det (XI — A) = 0. 
Thus, if X is an eigenvalue for Tit satisfies the equation 

(4.7) det (XI — A) = 0 . 

Conversely, any A in the underlying field of scalars which satisfies (4.7) is an eigenvalue. 
This suggests that we should study the determinant det (XI — A) as a function of X. 

theorem 4.4. If A is any n x n matrix and if I is then x n identity matrix, the function f 
defined by the equation 

f(X) = det (AZ - A) 

is a polynomial in X of degree n. Moreover, the term of highest degree is X n , and the constant 
term is f( 0) = det (-A) = (- 1)” det A. 

Proof. The statement f(0) = det (-A) follows at once from the definition of f. We 

prove thatf is a polynomial of degree n only for the case n < 3. The proof in the general 
case can be given by induction and is left as an exercise. (See Exercise 9 in Section 4.8.) 
For m = 1 the determinant is the linear polynomial f(X ) = X ~ a u . For n = 2 we have 

X #jq 

det (XI — A) = = (X — ciii)(X # 22 ) ^ 12^21 

— #21 X — a 22 

= X 2 — (fljj + #22)^ "I" (#n#22 ” a i2 a n) > 
a quadratic polynomial in X. For n = 3 we have 

X ■— — a 12 #13 

det (Xl ™ A) #21 1 #22 "*#23 

#31 #32 X — #33 
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X #22 “#23 

#21 “#23 


#21 X #22 

- #n) 

+ a Ci 


#13 



#32 X ■ a 33 j 

CO 

<3 

i 

M 

iH 

Pi 

1 


#31 “#32 


The last two terms are lineal' polynomials in X. The first temi is a cubic polynomial, the 
term of highest degree being X 3 . 


definition . If A is an n x n ma trix the determinant 

f(A) = det (XI - A) 

is called the characteristic polynomial of A. 

The roots of the characteristic polynomial of A are complex numbers, some of which 
may be real. If we let F denote either the real field R or the complex field C, we have the 
following theorem,. 

theorem 4. 5. Let T: y —► V be a linear transformation, where V has scalars in F, and 
dim V = n . Let A be a matrix representation of T. Then the set of eigenvalues of T consists 
of those roots of the characteristic polynomial of A which lie in F. 


Proof, The discussion preceding Theorem 4.4 shows that every eigenvalue of T satisfies 
the equation det (XI — A) = 0 and that any root of the characteristic polynomial of A 
which lies in F is an eigenvalue of T, 


The matrix A depends on the choice of basis for V, but the eigenvalues of T were defined 
without reference to a basis. Therefore, the set of roots of the characteristic polynomial of 
A must be independent of the choice of basis. More than this is true. In a later section we 
shall prove that the characteristic polynomial itself is independent of the choice of basis. 
We turn now to the problem of actually calculating the eigenvalues and eigenvectors in the 
finite-dimensional case. 

4.6 Calculation of eigenvalues and eigenvectors in the finite-dimensional case 

hi the finite-dimensional case the eigenvalues and eigenvectors of a linear transformation 
Tare also called eigenvalues and eigenvectors of each matrix representation of T, Thus, the 
eigenvalues of a square matrix A are the roots of the characteristic polynomial f(X) = 
det (XI — A), The eigenvectors corresponding to an eigenvalue X are those nonzero 
vectors X = (Xj , . . . , x.) regarded as n x 1 column matrices satisfying the matrix equation 

AX = XX, or (A I- A)X= 0. 

This is a system of n linear equations for the components x x , . . . , x,. Once we know X 
we can obtain the eigenvectors by solving this system. We illustrate with three examples 
that exhibit different features. 
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example 1. A matrix with all its eigenvalues distinct. The matrix 


r 2 i i 


A = 


L-% -I 


- 4 


has the characteristic polynomial 


R -2 


det (XI — A) = det 


-2 

1 


-1 -1 ‘ 
2-3 -4 

1 2 + 2 


= (2 — 1)(2 + 1)(2 — 3), 


so there are three distinct eigenvalues: 1,-1, and 3. To find the eigenvectors corresponding 
to 2 = 1 we solve the system AX = X, or 


This gives us 


which can be rewritten as 




V 


V 


*2 

= 

x 2 


_*3_ 


_x 3 _ 


2x x + x 2 + x 3 — Xj 
2xx + 3x 2 + 4 x 3 = x 2 
—Xx — x 2 — 2x 3 = x 3 

Xx + x 2 + x 3 = 0 
2x 3 + 2 .Vo + 4x 3 = 0 
— x x — x 2 — 3 x 2 =■ 0 . 


Adding the first and third equations we find x 3 = 0, and all three equations then reduce to 
*i + X 2 = 0 . Thus the eigenvectors conesponding to 2 = 1 are X = f(l, - 1 , 0) , where 
t is any nonzero scalar. 

By similar calculations we find the eigenvectors X = t( 0, 1 , -1) corresponding to 2 — 
— 1, and X = t(2, 3, — 1) conesponding to 2 = 3, with t any nonzero scalar. Since the 
eigenvalues are distinct the correspondingeigenvectors (1, — 1 , 0), (0, 1, — 1), and (2, 3, — 1) 
are independent. The results can be summarized in tabular form as follows. In the third 
column we have listed the dimension of the eigenspace E( 1). 


Eigenvalue 2 Eigenvectors dim E( 2) 


1 1 ( 1 ,- 1 , 0 ), t* 0 1 

-l /(0,1,-1), tjt 0 1 

3 t( 2,3, -l), t^Q 1 
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example 2. A matrix with repeated eigenvalues. The matrix 


P 


A = 


- 1 f 

i -13. 


has the characteristic polynomial 


det (// — A) = det 





= (A - 2)(A - 2)(A - 4). 


The eigenvalues are 2, 2, and 4. (We list the eigenvalue 2 twice to emphasize that it is a 
double root of the characteristic polynomial.) To find the eigenvectors corresponding to 
A = 2 we solve the system AX = 2X, which reduces to 

~X Z + x 3 = 0 

x 2 — *3 = o 

2x x + x 2 + x 3 = 0. 

This has the solution x 2 = x 3 = ~x 1 so the eigenvectors corresponding to A = 2 are 
t(-l, 1, 1), where t ^ 0. Similarly we find the eigenvectors ;('], — 1, 1) corresponding 
to the eigenvalue: A = 4. The results can be summarized as follows: 


Eigenvalue 


Eigenvectors 


dim E(X) 


2,2 *(- 1 , 1 , 1 ), 1 

4 /(l, —1,1), * t*0 1 


example 3. Another matrix with repeated eigenvalues. The matrix 


A - 


'2 i r 

2 3 2 

3 3 4 


has the characteristic polynomial (A — 1)(A — 1)(A — 7). When A = 7 the system AX = 
7X becomes 


5xj — 


x 2 


-2x, + 4 x 2 


x 3 = 0 
2x 3 = 0 


— 3x : — 3x 2 + 3x 3 = 0. 


This has the solution x 2 = 2x„ x 3 = 3x x , so the eigenvectors corresponding to A = 7 are 
/(1, 2, 3), where t ^ 0. For the eigenvalue A = 1, the system AX = X consists of the 
equation 
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repeated three times. To solve this equation we may take x 1 = a, x 2 = b , where a and b 
are arbitrary, and then take x 3 = -a — b . Thus every eigenvector corresponding to 2 = 1 
has the form 

(a,b, -a - b) = o(l,0, -1) + 6(0, 1, -1), 

where a ^ 0 or b A 0. This means that the vectors (1, 0, -1) and (0, 1, -1) form a basis 
for E(l). Hence dim E(A) = 2 when 2=1. The results can be summarized as follows: 

Eigenvalue Eigenvectors dim E(X) 

1 *(1,2,3), *5^0 i 

1,1 a(l, 0, -1) + 6(0, 1, —1), a, b not both 0. 2 

Note that in this example there are three independent eigenvectors but only two distinct 
eigenvalues. 

4.7 Trace of a matrix 

Let/(A) be the characteristic polynomial of an n X n matrix A. We denote the n roots of 
/(A) by 2j,. . . , A n , with each root written as often as its multiplicity indicates. Then we 
have the factorization 

M= (A-AJ.'-CA-AJ. 

We can also write/(2) in decreasing powers of I as follows, 

/(A) = A’ + c n _ l X n ~ 1 + • < • + cj. + c Q . 

Comparing this with the factored form we find that the constant tern c 0 and thecoefficient of 
A" -1 are given by the formulas 

c 0 = (-1)% '"h and c »-i = -(2i + ' • • + 2J. 

Since we also have c 0 = (-1)” det A, we see that 

A x • • • 1, = det A. 

That is, theproduct of the roots of the characteristicpolynomialof A is equal to the determinant 

of A. 

The sum of the roots off(A) is called the trace of A, denoted by tr A. Thus, by definition, 

tr A=lf. 

<=i 


The coefficient of A" -1 is given by c n _j = -tr A. We can also compute this coefficient 
from the deter min ant form for/(A) and we find that 


Cft—i = ~(a n + •’•+ a nn ). 
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(A proof of this formula is requested in Exercise 12 of Section 4.8.) The two formulas for 
c n _i show that 

n 

tr A = 2 a u . 

i=i 

That is, the trace of A is also equal to the sum of the diagonal elements of A. 

Since the sum of the diagonal elements is easy to compute it can be used as a numerical 
check in calculations of eigenvalues. Further properties of the trace are described in the 
next set of exercises. 


4.8 Exercises 


Determine the eigenvalues 
Also, for each eigenvalue A 


and eigenvectors of each of the matrices in Exercises 1 through 3. 
compute the dimension of the eigenspace E(J). 



'1 0~ 


'i r 


'1 0" 


"1 f 

1. (a) 

0 1 

, (b) 

0 x . 

, (c) 

1 1_ 

, (d) 

1 1 



'i a! 


cos 0 

—sin 0 

2. 

1 , a > 0, b > 0. 

3. 




b 1 


sin 0 

cos 0 



'0 f 


'0 -f 


'1 O' 

4. The matrices P L = 

1 0 

> Pi — 

J °. 

, ^3 = 

0 -1 


occur in the quantum 


mechanical theory of electron spin and are called Pauli spin matrices, in honor of the physicist 
Wolfgang Pauli (1900-1958). Verify that they all have eigenvalues 1 and — 1 . Then determine 
all 2 x 2 matrices with complex entries having the two eigenvalues 1 and -1 . 

5. Determine all 2 x 2 matrices with real entries whose eigenvalues are (a) real and distinct, (b) 
real and equal, (c) complex conjugates. 

6. Determine a, b, c, d, e, f , given that the vectors (1,1,1), (1,0,— 1), and (1,-1,0) are eigen¬ 


vectors of the matrix 


t i r 

a b c 
d e f 


7. Calculate the eigenvalues and eigenvectors of each of the following matrices. Also, compute 
the dimension of the eigenspace As(A) for each eigenvalue A, 



1 

0 

0" 



'2 1 

3' 



5 

- 

6 

- 

6 

(a) 

-3 

1 

0 

, (b) 

1 2 

3 

f 

(c) 

- 1 


4 


2 


. 4 

-7 

1 



3 3 

20 



3 


6 

- 

4 

8. Calculate the eigenvalues of each of the 

five matrices 







0 0 

1 0" 



1 

0 

0 

O' 



'0 

1 

0 

O' 


0 0 

0 1 



0 

1 

0 

0 



1 

0 

0 

0 

(a) 

1 0 

0 0 

5 

(b) 

0 

0 - 

-1 

0 

’ 

(c) 

0 

0 

0 

1 


0 1 

0 0 



0 

0 

0 

-1 



0 

0 

1 

0 
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"0 

—i 

0 

0 ' 


'1 

0 

0 

0" 

I 

0 

0 

0 

, (e) 

0 

-1 

0 

0 

0 

0 

0 

—i 


0 

0 

1 

0 

_0 

0 

i 

0 . 


_0 

0 

0 

- 1 . 


These are called Dime matrices in honor of Paul A. M. Dirac (1902- ), the English 
physicist. They occur in the solution of the relativistic wave equation in quantum mechanics. 

9. If A and B are n x n matrices, with B a diagonal matrix, prove (by induction) that the deter¬ 
minant /(A) = det (AS — A) is a polynomial in A with /(0) = (-1)” det A, and with the 
coefficient of A” equal to the product of the diagonal entries of B. 

10. Prove that a square matrix A and its transpose A 1 have the same characteristic polynomial. 

11. If A and B are n x n matrices, with A nonsingular, prove that AB and BA have the same set 
of eigenvalues. Note: It can be shown that AB and BA have the same characteristic poly¬ 
nomial, even if A is singular, but you are not required to prove this. 

12. Let A be an n x n matrix with characteristic polynomial/(A). Prove (by induction) that the 
coefficient of A" -1 in f(K) is -tr A. 

13. Let A and B be n x n matrices with det A = det B and tr A = tr B. Prove that A and B have 
the same characteristic polynomial if n = 2 but that this need not be the case if n > 2. 

14. Prove each of the following statements about the trace. 

(a) tr(A + B) = trA + trB. 

(b) tr ( cA ) = c tr A. 

(c) tr (AB) = tr (BA). 

(d) tr A* = tr A. 


4.9 Matrices representing the same linear transformation. Similar matrices 

In this section we prove that two different matrix representations of a linear trans¬ 
formation have the same characteristic polynomial. To do this we investigate more closely 
the relation between matrices which represent the same transformation. 

Let us recall how matrix representations are defined. Suppose T: V —> VP is a linear 
mapping of an n-dimensional space V into an m-dimensional space W. Let (e x , . . . , e,) 
and (wq , . . . , w,) be ordered bases for V and W respectively. The matrix representation 

of T relative to this choice of bases is the m x n matrix whose columns consist of the com¬ 

ponents of 7’((2 1 ), . . . ,T(e n ) relative to the basis (tv!, . . . , w,). Different matrix represen¬ 
tations arise from different choices of the bases. 

We consider now the case in which V = W, and we assume that the same ordered basis 
(gi, , e,) is used for both V and W. Let A = (a ik ) be the matrix of T relative to this 
basis. This means that we have 

n 

(4.8) T(e k ) = 2 a ti e i for k = 1, 2, . . ., n. 

1=1 

Now choose another ordered basis (u 1 .... . u n ) for both V and Wand let B = {b kj ) be the 

matrix of T relative to this new basis. Then we have 
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n 

(4.9) T ( «j) = 2 b k, u k for j = 1, 2 , . . . , n . 

k=l 

Since each is in the space spanned by , . . . , e n we can write 

(4.10) Uj=ji,c kj e k for j = 1,2, . . , «, 

k= 1 

for some set of scalars . The It x ft matrix C = (c kj ) determined by these scalars is non- 
singular because it represents a linear transformation which maps a basis of V onto another 
basis of V. Applying T to both members of (4.10) we also have the equations 


(4.11) T(uj) = 2 c kj T(e k ) for j = 1, 2 , . . . , n . 

k = l 

The systems of equations in (4.8) through (4.11) can be written more simply in matrix 
form by introducing matrices with vector entries. Let 

E = [e 1 ,...,e n ] and U = [u, , , . . , u,] 

be 1 x n row matrices whose entries are the basis elements in question. Then the set of 
equations in (4.10) can be written as a single matrix equation, 

(4.12) U = EC. 

Similarly, if we introduce 

E’ o = [Tie,),Tie J] and V = [T{u,),..., T(u n )], 

Equations (4.8), (4.9), and (4.11) become, respectively, 

(4.13) E' = EA, U' = UB, U 1 = E'C. 

From (4.12) we also have 


E = UC-‘. 

To find the relation between A and B we express JJ' in two ways in terms of JJ. From 
(4.13) we have 


V = UB 


and 


U' = E’C = EAC = UC~ X AC 


Therefore UB = UC~ X AC. But each entry in this matrix equation is a linear combination 
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of the basis vectors u lt ... , u n . Since the u i are independent we must have 

B = C-‘AC. 

Thus, we have proved the following theorem. 

theorem 4.6. If two n x n matrices A and B represent the same linear transformation T , 
then there is a nonsingular matrix C such that 

B = C-MC. 

Moreover, if A is the matrix of T relative to a basis E = [e k , . , . , e,] and if B is the matrix 
of T relative to a basis U = [w 1; . . . , uj, then for C we can take the nonsingular matrix 
relating the two bases according to the matrix equation U = EC. 


The converse of Theorem 4.6 is also hue. 


theorem 4.7. Let A and B be two n x n matrices related by an equation of the form 
B = C _ L4C, where C is a nonsingular n x n matrix. Then A and B represent the same 
linear transformation. 

Proof. Choose a basis E = [e l , . . . , e,| for an n-dimensional space V. Let , u n 

be the vectors determined by the equations 

n 

(4.14) ui='£c kj e k for j ~ 1,2 ,. . ., n, 

k =i 


where the scalars c kj are the entries of C. Since C is nonsingular it represents an invertible 
linear transformation, so U = [u k ,. . . , u n ] is also a basis for V, and we have U = EC. 

Let Tbe the linear transformation having the matrix representation A relative to the basis 
E, and let S be the transformation having the matrix representation B relative to the basis U. 
Then we have 

(4.15) T(e k ) = 2 a nc e i for k = \,2,. . . , n 

i =1 

and 

(4.16) S(u j ) = fb kj u k forj = 1,2,. . . , n. 

k==l 

We shall prove that S = 7 by showing that T{uf) = S(uf) for each j. 

Equations (4.15) and (4.16) can be written more simply in matrix form as follows. 
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[Tie,), .... T(e n )] = EA , [% x ),.... $(«„)] = UB. 

Applying T to (4.14) we also obtain the relation T(uf) = Y e kj T(e k ), or 

[T{ud, T{u n )\ = EAC. 


But we have 


UB = ECB = EC(C~ 1 AC) = EAC, 

which shows that T(uf) = S(u,) for each j. Therefore T(x) = S(x) for each x in V, so T = 
S. In other words, the matrices A and B represent the same linear transformation. 


definition. ‘Two n X n matrices A and B are called similar if there is a nonsingular 
matrix C such that B = C~ X A C. 


Theorems 4.6 and 4.7 can be combined to give us 


theorem 4.8. Two n X n matrices are similar if and only if they represent the same linear 
transformation. 


Similar matrices share many properties. For example, they have the same determinant 
since 

det (C-'AC) = det (C^Xdet A)(det C) = det A. 

This property gives us the following theorem. 

theorem 4.9. Similar matrices have the same characteristic polynomial and therefore the 
same eigenvalues. 


Proof. If A and B are s imi lar there is a nonsingular matrix C such that B = C -1 AC. 
Therefore we have 


XI - B = U - C-AC = XC-HC - C~ X AC . - C~\XI - A)C. 


This shows that XI — B and XI — A are similar, so det (XI — B) = det (XI ~~A). 

Theorems 4.8 and 4.9 together show that all matrix representations of a given linear 
transformation T have the same characteristic polynomial. This polynomial is also called 
the characteristic polynomial of T. 

The next theorem is a combination of Theorems 4.5, 4.2, and 4.6. In Theorem 4.10, F 
denotes either the real field R or the complex field C. 
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theorem 4.10. Let T: V ->V be a linear transformation, where V has scalars in F, and 
dim V = n. Assume that the characteristic polynomial of T has n distinct roots ). n in 

F. Then we have: 

(a) The corresponding eigenvectors w,,..., u n form a basis for V. 

(b) The matrix of T relative to the ordered basis U = [u 1 ,..., u,] is the diagonal matrix 

A having the eigenvalues as diagonal entries: 

A = diag(A 1> ...,;„). 

(c) If A is the matrix of T relative to another basis E ~[e 1: ..., e,], then 

A = C -1 AC, 

where C is the nonsingular matrix relating the two bases by the equation 

U = EC. 

Proof. By Theorem 4.5 each root is an eigenvalue. Since there are n distinct roots. 
Theorem 4.2 tells us that the corresponding eigenvectors li 1 , . . . , u n are independent. 
Hence they fomi a basis for l/. This proves (a). Since 7’(w i ) = fu, the matrix of T relative 
to U is the diagonal matrix A, which proves (b). To prove (c) we use Theorem 4.6. 

Note: The nonsingular matrix C in Theorem 4.10 is called a diagonalizing matrix. If 
(e x ,. . . , e,) is the basis of unit coordinate vectors (f , . . . , I n ), then the equation U = 

EC in Theorem 4.10 shows that the kth column of C consists of the components of the 
eigenvector u k relative to (I I , , I n ). 

If the eigenvalues of A are distinct then A is similar to a diagonal matrix. If the eigen¬ 
values are not distinct then A still might be similar to a diagonal matrix. This will happen 
if and only if there are k independent eigenvectors corresponding to each eigenvalue of 
multiplicity k. Examples occur in the next set of exercises. 


4.10 Exercises 



'i r 

0‘ 

1. Prove that the matrices 


and [10 


_° i 

1 


have the same eigenvalues but are not similar. 


2. In each case find a nonsingular matrix C such that C 1 AC is a diagonal matrix or explain why 
no such C exists. 



"1 O' 


*1 2' 

(a) A = 

1 3 

, (b) A = 

5 4 



' 2 1 


2 f 

(c) A = 

-1 4 

, (d) A = 

-1 0 


3. Three bases in the plane are given. With respect to these bases a point has components (x„ x 2 )> 
(h.M and (z lt z 2 ), respectively. Suppose that [}\, y 2 ] = [a. x 2 ]A , [z 1( z 2 J = [x lt x 2 ]B, and 
[z„ z 2 ] = [yi, y 2 ]C, where A, 8, C are 2 x 2 matrices. Express C in terms of A and B. 
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4. In each case, show that the eigenvalues of A are not distinct but that A has three independent 
eigenvectors. Find a nonsingular matrix C such that C _1 AC is a diagonal matrix. 



'0 

O' 

r 


1 

-1 

-f 

(a) A = 

0 

1 

0 

, (b) A = 

1 

3 

1 


1 

0 

0 


-1 

-1 

1 


5. Show that none of the following matrices is similar to a diagonal matrix, but that each is similar 

"A 0 

where A is an eigenvalue. 

F 


to a triangular matrix of the form 


(a) 


'2 

0 



(b) 


2 1 
-1 4 


6. Determine the eigenvalues and eigenvectors of the matrix 
that it is not similar to a diagonal matrix. 


0 

0 


-1 

0 

-3 


O' 

1 


and thereby show 


3 


7. (a) Prove that a. square matrix A is nonsingular if and only if 0 is not an eigenvalue of A . 

(b) If A is nonsingular, prove that the eigenvalues of A -1 are the reciprocals of the eigenvalues 
of A. 

8 . Given an n x n matrix A with real entries such that A 2 = —I. Prove the following statements 
about A . 

(a) A is nonsingular. 

(b) n is even. 

(c) A has no real eigenvalues. 

(d) det A □ = 1. 





5 


EIGENVALUES OF OPERATORS ACTING ON 
EUCLIDEAN SPACES 


5.1 Eigenvalues and inner products 


This chapter describes some properties of eigenvalues and eigenvectors of linear trans¬ 
formations that operate on Euclidean spaces, that is, on lineal' spaces having an inner 
product. We recall the fundamental properties of inner products. 

In a real Euclidean space an inner product (x, y) of two elements x andy is a real number 
satisfying the following properties : 


(1) (x,j) = (y, x) (symmetry) 

(2) (x + z, y) = (X, y) + (z, >’) (linearity) 

( 3 ) (cx,y) = c{x,y) (homogeneity) 

(4) (x, x) > 0 if X ^ 0 (positivity). 

In a complex Euclidean space the inner product is a 
properties, with the exception that symmetry is replaced 


complex number satisfying the same 

by Hermitian symmetry, 


(1') (x, y) = (y, x), 

where the bar denotes the complex conjugate. In (3) the scalar c is complex. From (1’) 
and (3) we obtain 

(3’) {x, cy ) = c(x, y), 

which tells us that scalars are conjugated when taken out of the second factor. Taking 
X = y in (T) we see that (x, x) is real so property (4) is meaningful if the space is complex. 

When we use the term Euclidean space without further designation it is to be understood 
that the space can be real or complex. Although most of our applications will be to finite¬ 
dimensional spaces, we do not require this restriction at the outset. 

The first theorem shows that eigenvalues (if they exist) can be expressed in terms of the 
inner product. 


theorem 5.1. Let E be a Euclidean space, let V be a subspace of E, and let T:V ->E be a 
linear transformation having an eigenvalue X with a corresponding eigenvector x. Then we have 

(5.1) 

(x, x) 


11/4 
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Proof. Since T(x) = Xx we have 

(T(x), x) = ( Xx, x ) = X(x, x ). 
Since X 9^ 0 we can divide by (x, x) to get (5.1). 


Several properties of eigenvalues are easily deduced from Equation (5.1). For example, 
from the Hermitian symmetry of the inner product we have the companion formula 


(5.2) 


l _ (x, T(x )) 

(x, x ) 


for the complex conjugate of X. From (5.1) and (5.2) we see that X is real (X = X) if and 
only if (T(x), x) is real, that is, if and only if 


(T(x), x) = (x, T(.x j) for the eigenvector x . 

(This condition is trivially satisfied in a real Euclidean space.) Also, X is pure imaginary 
(X = — X) if and only if (T(x), l*S pure imaginary, that is, if and only if 

(T(x), x) = —(x f T(xJ) for the eigenvector x. 


5.2 Hermitian and skew-Hermitian transformations 

In this section we introduce two important types of linear operators which act on Euclid¬ 
ean spaces. These operators have two categories of names, depending on whether the 
underlying Euclidean space has a real or complex inner product. In the real case the trans¬ 
formations are called symmetric and skew-symmetric. In the complex case they are called 
Hermitian and skew-Hermitian. These transformations occur in many different applications. 
For example, Hermitian operators on infinite-dimensional spaces play an important role in 
quantum mechanics. We shall discuss primarily the complex case since it presents no added 
difficulties. 


definition. Let E be a Euclidean space and let V be a subspace of E. A linear trans¬ 
formation T: V — *■ E is called Hermitian on V if 

(T(x), y) = (x, T(y)) for all x and y in V. 

Operator T is called skew-Hermitian on V if 

(T(.x), y ) = — (x, T(y)) for all x and y in V. 

In other words, a Hermitian operator T can be shifted from one factor of an inner product 
to the other without changing the value of the product. Shifting a skew-Hermitian operator 
changes the sign of the product. 

Note: As already mentioned, if Eis a real Euclidean space, Hermitian transformations 

are also called symmetric; skew-Hermitian transformations are called skew-symmetric. 
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EXAMPLE 1. Symmetry and skew-symmetry in the space C(a, b). Let C(a, b) denote the 
space of all real functions continuous on a closed interval [a, b], with the real inner product 


(/> g) = P/(0g(0 dt. 

* a 

Let Lbe a subspace of C{a,b). If T: V —> C(a, b) is a linear transformation then (f, T(g)) = 
si mm) dt , where we have written Tg(t) for T(g)(t). Therefore the conditions for sym¬ 
metry and skew-symmetry become 

(5.3) £ {f(t)Tg(t) - g(t)Tf(t)} dt = 0 if T is symmetric, 
and 

(5.4) £ {/(OTg(t) + g(t)Tf(t)} dt = 0 if T is skew-symmetric. 

example 2. M ultiplication by a fixedfunction. In the space C(a, b) of Example 1, choose 
a fixed function/) and define T(f) = pf, the product ofp and f. For this T, Equation (5.3) 
is satisfied for all f and g in C(a,b ) since the integrand is zero. Therefore, multiplication 
by a fixed function is a symmetric operator. 

example 3. The differentiation operator. In the space C(a, b) of Example 1, let V be the 
subspace consisting of all functions f which have a continuous derivative in the open interval 
(a, b) and which also satisfy the boundary condition f (a) - f(b). Let D ; 1/ —>■ C (a, b) he the 
differentiation operator given by D(f) = f ' . It is easy to prove that D is skew-symmetric. 

In this case the integrand in (5.4) is the derivative of the product fg, so the integral is equal 
to 

£ (fg)'(t) dt = f(b)g(b) - f(a)g(a ). 

Since bothfand g satisfy the boundary condition, we have f ( b)g(b ) — f (a)g(a) = 0. Thus, 
the boundary condition implies skew-symmetry of D. The only eigenfunctions in the sub¬ 
space V are the constant functions. They belong to the eigenvalue 0. 

example 4. Sturm-Liouville operators. This example is important in the theory of linear 
second-order differential equations. We use the space C(a, b) of Example I once more and 
let V be the subspace consisting of all f which have a continuous second derivative in [a, b] 
and which also satisfy the two boundary conditions 

(5.5) P( a )f («) = 0, P(b)f(b) = 0, 

wherep is a fixed function in C(a, b) with a continuous derivative on [a, b). Let q be another 
fixed function in C(a, b) and let T: l/-> C(a, b) be the operator defined by the equation 


T(f) -- {pf 7 + qf. 
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This is called a Slurm-LiouvillC operator. To test for symmetry we note that fT(g) - 
gT(f) = f{pg')' — g(pf')' . Using this in (5.3) and integrating both / • (pg’)’ dt and 
Ja 8 ' (pfy dt by parts, we fmd 


b { JT(g ) - gT(f)} dt = fpg' b - P pg'f dt - gpf h + f" pf'g' dt = 0, 

*'« add add 


since bothfand g satisfy the boundaiy conditions (5.5). Hence T is symmetric on V. The 
eigenfunctions of Tare those nonzero f which satisfy, for some real 1, a differential equation 
of the form 

(Pf r )' + qf='4 

on [a, bj. and also satisfy the boundary conditions (5.5). 


5.3 Eigenvalues and eigenvectors of Hermitian and skew-Hermitian operators 

Regarding eigenvalues we have the following theorem; 


theorem 5.2. Assume T has an eigenvalue il. Then we have: 

(a) If T is Hermitian, X is real: X = X. 

(b) IfTis skew-Hermitian, X is pure imaginary: X = —X. 

Proof. Let X be an eigenvector corresponding to X. Then we have 

and 

(x, X ) (x, x) 

If Tis Hermitian we have (T(x), x) = (x, T(x)) so X = X. If TlS skew-Hermitian we have 
(T(x), x ) = — (x, T(x)) so X - —X. 

Note: If 7 is symmetric, Theorem 5.2 tells us nothing new about the eigenvalues of T 
since all the eigenvalues must be real if the inner product is real.. If T is skew-symmetric, 
the eigenvalues of T must be both real and pure imaginary. Hence all the eigenvalues 
of a skew-symmetric operator must be zero (if any exist). 

5.4 Orthogonality of eigenvectors corresponding to distinct eigenvalues 

Distinct eigenvalues of any linear transformation correspond to independent eigen¬ 
vectors (by Theorem 4.2). For Hermitian and skew-Hermitian transformations more is 
true. 


theorem 5.3. Let T be a Hermitian or skew-Hermitian transformation, and let X and p 
be distinct eigenvalues of T with corresponding eigenvectors x and y. Then x and y are 
orthogonal; that is, (x, y) = 0. 

Proof. We write T(x) = Lx, T(y) = py and compare the two inner products (T(x), y) 
and (x, T(y)). We have 


(T(x), y) = (Xx, y) = X(x, y ) and (x, J(y)) = (x, py) = p(x, y). 
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If T is Hermitian this gives us X(x, y) = fi{x, y) = p(x, y) since p = p, Therefore 
(x, y) — 0 since X ^ ji . If T is skew-Hemiitian we obtain X(x, y) = —fix, y) — p(x, }’) 
which again implies (x, y) = 0. 

exsmple. We apply Theorem 5.3 to those nonzero functions which satisfy a differential 
equation of the form 

(5.6) {pH + qf= Xf 

on an interval [a, b], and which also satisfy the boundary conditions p(a)f(a) = p(b)f (b) ~ 
0 . The conclusion is that any two solutions f and g corresponding to two distinct values of 
X are orthogonal. For example, consider the differential equation of simple harmonic 
motion, 

/" + k 2 f=0 

on the interval [0, 77 ], where k 5 ^ 0. This has the form (5.6) with p = 1, q = 0, and 
X = —k 2 . All solutions are given by/(f) = c l cos kt + c‘, sin kt . The boundary condition 
f (0) = 0 implies cy = 0. The second boundary condition, f (ji) = 0 , implies c 2 sin k.TT = 0. 
Since c 2 7 ^ 0 for a nonzero solution, we must have sin kn = 0, which means that k is an 
integer. In other words, nonzero solutions which satisfy the boundaiy conditions exist if 
and only if k is an integer. These solutions are f(t) = sin nt , n = i 1, ±2, .... The 
orthogonality condition implied by Theorem 5.3 now becomes the familial' relation 

f 

sin nt sin ml dt = 0 


if m 2 and n 2 are distinct integers. 


5.5 Exercises 

1. Let E be a Euclidean space, let V be a subspace, and let T: V + E be a given linear trans¬ 
formation. Let A be a scalar and x a nonzero element of V. Prove that I is an eigenvalue of T 
with x as an eigenvector if and only if 

(T(x), y) = a(x, y) for every v in E. 

2. Let T (x) = cx for every x in a linear space V, where c is a fixed scalar. Prove that T is sym¬ 
metric if V is a real Euclidean space. 

3. Assume T : V ■-> V is a Hermitian transformation. 

(a) Prove that T n is Hermitian for every positive integer n, and that T 1 is Hermitian if T is 
invertible. 

(b) What can you conclude about T n and T~ x if 7' is skew-Heimitian? 

4. Let Tj: V -*■ E and T 2 ‘. V -> E be two Hermitian transformations. 

(a) Prove that aTj + bT 2 i s Heimitian for all real scalars a and b. 

(b) Prove that the product (composition) TfT.^ is Heimitian if T x and T 2 commute, that is, if 

TiT 2 = T 2 T 1 . 

5. Let V = H 3 (R) with the usual dot product as inner product. Let T be a reflection in the xy~ 

plane; that is, let T(i) = i , T(j) = j , and T (k) = -k . Prove that T is symmetric. 
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6. Let C(0, 1) be the real linear space of all real functions continuous on [0, 1] with inner product 
(f,g) = ilf(t)g(t)dt. Let V be the subspace of all f such that j^f (t) dt - 0. Let T: V ~* 
C(0, 1 ) be the integration operator defined by Tf (x) = Jg f ( t ) dt . Prove that T is skew-sym¬ 
metric. 

7. Let V be the real Euclidean space of all real polynomials with the inner product (f, g) = 

(t)g(t)dt. Detemiine which of the following transformations T: V -* V is symmetric or 
skew-symmetric: 

(a) Tflx) =/(-*). (c) Tf(x) = /(*) +f(-x). 

(b) Tf(x) = /(*)/( -x ). (d) Tf(x) = f{x) - f{ -x). 

8. Refer to Example 4 of Section 5.2. Modify the inner product as follows: 


(f,g) = P fit)git)w(t) dt, 

d d 

where w is a fixed positive function in C(a, b). Modify the Sturm-Liouville operator T by 
writing 

T(f) _ (Pf ')' + ?/ 

iv 

Prove that the modified operator is symmetric on the subspace V, 

9. Let V be a subspace of a complex Euclidean space E. Let T: V -*■ E be a linear transformation 
and define a scalar-valued function Q on V as follows : 

Q(x) = (T(x), a:) for all x in V. 

(a) If T is Hermitian on P, prove that Q(x) is real for all x. 

(b) If T is skew-Hemiitian, prove that Q(x) is pure imaginary for all x. 

(c) Prove that Q(tx) = ttQ(x) for every scalar t. 

(d) Prove that Q(x + y) = Q(x) + Q(y) + (T(x). y) + (T(y), x), and find a corresponding 
formula for Q(x + ty). 

(e) If Q(x) = 0 for all x prove that T(x) =0 for all x. 

(f) If Q(x) is real for all x prove that T is Hermitian. [Hint: Use the fact that Q(x + ty) 
equals its conjugate for every scalar t.] 

10. This exercise shows that the Legendre polynomials (introduced in Section 1.14) are eigen¬ 
functions of a Sturm-Liouville operator. The Legendre polynomials are defined by the equation 

p n(t) = /tr’W, wheref , (t) = (t 1 - 1)”. 


(a) Verify that(? 2 — l)f'i(t) = 2ntf n (t). 

(b) Differentiate the equation in (a) n + 1 times, using Leibniz’s formula (see p. 222 of Volume 
I) to obtain 

(t 2 - 1)/ ( n nl2) (t) + 2t(n + 1)/ f^(t) + n(n + 1)/ ff t) = 2ntf f+^(t) + 2n(n + l)ff\t). 

(c) Show that the equation in (b) can be rewritten in the form 

[it 2 - 1 )P' n (t)]'= n(n+ 1 )P n (t). 

This shows that P n {t) is an eigenfunction of the Sturm-Liouville operator T given on the 
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interval [ -1 , l]by T(f) = ( pf'f , wherc/)(/) = f 1 — 1 . The eigenfunction P n (t) belongs to 
the eigenvalue A = n(n + 1). In this example the boundary conditions for symmetry are 
automatically satisfied since p(l) = p( — 1) = 0. 


5.6 Existence of an orthonormal set of eigenvectors for Hermitian and skew-Hermitian 
operators acting on finite-dimensional spaces 

Both Theorems 5.2 and 5.3 are based on the assumption that 7 has an eigenvalue. As 
we know, eigenvalues need not exist. However, if 7 acts on a finite- dimensional complex 

space, then eigenvalues always exist since they are the roots of the characteristic polynomial. 

If T is Hermitian, all the eigenvalues are real. If 7 is skew-Hermitian, all the eigenvalues 

are pure imaginary. 

We also know that two distinct eigenvalues belong to orthogonal eigenvectors if T is 

Hermitian or skew-Hermitian. Using this property we can prove that 7 has an orthonormal 
set of eigenvectors which spans the whole space. (We recall that an orthogonal set is called 
orthonormal if each of its (elements has nomr 1.) 

theorem 5.4. Assume dim V = n and let T\ V —> V be Hermitian or skew-Hermitian. 
Then there exist n eigenvectors u x , . . . , u n of T which form an orthonormal basis for V. 

Hence the matrix of T relative to this basis is the diagonal matrix A = diag (A x , . . . , A n ), 

where A fc is the eigenvalue belonging to u k . 

Proof. We use inductian on the dimension n. If n = 1 , then T has exactly one eigen¬ 

value. Any eigenvector Uj of norm 1 is an orthonormal basis for V. 

Now assume the theorem is true for every Euclidean space of dimension n — 1 . To 

prove it is also true for V we choose an eigenvalue Aj for T and a corresponding eigenvector 
Wj of norm 1. Then T(uf) = ?. l u 1 and || || = 1 . Let S be the subspace spanned by U l . 
We shall apply the induction hypothesis to the subspace S ± consisting of all elements in V 
which are orthogonal to M :i , 


S 1 = {x | x e V, (x, uf) = 0}. 

To do this we need to know that dim = n — 1 and that 7 maps S 1 into itself. 

From Theorem 1.7(a) we know that is part of a basis for V, say the basis 
(mj, v 2 , . . . , V n ). We can assume, without loss in generality, that this is an orthonormal 
basis. (If not, we apply the Gram-Schmidt process to convert it into an orthonormal 
basis, keeping u x as the first basis element.) Now take any x in 5 _L and write 

X = Xgx-L + x 2 v 2 +-b x n V n . 

Then X 1 = (x, uf) — 0 since the basis is orthonormal, so X is in the space spanned by 
v 2 , , ■ ■ , v,. Hence dim 5- 1 - = n — 1. 

Next we show that T maps S into itself. Assume T is Hermitian. II x 6 S 1 we have 


(TO), Mi) = 0, T ( u i)) = 0, h u i) = 00> M x ) = 0, 
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so T(x) e S 1 ■ Since T is Hermitian on S 1 we can apply the induction hypothesis to find 
that 7 has n — I eigenvectors u 2 , . . . ,u n which form an orthonormal basis for S' 1 . 
Therefore the orthogonal set , u n is an orthonormal basis for V. This proves the 

theorem if 7 is Hermitian. A similar argument works if 7 is skew-Hermitian. 


5.7 Matrix representations for Hermitian and skew-Hermitian operators 

In this section we assume that V is a finite-dimensional Euclidean space. A Hermitian 
or skew-Hermitian transformation can be characterized in terms of its action on the 
elements of any basis. 

theorem 5.5. Let (e 1 ,. . . , e,) be a basis for V and let T: V -+V be a linear transfor¬ 
mation. Then we have: 

(a) T is Hermitian if and only if (T(e-), ef) = (e 3> T(ef) for all i andj. 

(b) T is skew-Hermitian if and only if {T(ef),ef) = “ Ob, T(ef) for all i and j. 

Proof. Take any two elements x and y in V and express each in terms of the basis 
elements, say x = 2 x 3 e i and y = 2 y& • Then we have 


(T(x), y) = (i x 3 T(e,), y) = |> 3 Yr(e } .), f y^) =22 ef. 

\i=l / 3=1 \ t=,l / 3=1 i = l 

Similarly we find 

(x, T(y)) = 22 x M e i - T 0<)) • 

3=1 «=1 

Statements (a) and (b) following immediately from these equations. 

Now we characterize these concepts in terns of a matrix representation of T. 


theorem 5.6. Let (e,,..., e,) be an orthonormal basis for V, and let A = {a t] ) be the 
matrix representation of a linear transformation T: V-* V relative to this basis. Then we 
have: 

(a) T is Hermitian if and only if a t] = a ju [or all i andj. 

(b) T is skew-Hermitian if and only if a i} = —a^for all i andj. 

Proof. Since A is the matrix of 7 we have T{ef) = 2" =1 a M e k ■ Taking the inner product 
of T(ef) with e, and using the lineality of the inner product we obtain 

( n \ n 

2 ) 2 Qkfajc , b) ' 

k=l / 1 

But (e k , e,) = 0 unless k = i, so the last sum simplifies to , e t ) = a i} since (e t , ef) = 1. 
Hence we have 


da = (Tief), ef) for all /, j. 
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Interchanging i and j. taking conjugates, and using the Hermitian symmetry of the inner 
product, we find 

a jt — (e 3 , T(e { )) for all /, j. 

Now we apply Theorem 5.5 to complete the proof. 


5.8 Hermitian and skew-Hermitian matrices. The adjoint of a matrix 

The following definition is suggested by Theorem 5.6. 

definition. A square matrix A = (a i3 ) is called Hermitian if a i} = a H for all i and j. 
Matrix A is called skew-Hermitian if a i} = -d jt for all / and j. 


Theorem 5.6 states that a transformation T on a finite-dimensional space V is Hermitian 

or skew-Hermitian according as its matrix relative to an orthonormal basis is Hermitian 
or skew-Hermitian. 

These matrices can be described in another way. Let A denote the matrix obtained by 

replacing each entry of A by its complex conjugate. Matrix A is called the conjugate of A. 
Matrix A is Hermitian if and only if it is equal to the transpose of its conjugate, A = A ' 1 , 
It is skew-Hermitian if A = —A 1 . 

The transpose of the conjugate is given a special name. 

definition of the adjoi‘nt of a matrix. For any matrix A, the transpose of the conjugate^ 
A 1 , is also called the adjoint of A and is denoted by A *. 

Thus, a square matrix A is Hermitian if A = A *, and skew-Hermitian if A = -A *. 

A Hermitian matrix is also called self-adjoint. 

Note: Much of the older matrix literature uses the temr adjoint for the transpose of the 
cofactor matrix, air entirely different object. The definition given here conforms to the 
current nomenclature in the theory of lineal' operators. 


5.9 Diagonalization of a Hermitian or skew-Hermitian matrix 

theorem 5.7. Every n x n Hermitian or skew-Hermitian matrix A is similar to the 
diagonal matrix A = diag (a v ,. . . , Aj of its eigenvalues. Moreover, we have 

A = C-MC, 

where C is a nonsingular matrix whose inverse is its adjoint, C -1 = C*. 

Proof. Let V be the space of n-tuples of complex numbers, and let (e 1 , ... , e,) be the 
orthonormal basis of unit coordinate vectors. If x = J x i e i ant l y = ^ let the inner 
product be given by (x, y) = 2 x if ■ For the given matrix A, let T be the transformation 
represented by A relative to the chosen basis. Then Theorem 5.4 tells us that V has an 
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orthonomial basis of eigenvectors (w x , . . . , u n ), relative to which 7 has the diagonal 
matrix representation A = diag (Aj, . . . , A n ), where 2 k is the eigenvalue belonging to . 
Since both a! and A represent T they are similar, so we have A = C-MC, where C = ( c a) 
is the nonsingular matrix relating the two bases: 

[wj j *»«j tt n ] = [^i,. . ., e n ]C . 


This equation shows that thejth column of C consists of the components of Uj relative to 
i e i! , e,). Therefore is the ith component of lij . The inner product of Uj and U t is 
given by 

n 

(llj , Uj) 2 . 

1 


Since {Uj , . . . . U n \ is an orthonormal set, this shows that CC* = I, so C 1 = C* . 


Note: The proof of Theorem 5.7 also tells us how to determine the diagonalizing 
matrix C. We find an orthonomial set of eigenvectors u^, .... u n and then use the 
components of « 3 - (relative to the basis of unit coordinate vectors) as the entries of thejth 
column of C. 


example 1, The real Hemiitian matrix A 



has eigenvalues = 1 and 1, = 6. 


The eigenvectors belonging to 1 are t(2, —1), t ^ 0. Those belonging to 6 are t{\, 2), 
t 0. The two eigenvectors u : = t(2, -1) and u 2 = t{ 1, 2) with t = 1/n/ 5 form an 

orthonormal set. Therefore the matrix 



is a diagonalizing matrix for A. In this case C* = C‘ since C is real. It is easily verified 

that CAC = ^ 


example 2. If A is already a diagonal matrix, then the diagonalizing matrix C of Theorem 
5.7 either leaves A unchanged or merely rearranges the diagonal entries. 


5.10 Unitary matrices. Orthogonal matrices 

definition. A square matrix A is called unitary if AA* = I. It is called orthogonal if 

AA l = /■ 

Note: Every real unitary matrix is orthogonal since A* = A 1 . 

Theorem 5.7 tells us that a Hemiitian or skew-Hermitian matrix can always be diago¬ 
nalized by a unitary matrix. A real Hemiitian matrix has real eigenvalues and the corre¬ 
sponding eigenvectors can be taken real. Therefore a real Hermitian matrix can be 
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diagonalized by a real orthogonal matrix. This is not true for real skew-Hermitian matrices. 
(See Exercise 11 in Section 5.11.) 

We also have the following related concepts. 


definition. A square matrix A with real or complex entries is called symmetric if A = 
A 1 ; it is called skew-symmetric if A = —A 1 . 

example 3. If A is real, its adjoint is equal to its transpose. A* = A 1 . Thus, every real 
Hermitian matrix is symmetric, but a symmetric matrix need not be Hermitian. 



'1 + i 2 


"l-i 2 ~ 


1 + / 3 — f 

EXAMPLE : 4. If A = 

3 — i 4i j 

then A = 

_3 + i — 4/J 

, A 1 = 

2 Ai 


n - i 3 + n 


and A* = 


2 -41- 



'1 

27 


' i 2 + r 

example: 5. Both matrices 

2 

3_ 

and 

2-i 3 


metric, the second is not. 


are Hermitian. The first is sym- 


example 6. Both matrices 
skew-symmetric, the second is not. 


O 

1 


A -2" 


and 


.2 0. 


2 3/ _ 


are skew-Hermitian. The first is 


example 7. All the diagonal elements of a Hermitian matrix are real. All the diagonal 
elements of a skew-Hermitian matrix are pure imaginary. All the diagonal elements of a 
skew-symmetric matrix are zero. 


example 8. For any square matrix A, the matrix jS = ^(A A*) is Hermitian, and the 

matrix C = !,(A — A*) is skew-Hermitian. Their sum is A. Thus, every square matrix 
A can be expressed as a sum A = B + C, where B is Hermitian and C is skew-Hermitian. 
It is an easy exercise to verify that this decomposition is unique. Also every square matrix 
A can be expressed uniquely as the sum of a symmetric matrix, \ (A + A 1 ), and a skew- 
symmetric matrix, j(A — A‘). 

example 9. If A is orthogonal we have 1 = det (AA { ) = (det A)(det A 1 ) = (det A) 2 , so 
det A = f 1 . 


5A1 Exercises 

1. Determine which of the following matrices are symmetric, skew-symmetric, Hermitian, skew- 
Hermitian. 



"0 1 2 


1 

<N 

O 


1 

o 

to 
_l 


1 

O 

(a) 

1 0 3 

, (b) 

i 0 3 

, (c) 

-i 0 3 

, (d) 

-10 3 


2 3 4_ 


2 -3 4i_ 


o 

1 

(N 

1 

_1 


-2 -3 0_ 
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2. (a) Verify that the 2 X 2 matrix A 


cos 0 — sin 0 


is an orthogonal matrix. 


sin 0 cos 0 

(b) Let T be the linear transformation with the above matrix A relative to the usual basis 
{/,/}. Prove that T maps each point in the plane with polar coordinates (r, a) onto the point 
with polar coordinates (r, ot + 0). Thus, T is a rotation of the plane about the origin, 0 being 
the angle of rotation. 

3. Let V be real 3-space with the usual basis vectors i, j, k. Prove that each of the following 
matrices is orthogonal and represents the transformation indicated. 


(a) 


1 


(b) 


(c) 


( d ) 


(e) 



(reflection in the xy-plane). 


0 

_0 

"l 0 

0 -1 
0 0 - 

'-1 0 
o-l 

0 0 
"l 0 0 

JO cos 0 —sin 0 
|_0 sin 0 cos 0 J 
'-10 0 
0 cos 0 -sin 

0 sin 0 cos 0 | 

4. A real orthogonal matrix A is called proper if det A = 1 , and improper if del A - -1 . 

fcos 0 —sin 0 


(reflection through the x-axis). 


(reflection through the origin). 


(rotation about the x-axis). 


(rotation about x-axis followed by reflection in the yz-plane). 


(a) If A is a proper 2x2 matrix, prove that A = 
a rotation through an angle 0. 


sin 0 cos 0 


for some 0. This represents 


(b) Prove that 


'1 

0 

-1 0" 

and I 

_° 

-1 

0 L 


are improper matrices. The first matrix represents a 


reflection of the xy-plane through the x-axis; the second represents a reflection through the 
y-axis. Find all improper 2x2 matrices. 

In each of Exercises 5 through 8, find (a) an orthogonal set of eigenvectors for A, and (b) 
a unitary matrix C such that C~ X AC is a diagonal matrix. 


5. A = 


7. A = 


9 12 

12 16 j' 


6. A = 


-2 


'1 

3 

O' 


"l 3 0 

3 

-2 

-1 



_0 

-1 

1 _ 

8. A = 

% L 
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9. Determine which of the following matrices are unitary, and which are orthogonal (a, b, 6 real). 



~e ia 0" 


cos 6 

0 

sin 6 


'iV 2 

—3 v 3 

< 

1 O't 1 

_1 

(a) 

0 e ib 

, (b) 

0 

1 

0 

, (c) 

0 

iV 3 

iV 6 




—sin 6 

0 

cos 6 


1 V 2 
1_2 ^ 

JV3 

-I ^6, 


10. The special theory of relativity makes use of the equations 

x’ = a(x-vt), y' = y, z = z, t’= a(t-vx/c 2 ) 


Here v is the velocity of a moving object, c the speed of light, and a = c/ ^ c 2 — v 2 . The 
linear transformation which maps ( x, y, z, t) onto (x’, y’, z’, t) is called a Lorentz transformation. 

(a) Let (jq, Xo, x 3 , x 4 ). = (x, y, z, ict) and {x [, x ’ 2 , x ' z , xf) = (x\ y\ z’, ict’). Show that the 
foui' equations can be written as one matrix equation, 


[•^1 > ^2 > "^3 J -^4] — [•*-! > j *^3 y ^4] I 0 

[iavlc 


0 0 —iavlc 
1 0 0 
0 1 0 
0 0a J 


(b) Prove that the 4 x 4 matrix in (a) is orthogonal but not unitary. 

11. Let a be a nonzero real number and let A be the skew-symmetric matrix A = 



a 

0 


(a) Find an orthonormal set of eigenvectors for A. 

(b) Find a unitary matrix C such that C _1 AC is a diagonal matrix. 

(c) Prove that there is no real orthogonal matrix C such that C : AC is a diagonal matrix. 

12. If the eigenvalues of a Hermitian or skew-Hermitian matrix A are all equal to c, prove that 


A =c l . 


13. If A is a real skew-symmetric matrix, prove that both Z — A and Z + A are nonsingular and 
that (/ — A)(Z + A)~ l is orthogonal. 

14. For each of the following statements about n x n matrices, give a proof or exhibit a counter 
example. 

(a) If A and B are unitary, then ,4 -f- B is unitary. 

(b) If A and B are unitary, then AB is unitary. 

(c) If A and AB are unitary, then B is unitary. 

(d) If A and B are unitary, then A + B is not unitary. 


5.12 Quadratic forms 

Let V be a real Euclidean space and let T: V —*■ V be a symmetric operator. This means 
that T can be shifted from one factor of an inner product to the other, 

(T(x), y) = {x, T(y)) forallxandyin V. 

Given T, we define a real-valued function Q on V by the equation 


Q(x) = (T(x), X). 
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The function Q is called the quadratic form associated with T. The term “quadratic” is 
suggested by the following theorem which shows that in the finite-dimensional case GO) 
is a quadratic polynomial in the components of x. 

theorem 5.8. Let{e j, . . . , e,) be an orthonormal basis for a real Euclidean space V. 
Let I: V —> V be a symmetric transformation, and let A = (a i; ) be the matrix of T relative 
to this basis. Then the quadratic form Q(x) = (T(x), x) is related to A as follows: 

n n n 

(5.7) 2< x > =11 a u x i x i if x =1 x i e i- 

i=l j =1 i=l 

Proof. By linearity we have T(x) = 2 X i T{e l ) . Therefore 

GO) = (2 x t T(e i ), 2-Xj-eA = 2 2 XiXjiT^i), ef). 

\i=l 1=1 / 1=1 3=1 

This proves (5.7) since a,-- = a jt = ( T(e t ), ef). 

The sum appearing in (5.7) is meaningful even if the matrix A is not symmetric. 


definition. Let V be any real Euclidean space with an orthonormal basis (£,,..., e,), and 
let A = (flij) by any n x n matrix of scalars. The scalar-valued function Q defined at each 
element x = 2 x i e i °f V O the double sum 

n n 

(5.8) 60) = 2 2 a t3V c 3 

i = 1 3 = 1 

is called the quadratic form associated with A. 

If A is a diagonal matrix, then a ri = 0 if i ^ j so the sum in (5.8) contains only squared 
terms and can be written more simply as 

n 

GO) = 2 a u x i. 

i =1 

In this case the quadratic form is called a diagonalform. 

The double sum appearing in (5.8) can also be expressed as a product of three matrices. 

theorem 5.9. Let X = [x 1 , ..., x,] be a lx n row matrix, and let A = (a i3 ) be an 
n x n matrix. Then XAX 1 is a lx 1 matrix with entry 

n n 

(5.9) 2 2 a ii x i x i • 

1 = 1 3=1 

Proof. Th.e product XA is a l x tl matrix, XA — [jq, . . . , y,] , where entry Vj is the dot 
product of X with thejth column of A, 

n 

yj = 2 ¥»■ 
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Therefore the product XAX* is a 1 x 1 matrix whose single entry is the dot product 


n n / n \ n n 

2 .v3*3 =2 2 = 2 2 

j=l 3=1 V=1 / t=l 3=1 


Note; It is customary to identify the 1 x 1 matrix XAX 1 with the sum in (5.9) and to 
call the product XAX 1 a. quadratic form. Equation (5.8) is written more simply as follows: 


example 1. Let A = 


1 

.- 3 


XA = |x x . x 


Q(x) = XAX 1 . 

^ I , X = [Xi, X 2 ] . Then we have 

!i 


— [x^ ^ 3 x 2 > + 5x 2 } s 


and hence 


XAX ' = [x t - 3 x 2 , —Xi + 5x 2 ]| | = Xi — 3x,x, — XjX 2 + 5x; 

_x 2 _ 


EXAMPLE 2. Let B = 


1 - 2 ' 

-2 5 


XBX‘ = [x x , x 2 ] 


X — [Xi, X 2 ], Then we have 

= x\ — 2x 2 x x — 2x x x a + 5x2,. 


1 

l- 

(N 

1 

-1 

>< 

1 

.-2 

5J 

1 - 

X 

1 _ 


In both Examples 1 and 2 the two mixed product terms add up to — 4x x X 2 so XAX 1 = 
XBX* . These examples show that different matrices can lead to the same quadratic fomi. 
Note that one of these matrices is symmetric. This illustrates the next theorem. 


theorem 5.10. For any n x n matrix A and any 1 x n row matrix X we have XAX* = 
XBX 1 where B is the symmetric matrix B = + A 1 ). 

Proof. Since XAX 1 is a 1 x 1 matrix it is equal to its transpose, XAX 1 = (XAX 1 )*. 
But the transpose of a product is the product of transposes in reversed order, so we have 
(XAX*)* = XA‘X l • Therefore XAX 1 = lXAX 1 + \XA*X* = XBX* . 


5.13 Reduction of a real quadratic form to a diagonal form 

A real symmetric matrix A is Hermitian. Therefore, by Theorem 5.7 it is similar to the 
diagonal matrix A = diag , A n ) of its eigenvalues. Moreover, we have A = C*AC, 

where C is an orthogonal matrix. Now we show that C can be used to convert the quadratic 
form XAX * to a diagonal fomi. 
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theorem 5.11. Let XAX 1 be the quadratic form associated with a real symmetric matrix 
A, and let C be an orthogonal matrix that converts A to a diagonal matrix A = OAC. 
Then we have 

XAX‘ = YAY* = | X iy \, 

t=i 

where Y = [y l ,. , y,] is the row matrix Y = XC, and ,..., X n are the eigenvalues of A. 

Proof. Since c is orthogonal we have C -1 = C* . Therefore the equation Y = XC 
implies X — YC* . and we obtain 

XAX 1 = ( YC‘)A( YCy = Y(C l AC) Y* = YAY‘. 

Note: Theorem 5.11 is described by saying that the lineal' transformation Y = XC 
reduces the quadratic form XAX * to a diagonal fomi YA Y*. 

example 1, The quadratic form belonging to the identity matrix is 

XIX t = ixf = \\Xf, 

i=i 

the square of the length of the vector X = (x 2 , . , . , x,) . A lineal' transformation Y = XC, 
where C is an orthogonal matrix, gives a new quadratic form YA Y l with A = C/C* = 
CC* = I. Since XIX * = YIY * we have || Y|| 2 = || Y|| 2 , so Y has the same length as X. A 
linear transformation which preserves the length of each vector is called an isometry. 
These transformations are discussed in more detail in Section 5.19. 


example 2.. Determine an orthogonal matrix C which reduces the quadratic form Q(x) = 
2x 2 + 4 XjX 2 + 5x\ to a diagonal form. 


Solution. We write Q(x) = XAX 1 , where A 



This symmetric matrix was 


diagonalized in Example 1 following Theorem 5.7. It has the eigenvalues = 1, = 6, 

and an orthonormal set of eigenvectors u 1 , u 2 , where « 2 = t(2, — 1), w 2 = ?(1,2), t = 


l/\/5. An orthogonal diagonalizing matrix is C = 
diagonal form is 



The corresponding 


YAY* = Ky\+ Ky\= y\ + 6 yl 


The result of Example 2 has a simple geometric interpretation, illustrated in Figure 5.1. 
The lineal' transformation Y =: XC can be regarded as a rotation which maps the basis i, 
j onto the new basis u l , u 2 . A point with coordinates (x 2 , x 2 ) relative to the first basis has 
new coordinates , _}’ 2 ) relative to the second basis. Since XAX * = YA Y* , the set of 
points (Xj, X 2 ) satisfying the equation XAX * = c for some c is identical with the set of 
points (vy, _> 2 ) satisfying YA Y* = c . The second equation, written as y 2 + 6y| = c, is 
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Figure 5.1 Rotation of axes by an orthogonal matrix. The ellipse has Cartesian equation 
XAX 1 = 9 in the XjX 2 -system, and equation YA Y* = 9 in the Vi^-system. 

the Cartesian equation of an ellipse if c > 0. Therefore the equation XAX ( = c, written 
as 2x‘j + 4x 1 x 2 + 5x| = C , represents the same ellipse in the original coordinate system. 
Figure 5.1 shows the ellipse corresponding to c = 9. 


5.14 Applications to analytic geometry 

The reduction of a quadratic fomi to a diagonal form can be used to identify the set of 
all points (x, y) in the plane which satisfy a Cartesian equation of the fomi 

(5.10) ax 2 + bxy + cy 2 + dx + ey +f= 0. 


We shall find that this set is always a conic section, that is, an ellipse, hyperbola, parabola, 
or one of the degenerate cases (the empty set, a single point, or one or two straight lines). 
The type of conic is governed by the second-degree terms, that is, by the quadratic form 
ax 2 + bxy + cy 2 . To conform with the notation used earlier, we write for X, x 2 for 
and express this quadratic form as a matrix product. 


XAX* = ax l + bx^ + cx\, 


where X = [Xj, X 2 ] and A 


a 



By a rotation Y = XC we 


Ibl 2 cj 

a diagonal form + 2 2 y 2 , where , ?. 2 are the eigenvalues of A. 
of eigenvectors u j, w 2 determines a new set of coordinate axes, relative to 
equation (5.10) becomes 


reduce this form to 

An orthonormal set 
which the Cartesian 


(5- 11 ) hy\ + Ky\ + d'y!+ e' y 2 + f = 0, 

with new coefficients d’ and e’ in the linear terms, hi this equation there is no mixed product 
term > so the type of conic is easily identified by examining the eigenvalues X x and A 2 . 
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If the conic is not degenerate. Equation (5.11) represents an ellipse if /j, 2 2 have the same 
sign, a hyperbola if , A 2 have opposite signs, and a parabola if either or A 2 is zero.. The 
three cases correspond to X x l 2 > 0, ^2 2 < 0, and AjA 2 = 0. We illustrate with some 
specific examples. 

example 1. 2x” + 4 xy + 5y 2 + 4x + 13y *— J = 0. We rewrite this as 
(5.12) 2xl + 4xjX 2 + 5x 2 + 4x t + 13x 2 — J = 0. 

The quadratic form 2x 2 + 4xjX 2 + 5x 2 is the one treated in Example 2 of the foregoing 
section. Its matrix has eigenvalues = 1 , / 2 = 6, and an orthonormal set of eigenvectors 
= t(2, — 1), u 2 = 1(1,2), where t = 1/V5. An orthogonal diagonalizing matrix is 

T 2 1 

C = t , This reduces the quadratic part of (5.12) to the form y 2 + 6y 2 . To 

2 I 

determine the effect on the linear part we write the equation of rotation Y = XC in the 
form X = YC l and obtain 


[Xj, X 2 ] _ ^ [y l , y 2 ] 


2 - 1 


( 2 >h + y 2 ) > *2 


(-Ti + 2y 2 ). 


Therefore th.e linear pail 4x x + 13x 2 is transformed to 

’/l ^ 1 + + + 2> ' 2) ‘ + 6^5 y 2 . 

The transformed Cartesian equation becomes 

yl + 6^2 ~ \/5 Ti + 6yj5 y 2 - \ = 0 . 

By completing the squares in jq and y 2 we rewrite this as follows: 

(Ti - 2 V5 ) 2 + 6 (y 2 + 5 ) 2 = 9. 

This is the (equation of an ellipse with its center at the point (fej 5, — |V5) in the Vj v 2 - 
system. The positive directions of the y\ and y 2 axes are detemhned by the eigenvectors u L 
and u 2 , as indicated in Figure 5.2. 

We can simplify the equation further by writing 


"1 = Ji 


- W5, 


r 2 — y 2 + 


Geometrically, this is the same as introducing a new system of coordinate axes parallel to 
the }\)’ 2 axes but with the new origin at the center of the ellipse. In the tqrysysteni the 
equation of the ellipse is simply 


z\ + 6z 2 = 9, or ^ = 1 . 

9 3/2 


The ellipse and all three coordinate systems are shown in Figure 5.2. 
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Figure 5.2 Rotation and translation of coordinate axes. The rotation Y = XC 
is followed by the translation z x = y x 5, Z 2 = y 2 + ^\/5. 

[ample 2. lx 1 — 4 xy — y 2 — 4x + 10 y — 13 = 0. We rewrite this as 
2xl — 4x,x, — x\ — 4x x + 10x 2 — 13 = 0. 


The quadratic part is XAX*, where A = 


-2 


1 


This matrix has the eigenvalues 


= 3, 2 2 = -2. An orthonormal set of eigenvectors is Wj = /(2, -1), U 2 = 1(1, 2), 


t 


= 1/ JS. An orthogonal diagonalizing matrix is C = 


where 

of rotation X = YC 1 gves us 

1 


t 


2 l 

-1 2 


. The equation 


1 


*i - —5 ( 2 yi + y t ), x 2 = -(~y l + 2y 2 ). 


Therefore the transformed equation becomes 


2 <•) 2 ^ frs. . n . 10 


3^1 -2y 2 ~ — (2 yi + y 2 ) + — (-y x + 2>> 2 ) -13 = 0, 


or 


2 18 16 


3yl-2yl-^ yi +~ y t - 13 = 0. 
By completing the squares in y x and y 2 we obtain the equation 


3(ji - |V5 f - 2(y 2 - |V5) 2 = 12, 
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(a) Hyperbola: 3 z\ ” 2z\ = 12 (b) Parabola: y\ + y. l - 0 

Figure 5.3 The curves in Examples 2 and 3. 


which represents a hyperbola with its center at (fV5, i\/5) in the TiJYSystem. The trans¬ 
lation Zj = — |v5 > z 2 = >’2 — tv 5 simplifies this equation further to 

3z\ — 2z\ = 12, or ^-^ = 1, 

4 6 

The hyperbola is shown in Figure 5.3(a). The eigenvectors tq and n 2 determine the direc¬ 
tions of the positive y 2 and y 2 axes. 

EXAMPLE 3. 9x 2 + 24 xy + \6y 2 — 20x + 15/ = 0. We rewrite this as 


9xl + 24x^2 + 16x; — 20x, + 15x 2 = 0. 

r 9 ■*! 

The symmetric matrix for the quadratic part is A = ^ . Its eigenvalues are X 1 = 25, 

X 2 = 0. An orthonormal set of eigenvectors is u 1 = 1(3, 4), u 2 = |(—4, 3). An orthog¬ 
onal diagonalizing matrix is C = ^ The equation of rotation X = YC l gives us 

*i = s( 3 Ti - 4y 2 ), x 2 = i(4y\ + 3y 2 ) , 

Therefore the transformed Cartesian equation becomes 


25 y\ - ^(3R - 4y 2 ) + ¥(4Ti + 3y 2 ) = 0. 


This simplifies to/* + y 2 = 0, the equation of a parabola with its vertex at the origin. The 
parabola is shown in Figure 5.3(b). 
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example 4. Degenerate cases. A knowledge of the eigenvalues alone does not reveal 
whether the Cartesian equation represents a degenerate conic section. For example, the 

three equations x 2 + 2y 2 = 1 , x 2 + 2 / = 0 , and x 2 + 2 / = — 1 all have the same 

eigenvalues; the first represents a nondegenerate ellipse, the second is satisfied only by 
(x, y) = (0, 0) , and the third represents the empty set. The last two can be regarded as 
degenerate cases of the ellipse. 

The graph of the equation y 2 = 0 is the x-axis. The equation / —1=0 represents the 

two parallel lines y = 1 a.nd y = — 1 . These can be regarded as degenerate cases of the 

parabola. The equation X 2 — 4/ = 0 represents two intersecting lines since it is satisfied 
if either X — 2y — 0 or x + 2y = 0. This can be regarded as a degenerate case of the 
hyperbola. 

However, if the Cartesian equation ax 2 + bxy + cy 2 + dx + ey + / = 0 represents 
a nondegenerate conic section, then the type of conic can be determined quite easily. The 
characteristic polynomial of the matrix of the quadratic form ax 2 + bxy + cy 2 is 


d e t 


"X — a 
_—b/2 



= X 2 - (a + c)X + (ac - \b 2 ) = (X — X x )(X - A*). 


Therefore the product of the eigenvalues is 


X,X 2 = ac -\b 2 = \{4ac~b 2 ). 

Since the type of conic is determined by the algebraic sign of the product X^ , we see that 
the conic is an ellipse, hyperbola, or parabola, according as 4ac — b 2 is positive, negative, or 
zero. The number 4ac — b 2 is called the discriminant of the quadratic form ax 2 + bxy + 
cy 2 . In Examples 1 , 2 and 3 the discriminant has the values 34, -24, and 0, respectively. 


5.15 Exercises 


In each of Exercises 1 through 7, find (a) a symmetric matrix A for the quadratic form; (b) the 
eigenvalues of A; (c) an orthonormal set of eigenvectors; (d) an orthogonal diagonalizing matrix C. 


5. x\ + x 1 x 2 + x x x 3 + x 2 x 3 • 

6. 2xl + 4x 1 x 3 + x\ — x\. 

7. 3x; + 4 x 1 x 2 + 8 X 3 X 3 + 4x 2 x 3 + 3x;. 


1. 4X; + 4 X 3 X 3 + x 2 . 

2. x x X2. 

3. x 2 + 2x,x, — x 2 . 

4. 34x; — 24 x 3 X 3 + 4lx 2 . 

In each of Exercises 8 through 18, identify and make a sketch of the conic section represented by 
the Cartesian equation. 

14. 5x 2 + 6 x_y + 5/ -2 =0. 

15. x 2 + 2xj + y 2 - 2x + 2y + 3 = 0. 

16. 2x 2 + 4x_y + 5/ - 2x - y - 4 = 0. 

17. x 2 + 4xy - 2 y 2 -12 = 0. 


0 . 


8. y 2 - 2xy + 2x 2 - 5 

9. y 2 - 2xy + 5x = 0. 

10. y 2 - 2xj + x 2 - 5x = 0. 

11. 5x 2 -4 xy +2y 2 -6 = 0. 

12. 19x 2 + 4xy + 16 y 2 - 212x + 104 y = 356. 

13. 9x 2 + 24xy + 16/ - 5:2x + 14j = 6. 


18. xy + y - 2 x -2 


= 0 . 


19. For what value (or values) of c will the graph of the Cartesian equation 2 xy — 4x + 7_y + c = 
0 be a pair of fines ? 

20. If the equation ax 2 + bxy + cy 2 = 1 represents an ellipse, prove that the area of the region it 
bounds is 2tt / V4 ac — b'. This gives a geometric meaning to the discriminant 4 ac — b 2 . 
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k 5.16f Eigenvalues of a symmetric transformation obtained as values of its quadratic form 

Now we drop the requirement that 1/ be finite-dimensional and we find a relation between 
the eigenvalues of a symmetric operator and its quadratic form. 

Suppose x is an eigenvector with norm 1 belonging to an eigenvalue X. Then T(x) = Xx 
so we have 

(5.13) Q(x) = (T(x), x) = ( Xx , x) = X(x, x) = X, 

since (x, x) ~ 1. The set of all x in V satisfying (x, x) = 1 is called the unit sphere in l/. 
Equation (5.13) proves the following theorem. 

theorem 5.22. Let T: V —> V be a symmetric transformation on a real Euclidean space V, 
and let Q (x) j = (T(x), x) . Then the eigenvalues of T (if any exist) are to be found among the 
values that Q takes on the unit sphere in V. 

EXAMPLE. Let V = V,(R) with the usual basis O'.y) and the usual dot product as inner 

product. Let T be the symmetric transformation with matrix A = 
quadratic form of T is given by 

2 2 

Q(X)= 2 J, a ii X i X i ~ 4x t + 8 *2‘ 

1=1i=l 

The eigenvalues of, T are X 1 = 4, X 2 = 8. It is easy to see that these eigenvalues are, 
respectively, the minimum and maximum values which Q takes on the unit circle x j + 
x\ = 1 . In fact, on this circle we have 

Q(x) = 4(xJ + x\) + 4xl = 4 + 4xj > where - 1 < x 2 < 1. 

This has its smallest value, 4, when x 2 = 0 and its largest value, 8, when X 2 = ± 1 • 

Figure 5.4 shows the unit circle and two ellipses. The inner ellipse has the Cartesian 
equation 4x^ + 8x 2 = 4. It consists of all points x = (x x , X 2 ) in the plane satisfying 

Q(x) = 4. The outer ellipse has Cartesian equation 4x\ + 8xiJ = 8 and consists of all 

points satisfying Q(x) = 8. The points (± 1, 0) where the inner ellipse touches the unit 
circle are eigenvectors belonging to the eigenvalue 4. The points (0, ±1) on the outer 
ellipse are eigenvectors belonging to the eigenvalue 8. 

The foregoing example illustrates extremal properties of eigenvalues which hold more 
generally. In the next section we will prove that the smallest and largest eigenvalues (if 
they exist) are always the minimum and maximum values which Q takes on the unit sphere. 
Our discussion of these extremal properties will make use of the following theorem on 
quadratic forms. It should be noted that this theorem does not require that V be finite 
dimensional. 



f Starred sections can be omitted or postponed without loss in continuity. 
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Figure 5.4 Geometric relation between the eigenvalues of T and the values of Q 
on the unit sphere, illustrated with a two-dimensional example. 

THEOREM 5.75. Let T: V —► V be a symmetric transformation on a real Euclidean space V 
with quadratic form Q(x) = (T(x), x) . Assume that Q does not change sign on V. Then if 
Q(x) = 0 for some x in V we also have T(x) = 0. In other words, if Q does not change sign, 
then Q vanishes only on the null space of T. 

Proof. Assume Q(x) = 0 for some x in V and let y be any element in V. Choose any 
real t and consider Q{x + tv). Using linearity of T, linearity of the inner product, and 
symmetry of T, we have 

Q(x + ty) = (T(x + ty), x + ty) = (T(x) + tT(y), x + tv) 

= (T(x), x ) + t(T(x), y) + t(T(y), x) + t\T{y), y) 

= Q(x ) + 2t(T(x), y) + t 2 Q(y) = at + bt 2 , 

where a = 2{T(x), v) and b = Q(y). If Q is nonnegative on V we have the inequality 

at + bt 2 ~>0 for all real t ■ 

In other words, the quadratic polynomial p(t) = at + bt 2 has its minimum at 1 = 0. 
Hence p’(0) = 0. But p’(0) = a = 2(T(x), y) , so (T(x), y) = 0. Since y was arbitrary, 
we can in particular take y = T(x), getting (T(x), T(x)) = 0. This proves that T(x) = 0. 

If Q is nonpositive on V we get p(t) = at + bt 2 < 0 for all t, sop has its maximum at 
7=0, and hence p'(0 ) = 0 as before. 


5.17 Extremal properties of eigenvalues of a symmetric transformation 

Now we shall prove that the extreme values of a quadratic fomi on the unit sphere are 
eigenvalues’. 

theorem 5.14. Let T:V —>■ V be a symmetric linear transformation on a real Euclidean 
space V, and let Q(x) = (T(x), x) . Among all values that Q takes on the unit sphere, assume 
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there is an extremum f (maximum or minimum) at a point u with (u, u) = 1 . Then u is an eigen¬ 
vector for T; the corresponding eigenvalue is Q(u), the extreme value of Q on the unit sphere 

Proof. Assume Q has a minimum at u. Then we have 

(5.14) Q(x) > Q(u) for all x with (x, x) = 1. 

Let A = Q(u). If (x, x) = 1 we have Q(u) = A(x, x) = (Ax, x) so inequality (5.14) can be 
written as 

(5.15) (r(x), x> > (Ax, x) 

provided (x, x) = 1. Now we prove that (5.15) is valid for all x in V. Suppose ||x|j = a. 
Then x = ay , where ||y|| = 1. Hence 

(T(x), x) = ( T(ay ), ay) = a\T(y), y) and (Ax, x) = a 2 (Ay, y). 

But ( T(y ), y) > (Ay, y) since (y, y) = 1. Multiplying both members of this inequality by 
a 2 we get (5.15) for x = ay . 

Since (T(x), x) — (Ax, x) = (T(x) — Ax, xj . we can rewrite inequality (5.15) in the foim 

(T(x) — Ax, x) >0, or 

(5.16) (S(x), x) > 0, where S = T — XI. 

When x = u we have equality in (5.14) and hence also in (5.16). The linear transformation 
S is symmetric. Inequality (5.16) states that the quadratic form Q t given by Q,(x) = 
(S(x), x) is nonnegative on V. When x = u we have Q,(u) = 0. Therefore, by Theorem 
5.13 we must have S(u) = 0. In other words, T(u) = Aw, so u is an eigenvector for T, and 
A = Q(u) is the corresponding eigenvalue. This completes the proof if Q has a mi nim um 
at u. 

If there is a maximum at u all the inequalities in the foregoing proof are reversed and we 
apply Theorem 5.13 to the nonpositive quadratic foim Q x . 


If 5.18 The finitedimensional case 


Suppose now that dim 1/ = n . 
increasing order, say 


Then T has n real eigenvalues which can be arranged in 
Ai < A 2 < • • • < A n . 


According to Theorem 5.14, the smallest eigenvalue A x is the minimum of Q on the unit 
sphere, and the largest eigenvalue is the maximum of Q on the unit sphere. Now we shall 
show that the intermediate eigenvalues also occur as extreme values of Q, restricted to 
certain subsets of the unit sphere. 


f If Pis infinite-dimensional, the quadratic form Q need not have an extremum on the unit sphere. This will 
be the case when T has no eigenvalues. In the finite-dimensional case, Q always has a maximum and a 
minimum somewhere on the unit sphere. This follows as a consequence of a more general theorem on 
extreme values of continuous functions. For a special case of this theorem see Section 9.16. 
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Let u 1 be an eigenvector on the unit sphere which minimizes Q. Then iq = Q(uf) ■ If ^ 
is an eigenvalue different from X 1 any eigenvector belonging to A must be orthogonal to u 1 . 
Therefore it is natural to search for such an eigenvector on the orthogonal complement of 

the subspace spanned by «,. 

Let S be the subspace spanned by w,. The orthogonal complement S’- 1 - consists of all 
elements in V orthogonal to u x . In particular, S'~ contains all eigenvectors belonging to 

eigenvalues A 5 ^ . It is easily verified that dim S -■ = n — 1 and that T maps into 

itself.? Let S n _i denote the unit sphere in the (n — l)-dimensional subspace S^. (The 
unit sphere S n _ x is a subset of the unit sphere in V.) Applying Theorem 5.14 to the subspace 
S 1 - we find that = , where u 2 is a point which minimizes Q on <S' n _ 1 . 

The next eigenvector /l 3 can be obtained in a similar way as the minimum value of Q on 
the unit sphere 5 „_ 2 in the (n — 2 )-dimensional space consisting of those elements orthog¬ 
onal to both u± and u 2 . Continuing in this manner we find that each eigenvalue X k is the 
minimum value which Q takes on a unit sphere S n _ k+1 in a subspace of dimension n — k + 1. 

The largest of these minima, X n , is also the maximum value which Q takes on each of the 

spheres S n _ ,. The corresponding set of eigenvectors , . . . , U n form an orthonormal 
basis for V. 


5.19 Unitary transformations 

We conclude this chapter with a brief discussion of another important class of trans¬ 
formations known as unitary transformations. In the finite-dimensional case they are 
represented by unitary matrices. 

definition . Let E be a E uclidean space and V a subspace ofE.A linear transformation 
T: V —>■ E is called unitary on V if ive have 

(5.17) (T(x), T(y)) = (x, y) for all x and y in V. 

When E is a real Euclidean space a unitary transformation is also called an orthogonal 
transformation. 

Equation (5.17) is described by saying that T preserves inner products. Therefore it is 
natural to expect that T also preserves orthogonality and norms, since these are derived 
from the inner product. 


theorem 5.15. If T\ V E is a unitary transformation on V, then for all x and y in V we 
have: 

(a) (x, y) = 0 implies (T(x), T(y)) = 0 (Tpreserves orthogonality). 

(b) ||r(jc)|| = ||x|| (Tpreserves norms). 

(c) || T(x) - T(y) || = \\x — >’|| (Tpreserves distances).. 

(d) T is invertible, and T^ 1 is unitary on T(V). 


t This was done in the proof of Theorem 5.4, Section 5.6. 
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Proof. Part (a) follows at once from Equation (5.17). Part (b) follows by taking x — y 
in (5.17). Part (c) follows from (b) because T(x) — T(y) = T(x — y). 

To prove (d) we use (b) which shows that T(x) = 0 implies x = 0, so 7' is invertible. 
If x £ T(V) and y £ T(V) we can write x = T(u), y = T(v), so we have 

( T~\x ), T-fyf) = (u, v) = (T(u), T(v)) - (x,y). 

Therefore T _1 is unitaiy on T(V). 

Regarding eigenvalues and eigenvectors we have the following theorem. 

theorem 5.116. Let T: V —> E be a unitary transformation on V. 

(a) If T has an eigenvalue A, then |A| = 1 . 

(b ) If x and y are eigenvectors belonging to distinct eigenvalues A and fi, then x and y are 
orthogonal. 

(c) Zf V = E and dim V = n , and if V is a complex space, then there exist eigenvectors 
u x , ... . u n of T which form an orthonormal basis for V. The matrix of T relative to 
this basis is the diagonal matrix A = diag (A x , . . . , A n ), where A 4 is the eigenvalue 
belonging to u k . 

Proof. To prove (a), let x be an eigenvector belonging to il. Then x ^ 0 and T(x) = Ax. 
Taking y = x in Equation (5.17) we get 

(Ax, Ax) = (x, x) or AA(x, x) = (x, x). 

Since (x, x) > 0 and AA = [A| 2 , this implies |A| = 1. 

To prove (b), write T(x) = Lx, T(v) = py and compute the inner product (T(x), T(y)) 
in two ways. We have 

(J(x), T(y)) = (x,y) 

since T is unitary. We also have 

( T{x), T{y)) = (Ax, py) = A«(x, y) 

since x and y are eigenvectors. Therefore A/7(x, y) = (x, y) , so (x, y) = 0 unless A/7 = 1 . 
But AA = I by (a), so if we had A/I = I we would also have AA= A/I ; A = ji , A=/r, which 
contradicts the assumption that A and /i are distinct. Therefore A/7 -f- 1 and (x, v) = 0. 

Part (c) is proved by induction on n in much the same way that we proved Theorem 5.4, 
the corresponding result for Hermitian operators. The only change required is in that part 
of the proof which shows that T maps S ^ into itself, where 

S 1 = {x I X £ V, (x, Wj) = 0}. 

Here w x is an eigenvector of T with eigenvalue A x . From the equation T(uf = Apq we find 

"i = A^^Mj) = Ijiuj) 
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since ?. 1 X 1 = [AjJ 2 = 1 . Now choose any x in and note that 

(T(x), Ul ) = (T(x), I.Tiu,)) = Af n.x), T(u x )) = Ux, «0 = 0. 

Hence T(x) e S 1 if XEjS 1 , so T maps S into itself. The rest of the proof is identical with 
that of Theorem 5.4, so we shall not repeat the details. 

The next two theorems describe properties of unitary transformations on a finite¬ 
dimensional space. We give only a brief outline of the proofs. 

THEOREM 5.17. Assume dim V = n and let E = (e 1 , ... , e n ) be a jixecl basis for V. 
Then a linear transformation T\ V —*■ V is unitary if and only if 

(5.18) (Tie,), T(e,)) = (e % , ef) for all i and j . 

In particular, if E is orthonormal then T is unitary if and only if T maps E onto an orthonormal 
basis. 

Sketch of proof. Write X = 2 Xtei , y = 2 e > • Th en we hare 

( n n \ n n 

Ita) = 2 'lx i y i (e i ,ef), 

1=1 3=1 J t=l 3=1 

and 

(T(x), T(y )) = (2 xJieffly.Tie,)) = £ ixjtfn*,), T(ef). 

\t=l i=t / i=l 3=1 

Now compare (x, y) with (T(x), T(y)). 

theorem 5.18. Assume dim V = n and let (e, , . . . , e,) be an orthonormal basis for V. 
Let A = (a;j) be the matrix representation of a linear transformation T: V —> V relative to 
this basis. Then T is unitary if and only if A is unitary, that is, if and only if 

(5.19) A* A = I. 

Sketch of proof. Since , e,) is the y-cntry of the identity matrix. Equation (5.19) 
implies 

n n 

(5.20) > & j) 2 ®ki®ki 2 ^ki^kj * 

k=l k= 1 

Since A is the matrix of T we have T{e l ) = a ki e k j T( e j) = 2r=i a ri e r > so 

( n n \ n n n 

2 ^ki^k ’ 2 ^rj^r J 2 2 ^ki^rji^k ’ ^r) == 2 ®ki®kj * 

k=1 r= 1 ) k= 1 r= 1 k= 1 

Now compare this with (5.20) and use Theorem 5.17. 
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THEOREM 5.19. Every unitary matrix A has the following properties: 

(a) A is nonsingular and A~ l = A*. 

(b) Each of A 1 , A, and A* is a unitary matrix. 

(c) The eigenvalues of A are complex numbers of absolute value 1. 

(d) |det A\ == 1; if A is real, then det A = ± 1 . 


The proof of Theorem 5.19 is left as an exercise for the reader. 


5.20 Exercises 

1. (a) Let 7V V V be the transformation given by T(x) = cx, where c is a fixed scalar. Prove 
that T is unitary if and only if |c| = 1 . 

(b) If V is one-dimensional, prove that the only unitary transformations on V are those des¬ 
cribed in (a). In particular, if V is a real one-dimensional space, there are only two orthogonal 
transformations, T(x) = x and T(x) = —x. 

2. Prove each of the following statements about a real orthogonal n x n matrix A. 

(a) If A is a real eigenvalue of A, then A = I or A = — I . 

(b) If A is a complex eigenvalue of A, then the complex conjugate A is also an eigenvalue of A. 

In other words, the nonreal eigenvalues of A occur in conjugate pairs. 

(c) If n is odd, then A has at least one real eigenvalue. 

3. Let V be a real Euclidean space of dimension rl. An orthogonal transformation T: V -»■ V 
with determinant 1 is called a rotation. If n is odd, prove that 1 is an eigenvalue for T. This 
shows that every rotation of an odd-dimensional space has a fixed axis. [Hint: Use Exercise 2.] 

4. Given a real orthogonal matrix A with -1 as an eigenvalue of multiplicity k. Prove that det A = 
(-!)“■ 

5. If T is linear and norm-preserving, prove that T is unitary. 

6. If T: V V is both unitary and Hermitian, prove that T 2 = /. 

7. Let (e„ . . . , e,) and (tq, . . . , u n ) be two orthonormal bases for a Euclidean space V. Prove 
that there is a unitary transformation T which maps one of these bases onto the other. 

8. Find a real a such that the following matrix is unitary: 

'a \i \a(2i - 1)' 
ia |(1 + 0 \a{ 1 - 0 . 

a 2 - i) 


9. If A is a skew-Hermitian matrix, prove that both Z — A and Z + A are nonsingular and that 
(Z — A)(Z + A)~ x is unitary. 

10. If A is a unitary matrix and if Z + A is nonsingular, prove that (/ — A)(Z + /l) -1 is skew- 
Hermitian. 

11. If A is Hermitian, prove that A — il is nonsingular and that (A — H)~ l {A + il) is unitary. 

12. Prove that any unitary matrix can be diagonalized by a unitary matrix. 

13. A square matrix is called normal if AA* = A*A . Determine which of the following types of 
matrices are normal. 

(a) Hermitian matrices. (d) Skew-symmetric matrices. 

(b) Skew-Hermitian matrices. (e) Unitary matrices. 

(c) Symmetric matrices. (f) Orthogonal matrices. 

14. If A is a normal matrix (AA* = A*A) and if U is a unitary matrix, prove that U*AU is normal. 
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6.1 Historical introduction 

The history of differential equations began in the 17th century when Newton, Leibniz, and 
the Bemoullis solved some simple differential equations of the first and second order arising 
from problems in geometry and mechanics. These early discoveries, beginning about 1690, 
seemed to suggest that the solutions of all differential equations based on geometric and 

physical problems could be expressed in terms of the familiar elementary functions of 
calculus. Therefore, much of the early work was aimed at developing ingenious techniques 
for solving differential equations by elementary means, that is to say, by addition, sub¬ 
traction, multiplication, division, composition, and integration, applied only a finite 

number of times to the familiar functions of calculus. 

Special methods such as separation of variables and the use of integrating factors were 
devised more or less haphazardly before the end of the 17th century. During the 18th 
century, more systematic procedures were developed, primarily by Euler, Lagrange, and 

Laplace. It soon became apparent that relatively few differential equations could be solved 
by elementary means. Little by little, mathematicians began to realize that it was hopeless 
to try to discover methods for solving all differential equations. Instead, they found it more 
fruitful to ask whether or not a given differential equation has any solution at all and, 

when it has, to try to deduce properties of the solution from the differential equation itself. 
Within this framework, mathematicians began to think of differential equations as new 
sources of functions. 

An important phase in the theory developed early in the 19th century, paralleling the 

general trend toward a more rigorous approach to the calculus. In the 1 820'S, Cauchy 

obtained the first “existence theorem” for differential equations. He proved that every 
first-order equation of the form 

Y’ = fix, y ) 

has a solution whenever the right member, f(x,y), satisfies certain general conditions. 

One important example is the Ricatti equation 

/ = P(xy + Q(x)y + R(x), 

where P Q, and R are given functions. Cauchy’s work implies the existence of a solution 
of the Ricatti equation in any open interval (— r, r) about the origin, provided P, Q, and 
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R have power-series expansions in (— r, r). In 1841 Joseph Liouville (1809-1882) showed 
that in some cases this solution cannot be obtained by elementary means. 

Experience has shown that it is difficult to obtain results of much generality about 
solutions of differential equations, except for a few types. Among these are the so-called 
linear differential equations which occur in a great variety of scientific problems. Some 
simple types were discussed in Volume I-linear equations of first order and lineal' equations 
of second order with constant coefficients. The next section gives a review of the principal 
results concerning these equations. 


6.2 Review of results concerning linear equations of first and second orders 

A linear differential equation of first order is one of the form 

(6.1) Y’ + P(x)y = Q(x) , 

where P and Q are given functions. In Volume I we proved an existence-uniqueness 
theorem for this equation (Theorem 8.3) which we restate here. 


theorem 6.1. Assume P and Q are continuous on an open interval J, Choose any point a 
in J and let b be any real number. Then there is one and only one function y = f (x) which 
satisfies the differential equation (6.1) and the initial condition f(a) = b . This function is 
given by the explicit formula 

(6.2) fix) = be~ AM + e~ Mx) f X Q(t)e AM dt, 

*>a 

where A(x) = J* P(t) dt . 


Lineal' equations of second order are those of the form 

Po(x)y" + P x {x)y‘ + P 2 (x)y = R(x ). 

If the coefficients P 0 , P x , P 2 and the right-hand member R are continuous on some interval 
J, and if P 0 is never zero on J, an existence theorem (discussed in Section 6.5) guarantees 
that solutions always exist over the interval J. Nevertheless, there is no general formula 
analogous to (6.2) for expressing these solutions in terms of P u , P x , P 2 , and R. Thus, even 
in this relatively simple generalization of (6.1), the theory is far from complete, except in 
special cases. If the coefficients are constants and if R is zero, all the solutions can be 
determined explicitly in terms of polynomials, exponential and trigonometric functions by 
the following theorem which was proved in Volume I (Theorem 8.7). 


theorem 6.2. Consider the differential equation 


(6.3) 


y" + ay' + by = 0, 
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where a and b are given real constants. Let d = a 2 — 4b. Then every solution of (6.3) on the 
interval (—oo, + oo) has the form 

(6.4) y = e- axl2 [c l uffx) + c 2 u 2 (x )], 

where c x and c 2 are constants, and the functions u x and u 2 are determined according to the 
algebraic sign of d as follows: 

(a ) If d = 0, then ufx) = 1 and ufx) = x . 

(b) U d > 0, then ufx) = e kx and u 2 (x) = e~ kx , where k = \\Jd■ __ 

(c) if d < 0, then ufx) = cos kx and u 2 (x) = sin kx, where k = l\! —d. 

The number d = a 2 — 4b is the discriminant of the quadratic equation 

(6.5) r 2 + ar + b = 0. 

This is called the characteristic equation of the differential equation (6.3). Its roots are given 
by 



The algebraic sign of d determines the nature of these roots. If d > 0 both roots are real 
and the solution in (6.4) can be expressed in the form 

y = c 1 e ri3) + c 2 e rrx . 

If d < 0, the roots r 1 and r 2 are conjugate complex numbers. Each of the complex 
exponential functions ff x) = e r t* and f 2 (x) = e r * x is a complex solution of the differential 
equation (6.3). We obtain real solutions by examining the real and imaginary parts of/) 
and f 2 . Writing r x = — |a + ik , r 2 = — \a — ik, where k = \yj — d, we have 

ff x) = e nx = — e~ ax/2 cos kx + ie~ ax/2 sin kx 

and 

f 2 (x) — e TiX = e ~ axl2 e ~ ikx = e - a * /2 cos kx — ie ~“ x/2 sin kx. 

The general solution appearing in Equation (6.4) is a linear combination of the real and 
imaginary pails of ffx) and ffx). 

6.3 Exercises 

These exercises have been selected from Chapter 8 in Volume I and are intended as a review of 
the introductory material on linear differential equations of first and second orders. 

Linear equations of first order. In Exercises 1,2, 3, solve the initial-value problem on the specified 
interval. 

1. y' — 3y = e 2x on (— co, + oo) , with y =Owhenx =0. 

2 . xy ■- 2 y = x 5 on (0, + co) , with y = 1 when x = 1. 

3. / + y tan x = sin 2x on (-|w, |tt), with y = 2 when x = 0. 
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4. If a strain of bacteria grows at a rate proportional to the amount present and if the population 
doubles in one hour, by how much will it increase at the end of two hours? 

5. A curve with Cartesian equation y = f(x) passes through the origin. Lines drawn parallel to 

the coordinate axes through an arbitary point of the curve fomr a rectangle with two sides on 

the axes. The curve divides every such rectangle into two regions A and II, one of which has an 

area equal to n times the other. Find the function f. 

6. (a) Let u be a nonzero solution of the second-order equation y” + P(x)y' + Q(x)y = 0. 

Show that the substitution y = uv converts the equation 

y" + P(x)y + Q(x)y = R(x) 

into a first-order lineal' equation for v' . 

(b) Obtain a nonzero solution of the equation y" — Ay' + .Y 2 (y , — 4v) = 0 by inspection and 
use the method of part (a) to find a solution of 

y" — Ay + x 2 (y ? — Ay) = 2xe~ * 3/3 

such that y = 0 and y' = 4 when x = 0 . 

Linear equations of second order with constant coefficients. In each of Exercises 7 through 10, find 
all solutions on ( — oo, + oo). 

7. y" -Ay =o. 9. y"-2y + 5j> = 0. 

8. y” + Ay = 0. 10. y" + 2y' + y = 0. 

11. Find all values of the constant k such that the differential equation y” + ky = 0 has a nontrivial 
solution y = f k (x) for which&(0) = f k ( 1) = 0. For each permissible value of k, determine the 
corresponding solution y = f k (x) . Consider both positive and negative values of k. 

12. If (a, b) is a given point in the plane and if m is a given real number, prove that the differential 
equation y" + k 2 y = 0 has exactly one solution whose graph passes through (a, b) and has 
slope m there. Discuss separately the case k = 0. 

13. In each case, find a linear differential equation of second order satisfied by iq and U .,. 

(a) «! (x) = e x , ufx) = e~ x . 

(b) ufx) = e 2x , u 2 (x) = xe 2x . 

(c) ufx) = e~ xl2 cos x, ufx) = e~ xl2 sin x. 

(d) ufx) = sin (2x + 1), u 2 (x) = sin (2x + 2). 

(e) iqfx) = cosh x, u 2 (x) = sinh x . 

14. A particle undergoes simple harmonic morion. Initially its displacement is 1, its velocity is 1 
and its acceleration is — 12. Compute its displacement and acceleration when the velocity is V8. 


6.4 Linear differential equations of order n 

A linear differential equation of order n is one of the form 

(6.6) P a (x)y (n) + Pfx)y {n - 1] + • • • + p n (x)y = R(x) , 

The functions , P x , . . . , P n multiplying the various derivatives of the unknown function 
y are called the coefficients of the equation. In our general discussion of the linear equation 
we shall assume that all the coefficients are continuous on some interval J. The word 
“interval” will refer either to a bounded or to an unbounded interval. 
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In the differential equation (6.6) the leading coefficient P 0 plays a special role, since it 
determines the order of the equation. Points at which P,(x) = 0 are called singular points 
of the equation. The presence of singular points sometimes introduces complications that 
require special investigation. To avoid these difficulties we assume that the function P u 
is never zero on J. Then we can divide both sides of Equation (6.6) by P 0 and rewrite the 
differential equation in a form with leading coefficient 1. Therefore, in our general dis¬ 
cussion we shall assume that the differential equation has the form 

(6.7) y {n) + P l {x)y {n - 1) + • • • + PJx)y = R (x). 

The discussion of linear equations can be simplified by the use of operator notation. Let 
#(, J ) denote the linear space consisting of all real-valued functions continuous on an interval 
J. Let 'd n (J) denote the subspace consisting of all functions f whose first n derivatives 
f,f", ■ . . ,/ (n * exist and are continuous on J. Let P 1 , . . . , P n be n given functions in 
ft(J) and consider the operator L: 1o n (J) V(J) given by 

L(j) —f <”> + <n-i) + ■ • • + PJ. 

The operator L itself is sometimes written as 

L = D n + + •••+ P n , 

where D k denotes the kth derivative operator. In operator notation the differential equation 
in (6.7) is written simply as 

(6.8) L(y) = R. 

A solution of this equation is any function y in ^"(J) which satisfies (6.8) on the interval J. 

It is easy to verify that L{}\ + y 2 ) = L(y x ) + L(y 2 ) , and that L(cy) = cL(y ) for every 
constant c. Therefore L is a linear operator. This is why the equation L(y) = R is referred 
to as a linear equation. The operator L is called a linear differential operator of order n. 
With each linear equation L(y) — R we may associate the equation 

L(y) = 0, 

in which the right-hand side has been replaced by zero. This is called the homogeneous 
equation corresponding to L(y) = R. When R is not identically zero, the equation L(y) = R 
is called a nonhomogeneous equation. We shall find that we can always solve the non- 
homogeneous equation whenever we can solve the corresponding homogeneous equation. 
Therefore, we begin our study with the homogeneous case. 

The set of solutions of the homogeneous equation is the null space N(L) of the operator 
L. This is also called the solution space of the equation. The solution space is a subspace 
of f' n (J). Although f n (J) IS infinite-dimensional, it turns out that the solution space N(L) 
is always finite-dimensional. In fact, we shall prove that 


(6.9) 


dim N(L) = n 
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where n is the order of the operator L. Equation (6.9) is called the dimensionality theorem 
for linear differential operators. The dimensionality theorem will be deduced as a conse¬ 
quence of an existence-uniqueness theorem which we discuss next. 


6.5 The existence-uniqueness theorem 

THEOREM 6.3. EXISTENCE-UNIQUENESS THEOREM for LINEAR EQUATIONS OF order /7. Let 

P\, Pi ,.. ■ , ? n be continuous functions on an open interval J, arid let L be the linear differ¬ 
ential operator 

L = D n + P ,/)' 1 - 1 + ■•■+?„. 

If x 0 eJ and ifk Q ,k lt ..., k n _ x are n given real numbers, then there exists one and only one 
function y = f(x) which satisfies the homogeneous differential equation L(y) = 0 on J and 
which also satisfies the initial conditions 

f(x 0 ) = k 0 ,f'(x 0 ) — ki .... , f (n_ 1 ) (x 0 ) = /c„„!. 

Note: The vector in n-space given by (f(x 0 ),f'(x 0 ), . . . ,/ < ” _ 1 , (x 0 )) is called the 
initial-value vector off at x () , Theorem 6.3 tells us that if we choose a point x 0 in J and 
choose a vector in n-space, then the homogeneous equation L(y) = 0 has exactly one 
solution y = f (x) on J with this vector as initial-value vector at x 0 . For example, when 
n = 2 there is exactly one solution with prescribed value f(x 0 ) and prescribed derivative 
f'(x 0 ) at a prescribed point jt 0 . 

The proof of the existence-uniqueness theorem will be obtained as a corollary of more 
general existence-uniqueness theorems discussed in Chapter 7. An alternate proof for the 
case of equations with constant coefficients is given in Section 7.9. 


6.6 The dimension of the solution space of a homogeneous linear equation 

theorem 6 . 4 . dimensionality theorem. Let L \^ n ( J ) —*■ ( J ) be a linear differential 

operator of order n given by 

(6.10) L = D n + P 1 D"-' 1 + • • ■ + P n • 

Then the solution space of the equation L(y) = 0 has dimension n. 

Proof, Let V n denote the n-dimensional linear space of n-tuples of scalars. Let T be the 
linear transformation that maps each function f in the solution space N(L) onto the initial- 
value vector off at x 0 , 

p(f) = (Axo)j'(x 0 ),...,r n -»( Xo )), 

where x 0 is a fixed point in J. The uniqueness theorem tells us that T (f) =0 implies f = 0. 

Therefore, by Theorem 2.10, T is one-to-one on N(L). Hence T -1 is also one-to-one and 
maps V„ onto N(L)!, and Theorem 2.11 shows that dim N(L) = dim V n = n ■ 
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Now that we know that the solution space has dimension n, any set of n independent 
solutions will serve as a basis. Therefore, as a corollary of the dimensionality theorem we 
have : 

theorem 6.5. Let L: r € n (J) —> V(J) be a linear differential operator of order n. If u 1; . . . , 

u n are n independent solutions of the homogeneous differential equation L(y) = 0 on J. then 

every solution y = f (x) on J can be expressed in the form 

(6.H) /w=iw*)> 

k= i 

where c 1 ,. . . , c n are constants. 

Note; Since all solutions of the differential equation L(y) = 0 are contained in formula 
(6.1 I), the linear combination on the right, with arbitrary constants cq, . . . , c„ is 

sometimes called the general solution of the differential equation. 

The dimensionality theorem tells us that the solution space of a homogeneous linear 
differential equation of order n always has a basis of n solutions, but it does not tell us how 
to determine such a basis. In fact, no simple method is known for determining a basis of 
solutions for every linear equation. However, special methods have been devised for 
special equations. Among these are differential equations with constant coefficients to 
which we turn now. 

6.7 The algebra of constant-coefficient operators 

A constant-coefficient operator A is a lineal' operator of the form 

(6.12) A = a 0 D n + a 1 D n ~ 1 + • • • + a^D + a„ 

where D is the derivative operator and a,, a,, ..., a, are real constants. If a, 5 £ 0 the 
operator is said to have order n. The operator A can be applied to any function y with n 
derivatives on some interval, the result being a function A(y) given by 

A(y) = a 0 y {n) + a ff' 1 - 1 ' + • • • + a„_i/ + a n y . 

hi this section, we restrict our attention to functions having derivatives of every order on 

(—co, + co). The set of all such functions will be denoted by and will be refened to as 
the class of infinitely differentiable functions. If y e 'if 00 then A(y) is also in ( S a> . 

The usual algebraic operations on linear transformations (addition, multiplication by 
scalars, and composition or multiplication) can be applied, in particular, to constant- 
coefficient operators. Let A and B be two constant-coefficient operators (not necessarily 
of the same order). Since the sum A + B and all scalar multiples IA are also constant- 
coefficient operators, the set of all constant-coefficient operators is a lineal' space. The 
product of A and B (in either order) is also a constant-coefficient operator. Therefore, 

sums, products, and scalar multiples of constant-coefficient operators satisfy the usual 
commutative, associative, and distributive laws satisfied by all linear transformations. 
Also, since we have D r D s = D S D T for all positive integers r and s, any two constant- 

coefficient operators commute; AB = BA . 
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With each constant-coefficient operator A we associate a polynomial p A called the 
characteristic polynomial of A. If A is given by (6.12), p t is that polynomial which has the 
same coefficients as A. That is, for every real r we have 

p A (r) = a 0 r” + off'- 1 +••• + a,. 

Conversely, given any real polynomial p, there is a corresponding operator A whose 
coefficients are the same as those ofp. The next theorem shows that this association 
between operators and polynomials is a one-to-one correspondence. Moreover, this 
correspondence associates with sums, products, and scalar multiples of operators the 
respective sums, products, and scalar multiples of their characteristic polynomials. 

theorem 6.6. Let A and B denote constant-coefficient operators with characteristic 
polynomials p A and p B , respectively, and let A be a real number. Then we have: 

(a ) A = B if and only ifp A =p B , 

(b) Pa+b — Pa + Pb> 

(c) Pab — Pa'Pb’ 

(d) PvPxa * "Pa ■ 


Proof. We consider pail (a) first. Assume/^ = p B . We wish to prove that A(y) = B(y) 

for every y in < t? co . Since p A = p B , both polynomials have the same degree and the same 

coefficients. Therefore A and B have the same order and the same coefficients, so A(y) = 
B(y) for every y in 'if 00 . 

Next we prove that A = B implies p A = p B . The relation A = B means that A(y) = B(y) 

for every y in f “, Take y = e rx , where r is a constant. Since yM = r k e rx for every k > 0, 

we have 

A (}’) = PA( r )e rl and B(y) = p B (r)e ". 

The equation A(y) = B(y) implies p A (r) = p B lf). Since r is arbitrary we must have 
Pa = Pb ■ This completes the proof of part (a). 

Parts (b), (c), and (d) follow at once from the definition of the characteristic polynomial. 

From Theorem 6.6 it follows that every algebraic relation involving sums, products, and 
scalar multiples of polynomials p A and p B also holds for the operators A and B. In 
particular, if the characteristic polynomial p A can be factored as a product of two or more 
polynomials, each factor must be the characteristic polynomial of some constant-coefficient 
operator, so, by Theorem 6.6, there is a corresponding factorization of the operator A. 
For example, \ip A (t) = p B (r)p ( .(r), then A = BC. If p A {r) can be factored as a product of 
tl linear factors, say 

(613) p A (r) = a 0 (r - r^r - r 2 ) ■ • > (r - /•„), 

the corresponding factorization of A takes the form 

A = a 0 (D - r^D - rf) • * • (D - r n ). 
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The fundamental theorem of algebra tells us that every polynomial pffr) of degree 
n > 1 has a factorization of the form (6.13), where r 1 , r 2 , . . . , r n are the roots of the equa¬ 
tion. 


PaW = 0 , 


called the characteristic equation of A. Each root is written as often as its multiplicity 
indicates. The roots may be real or complex. Since pfff) has real coefficients, the complex 
roots occur in conjugate pairs, a + if, a — iff if fi ^ 0. The two linear factors 
corresponding to each such pair can be combined to give one quadratic factor r 2 — 2a r + 
a 2 + /l 2 whose coefficients are real. Therefore, every polynomial PaD) can be factored as 
a product of linear and quadratic polynomials with real coefficients. This gives a corre¬ 
sponding factorization of the operator A as a product of first-order and second-order 
constant-coefficient operators with real coefficients. 

example I. Let A = D 2 — 5D + 6. Since the characteristic polynomial p fr) has the 
factorization r 2 — 5r + 6 = (r — 2)(r — 3), the operator A has the factorization 

D 2 -5D + 6 = (D - 2)(D - 3). 

example 2. Let A = D i — 2D' 1 + 2D 2 — 2D + 1. The characteristic polynomial p ffr) 
has the factorization 

r 4 — 2 r 2 + 2r 2 — 2r + 1 = (r — l)(r — 1)(/- 2 + I), 
so A has the factorization A = (D — 1)(D — 1 ){D 2 + 1) . 


6.8 Determination of a basis of solutions for linear equations with constant coefficients 
by factorization of operators 

The next theorem shows how factorization of constant-coefficient operators helps us to 
solve linear differential equations with constant coefficients. 


theorem 6.1. Let L be a constant-coefficient operator which can be factored as a product 
of constant-coefficient operators, say 


L - A x A 2 ' ' ' A k . 

Then the solution space of the linear differential equation L(y) = 0 contains the solution space 
of each differential equation A f y) = 0. In other words, 

(6.14) N(Af) c N(L) foreachi- 1,2 ,. . . , k. 

Proof. If u is in the null space of the last factor A, we have A,(u) = 0 so 

L(u) = (AA • 1 • A,)(u) = (A, . " A k _f)A k {u) = (A, • • • A^ffO) = 0. 
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Therefore the null space of L contains the null space of the last factor A,. But since 
constant-coefficient operators commute, we can rearrange the factors so that any one of 
them is the last factor. This proves (6.14). 

If L(u) = 0, the operator L is said to annihilate u. Theorem 6.7 tells us that if a factor 
of L annihilates u, then L also annihilates u. 

We illustrate how the theorem can be used to solve homogeneous differential equations 
with constant coefficients. We have chosen examples to illustrate different features, 
depending on the nature of the roots of the characteristic equation. 

CASE I. Real distinct roots. 

example 1. Find a basis of solutions for the differential equation 

(6.15) (D 3 -ID + 6)>> = 0. 

Solution. This lhas the form L(y) =0 with 

L = D 3 - ID + 6 = (D - 1 )(D - 2)(D + 3). 

The null space of D — 1 contains Ui(x) = e x , that of D — 2 contains W 2 (x) = e2x ■> an< J that 
of D + 3 contains U 3 (x) = e~ Sx . In Chapter 1 (p. 10) we proved that u 1 , u 2 , Mg are inde¬ 
pendent. Since three independent solutions of a third order equation form a basis for the 
solution space, the general solution of (6.15) is given by 

Y = c k e x + c 2 e 2x + c 3 e~ 3 *. 

The method used to solve Example 1 enables us to find a basis for the solution space of 
any constant-coefficient operator that can be factored into distinct linear factors. 

theorem 6.8. Let L be a constant coefficient operator whose characteristic equation 
p L (r ) = 0has n distinct real rootsr u r 2 ,..., r n . Then the general solution of the differential 
equation L(y) =0 on the interval (- oo, + oo) is given by the formula 

(6.16) y = i c k e rkX ■ 

k =1 

Proof. We have the factorization 

L = a 0 (D - /r)(Z> ~r 2 )-"(D - r n ). 

Since the null space of (D — r k ) contains U k (x) — e nx , the null space of L contains the n 
functions 


(6.17) 


ufx) = 


u 2 (x) = e rtx ,. .., u,(x) = e TnX . 
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In Chapter 1 (p. 10) we proved that these functions are independent. Therefore they form 
a basis for the solution space of the equation L(y) = 0, so the general solution is given by 
(6.16). 

CASE II. Real roots, some of which are repeated. 

If all the roots are real but not distinct, the functions in (6.17) are not independent and 
therefore do not form a basis for the solution space. If a root r occurs with multiplicity m, 
then (D - r) m is a factor of L. The next theorem shows how to obtain m independent 
solutions in the null space of this factor. 

THEOREM 6.9. Them Junctions 

ufx) = e rx , u 2 (x) = xe rx , . . . , u,(x) = x m ~ 1 e TX 

are m independent elements annihilated by the operator (D — r) m . 

Proof. The independence of these functions follows from the independence of the 
polynomials 1, x, x 2 , . . . , x m_1 . To prove that u x , u 2 , ... , u m are annihilated by (D — r) m 
we use induction on m. 

If m = 1 there is only one function, ufx) = e TX , which is clearly annihilated by (D — r) ■ 
Suppose, then, that the theorem is true for m — 1. This means that the functions ll L , ... , 
U m _i are annihilated by (D — r) m_1 . Since 

(D - r) m = (D ~ r)(D - r ) m ~ J 

the functions iq , . . . . U m _ 1 are also annihilated by (D — r)" . To complete the proof we 
must show that (D — r) m annihilates u m ■ Therefore we consider 

(D - r) m u m =(D - r) m ~\D - r)(x m ~ 1 e rx ). 

We have 

(.D - r)(jc m -V*) = D(x m ~ 1 e rx ) - rx m ~'e TX 

= (m — l)x m ~ 2 e rx + x m_1 re ra — rx m ~ 1 e rx 
= (m — l)x m ~ 2 e rz = (m — l)« m _i(x). 

When we apply (D — r)™ -1 to both members of this last equation we get 0 on the right 
since (D — z-)™ -1 annihilates u m _ 1 . Hence (D — r) m U m = 0 so U m is annihilated by 
(D ~ r) m . This completes the proof. 

example 2. Find the general solution of the differential equation L(y) = 0, where 

L = D 3 — Z) 2 — 8Z) + 12. 


Solution. The operator L has the factorization 


L = (D - 2) 2 (D + 3). 
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By Theorem 6.9, the two functions 

Hi(jt) = e 2x , u 2 (x) = xe 2x 

are in the null space of f D — 2 ) 2 . The function W 3 (x) = e~' lx is in the null space of (D + 3). 
Since w 1; ll 2 , w 3 are independent (see Exercise 17 of Section 6.9) they form a basis for the 
null space of L, so the general solution of the differential equation is 

y = c x e 2x + c 2 xe 2x + c 3 e- 3x . 

Theorem 6.9 tells us how to find a basis of solutions for any nth order linear equation 
with constant coefficients whose characteristic equation has only real roots, some of which 
are repeated. If the distinct roots are r x . r 2 , ■ . . , r k and if they occur with respective 
multiplicities ni l , m 2 , . . . , m k , that part of the basis corresponding to r v is given by the m p 
functions 

u a,p( x ) = x q ~ 1 e r “ x , where q= 1,2 , , m p . 

As P takes the values 1,2, . . . , k we get m 1 + • ■ • + m k functions altogether. In Exercise 
17 of Section 6.9 we outline a proof showing that all these functions are independent. Since 
the sum of the multiplicities m 1 + • ' • + m k is equal to n, the order of the equation, the 
functions ij, q fomi a basis for the solution space of the equation. 

example 3. Solve the equation (Z) G + 2D 3 — 2D 3 — D 2 )y = 0. 

Solution. We have D 6 + 2D 5 — 2D 3 —• D 2 = D 2 (D — 1 )(D + l) 3 . The part of the 
basis corresponding to the factor D 2 is u^x) = 1, u 2 (x) = x ; the pait corresponding to 
the factor (D — 1) is U 3 (x) = e x and the part con'esponding to the factor (D + l) 3 is 
m 4 (.v) = e~ x , W 5 (x) = Xe~ x , U ri (x) = x 2 e~ x . The six functions u y , .... u 6 are independent 
so the general solution of the equation is 

y = c y + c 2 x + c z e x + (c 4 + c h x + c$x 2 )e~ x . 

CASE III. Complex roots. 

If complex exponentials are used, there is no need to distinguish between real and complex 
roots of the characteristic equation of the differential equation L(y) = 0. If real-valued 
solutions are desired, we factor the operator L into linear and quadratic factors with real 
coefficients. Each pair of conjugate complex roots a + //J, (X — (j? corresponds to a 
quadratic factor, 

(6.18) D 2 - 2a.D + a 2 + ft*. 

The null space of this second-order operator contains the two independent functions 
u(x) = e ax cos fix and v(x) = e 7 ' x sin fix. If the pair of roots a ± //3 occurs with multi¬ 
plicity m, the quadratic factor occurs to the mth power. The null space of the operator 


[D 2 - 2<xD + a 2 + |S 2 ] m 
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contains 2m independent functions, 

u Q (x ) = COS fix , V t (x ) = X 5- V* sin fix, q = l, 2 , . . . , m. 

These facts can be easily proved by induction on m. (Proofs are outlined in Exercise 20 
of Section 6.9.) The following examples illustrate some of the possibilities. 

example 4. y"' — 4 y" + 13 y' = 0. The characteristic equation, r 3 — 4r 2 + 13 r - 0, 
has the roots 0, 2 i 3i; the general solution is 

y = Cj + e 2x (c 2 cos 3x + c 3 sin 3x). 

example 5. y" 1 — 2 y" + Ay' — 8_y = 0 . The characteristic equation is 

r 3 — 2r 2 + 4r — 8 =(r — 2)(r 2 + 4) = 0 ; 

its roots are 2, 2/, —2 i, so the general solution of the differential equation is 

y = c x e 2x + c 2 cos 2x + c 3 sin 2x. 

example 6. jp (5) — 9y (4) + 34_y'" — 66^" + 65 y' — 25^ = 0. The characteristic equation 
can be written as 

(r - l)(r 2 - 4r + 5) 2 = 0 ; 

its roots are 1, 2 i /, 2 i so the general solution of the differential equation is 
y = c x e x + e 2x [{c 2 + c 3 x) cos x + (c 4 + C 5 x) sin x] . 

6.9 Exercises 

Find the general solution of each of the differential equations in Exercises 1 through 12. 

1. y”’ - 2 y" - 3/ = 0. V. / 4> + 16_y = 0. 

2. y’” — y =o. 8. y’” - y = o . 

3. y'" + Ay" + 4/ = 0. 9. y< 4) + 4 f + 8 y" + 8 y + 4y = 0. 

4. y”’ — 3_y" + 3 y' — y — 0. 10. j <4 * + 2 y" + y = 0. 

5. _y (4) + Ay" + 6_y" + 4y' + y = 0. 11. }' (6) + 4_y (1) + Ay" = 0. 

6- y < 4 > - 16 y = 0. 12. y 6 » + 8/ 4) + 16 y" = 0. 

13. If m is a positive constant, find that particular solution y =f(x) of the differential equation 

y — my + — mry = 0 

which satisfies the condition/(0) = /'(0) = 0,/"(0) = 1 ■ 

14. A lineal' differential equation with constant coefficients has characteristic equation fir) = 0. 
If all the roots of the characteristic equation are negative, prove that every solution of the differ¬ 
ential equation approaches zero as x -*■ + <x>. What can you conclude about the behavior of all 
solutions on the interval [0, + oo) if all the roots of the characteristic equation are nonpositive? 
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1.5. In each case, find a linear differential equation with constant coefficients satisfied by all the 
given functions. 


(a) 

ufx) = 


« 2 (x) = e x , u 3 (x) = e 2x , 

Ui(x) = 

e -2 *. 

(b) 

ufx) = 

e~ 2x , 

« 2 (x) = xe ~ 2x , u 3 (x) = x 2 e 

,—2x 


(c) 

«iW = 

1 , 

u 2 (x) = X, u 3 (x) = e x , u t (x) - xe 

r. 

(d) 

«iW = 

X, 

ufx) = e x , u 3 (x) = xe x . 



(e) 

ufx) = 

X 2 , 

ufx) = e x , u 3 (x) = xe x . 



(f) 

«iW = 

e 2 * cos 3x, k 2 (x) = e 2 * sin 3x, 

u 3 (x) = 

e~ 2x , « 4 (x) = xe ^. 

(g) 

«iW = 

cosh 

x, « 2 (x) = sinh x, u 3 (x) = 

x cosh x 

, « 4 (x) = x sinh x ■ 

(h) 

«iW = 

cosh 

x sin x, u 3 (x) = sinh x cos x, 

u 3 (x) 

= X. 

Let 


, r n be 

tl distinct real numbers, and let Q x , 

.. . , Q, 

be tl polynomials, none of which 


is the zero polynomial. Prove that the n functions 

«i(4 = Qi(x)e r ' x , .... u,(x) = Q n (x)e v - 


are independent. 

Outline of proof. Use induction on n. For n = 1 and n = 2 the result is easily verified. 
Assume the statement is true for n = p and let ty, . . . , c P+1 be p + 1 real scalars such that 

P+1 

2 c kQk(x)e rkX = 0 . 

k=l 

Multiply both sides by e~ r v+i x and differentiate the resulting equation. Then use the induction 
hypothesis to show that all the scalars c k are 0. An alternate proof can be given based on order 

of magnitude as x -> + cc, as was done in Example 7 of Section 1.7 (p. 10). 

17. Let m 1 , m 2 ,.. . , m k be k positive integers, let r lt r 2 , • • ■ / r k be fc distinct real numbers, and 

letn = m 1 + ■ ■ ■ + ntjc. For each pair of integersp, q satisfying 1 < p < k , 1 < q < , let 

U,„(x) = y?~ x e r »*. 


For example, when p = 1 the corresponding functions are 


« u (i) = e r i x , « 2 ,iW = xe T i x , 


“m 1 ,iW= x m i Vi*. 


Prove that the n functions u Q V so defined are independent. [Hint: Use Exercise 16.] 

18. Let I be a constant-coefficient linear differential operator of order tl with characteristic poly¬ 
nomial p(r). Let L' be the constant-coefficient operator whose characteristic polynomial is the 
derivative p’(r). For example, if L = 2D 2 - 3D + 1 then L' = AD — 3. More generally, 
define the mth derivative L ,H!) to be the operator whose characteristic polynomial is the mth 
derivative p^ n) (r). (The operator should not be confused with the mth power L m .) 

(a) If u has n derivatives, prove that 


n 

L(«) =2 


0) 


k\ 




(b) If u has n — m derivatives, prove that 


ST D {k+m) (0) 

L im) (u) = 2^ ——— u ik] for m = 0, 1 , 2 , ;.., n. 


where L (0) =: L. 
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19. Refer to the notation of Exercise 18- If u and v have n derivatives, prove that 


n 

L{uv) =2 


L {k] (u) 
k\ ' 


m 


[Hint: Use Exercise 18 along with Leibniz’s formula for the kth derivative of a product: 

( uvf k) = 2 (J)« (i:_r) y (r) .] 

r=0 


20. (a) Let p(t) = q(t)?(t), where q and r are polynomials and m is a positive integer. Prove that 
p’(t) = ^r(r) m- 1 j(?) , where 5 is a polynomial. 

(b) Let L be a constant-coefficient operator which annihilates u, where u is a given function of 

x . Let M = L m , the mth power of L, where m > 1. Prove that each of the derivatives M’, 
M", ■ ■ ■, also annihilates u. 

(c) Use part (b) and Exercise 19 to prove that M annihilates each of the functions u, xu, . . . , 
x m ~ 1 u. 

(d) Use part (c) to show that the operator (D 2 — 2a D + a 2 -f ff) m annihilates each of the 
functions x q e xx sin fix and x' J e xx cos /he for q = 1, 2, . . . , m — 1 . 

21. Let L be a constant-coefficient operator of order n with characteristic polynomial p(r). If a 
is constant and if u has n derivatives, prove that 


L(e“ x u(x)) = e x 


pW(tx) 

k\ 


u w (x ). 


6.10 The relation between the homogeneous and nonhomogeneous equations 

We return now to the general linear differential equation of order n with coefficients that 
are not necessarily constant. The next theorem describes the relation between solutions of 
a homogeneous equation L(y) = 0 and those of a nonhomogeneous equation L(y) = R(x). 

theorem 6.10. Let L :^f n ( J)—be a linear differential operator of order n. Let u x , ■ ■ ■, 
U n be n independent solutions of the homogeneous equation L(y) = 0 , and let y 1 be a particular 
solution of the nonhomogeneous equation L(y) = R. where R £ V(J). Then every solution 
y = f (x) of the nonhomogeneous equation has the form 


(6.19) f(x) = jqO) +2c*W, 

k =1 

where C 1; . . . , C n are constants. 

Proof. By linearity we have L(f — yf) = L(f) — L(y } ) = R — R == 0. Therefore 
f — Ti is in the solution space of the homogeneous equation L(y) = 0, so / — is a linear 
combination of Mi, ... , u n , sayf — y x — c 1 u 1 + . . • + c n u n . This proves (6.19). 

Since all solutions of L(y) = R are found in (6.19), the sum on the right of (6.19) (with 
arbitrary constants cq, C 2 , • • ■ , c,) is called the general solution of the nonhomogeneous 
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equation. Theorem 6.10 states that the general solution of the nonhomogeneous equation 
is obtained by adding toy, the general solution of the homogeneous equation. 

Note: Theorem 6.10 has a simple geometric analogy which helps give an insight into 
its meaning. To determine all points on a plane we find a particular point on the plane 
and add to it all points on the parallel plane through the origin. To find all solutions of 
L(y) = R we find a particular solution and add to it all solutions of the homogeneous 
equation L(y) = 0. The set of solutions of the nonhomogeneous equation is analogous 
to a plane through a particular point. The solution space of the homogeneous equation 
is analogous to a parallel plane through the origin. 

To use Theorem 6.10 in practice we must solve two problems: (1) Find the general 
solution of the homogeneous equation L(y) = 0, and (2) find a particular solution of the 
nonhomogeneous equation L(y) = R. In the next section we show that we can always 
solve problem (2) if we can solve problem (1). 


6.11 Determination of a particular solution of the nonhomogeneous equation. The method 
of variation of parameters 

We turn now to the problem of determining one particular solution y 1 of the nonhomo¬ 
geneous equation L(y) = R . We shall describe a method known as variation ofparameters 
which tells us how to determine y 1 if we know fl independent solutions tq, . . . , u n of the 
homogeneous equation L(y) = 0. The method provides a particular solution of the form 

(6.20) Ji = V\U X + --- + v n U n , 

wherev,, . . . . V n arc functions that can be calculated in terms of tq , . . . , U n and the right- 
hand member R. The method leads to a system of tl linear algebraic equations satisfied by 
the derivatives v[, , v' . This system can always be solved because it has a nonsingular 

coefficient matrix. Integration of the derivatives then gives the required functions v 1 , . . . , 
v, . The method was first used by lohann Bernoulli to solve linear equations of first order, 
and then by Lagrange in 1774 to solve lineal' equations of second order. 

For the nth order case the details can be simplified by using vector and matrix notation. 
The right-hand member of (6.20) can be written as an inner product. 

(6.21) y 1 = (v,u), 

where v and u are n-dimensional vector functions given by 

v =( Vl , , , , ,V n ), H = (tq, . . . , W„). 

We try to choose v so that the inner product defining y x will satisfy the nonhomogeneous 
equation L(y) = R, given that L(u) = 0, where L(u) = (L(tq), . . . , L(uJ). 

We begin by calculating the first derivative of y x . We find 


( 6 . 22 ) 


y'i = ( V, U') + ( V u ). 
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We have n functions V i , . . . ,V n to determine, so we should be able to put n conditions on 
them. If we impose the condition that the second term on the right of (6.22) should vanish, 
the formula for y' simplifies to 

y[ =: (v, u ') , provided that (v’, u) = 0. 

Differentiating the relation for y' we find 

yl = (v, u") + (v’, u’) . 

If we can choose v so that (v , U ) = 0 then the fomiula for _y” also simplifies and we get 
y'l = (v, u”)) provided that also (v’, u’) = 0. 

If we continue in this manner for the first n — 1 derivatives of y 1 we find 

j4" -1) = (d, m ( " - 1) )^ provided that also (v\ u ( ”~ 2> ) = 0. 

So far we have put n — 1 conditions on v. Differentiating once more we get 

y[ n) = (v, u (n> ) + (v\ U <n ~ 1> ). 

This time we impose the condition (v’, n (n_1) ) = R(x), and the last equation becomes 
y[ n) = (v, u' n) ) + R(x), provided that also (v\ u (n ~ 1> ) = R(x). 

Suppose, for the moment, that we can satisfy the n conditions imposed on v. Let L = 
D" + Pj(x)D" _1 P,(x). When we apply L to y 1 we find 

Ufi) = + P 1 (x)yl n ~ 1) +...+ P n (x) yi 

= {(L u (n) ) + R(x)} + Pi(x)(v, u {n - 1] ) + . . . + P n (x)(V, u) 

= (v, L(u)) + R(x) = (v, 0) + R(x) = R(x). 

Thus L(j’j) = R(x), so y x is a solution of the nonhomogeous equation. 

The method will succeed if we can satisfy the n conditions we have imposed on v. These 
conditions state that (v\ u w ) = 0 for k = 0, 1, . . . ,n — 2, and that (v\ u fn ~ 1} ) = R(x). 

We can write these n equations as a single matrix equation, 

0 

W(x)v'(x) = R(x) ^ , 

1 


(6.23) 
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where v’(x) is regarded as an n x 1 column matrix, and where W is the n x n matrix 
function whose rows consist of the components of U and its successive derivatives: 


u i u 2 •-' u n 

u[ u 2 • • • u' n 




u 


(n— 1 ) 

n 


The matrix W is called the Wronskian matrix of u x , . . 


(1778-1853). 

In the next section we 
we can multiply both sides 


shall prove that the Wronskian 
of (6.23) lb* Mx) 1 to obtain 


UK 


R(x)W{. 


op 

1 


, u n , after J. M. H. Wronski 
matrix is nonsingular. Therefore 


I 


Choose two points c and x in the interval J under consideration and integrate this vector 
equation over the interval from c to x to obtain 


where 


t)(x) = v(c ) + Ji?(<)IT(t) 1 


dt = v(c) + z(x). 


0 


Z (x) =jmw(tr i 


0 

1 


dt. 


The formula y x = (u, v) for the particular solution now becomes 

>h - (m, v ) - ( u, v(c) + z) - (u, v(c)) + (u, z). 


The first temr (u, v(c)) satisfies the homogeneous equation since it is a linear combination of 
U lt . . . ,u n . Therefore we can omit this term and use the second term (u, z) as a particular 
solution of the nonhomogeneous equation. In other words, a particular solution of 
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L(y) = R is given by the inner product 

(u(x), z(x)) = |w(x), £ R(t)W(tff 0 


dt) . 


Note that it is not necessary that the function R be continuous on the interval J. All that is 
required is that R be integrable on [c, x]. 

We can summarize the results of this section by the following theorem. 


theorem 6.11. Let u t ,u n be n independent solutions of the homogeneous nth order 
linear differential equation L,(y) =Oon an interval J. Then a particular solution y 1 of the 
nonhomogeneous equation L(y) = R is given by the formula 

n 

yi(x) - 2 u k(x)v k (x), 

*=i 

where v lf ...,v n are the entries in then x 1 column matrix v determined-by the equation 


(6.24) 


v (x) = Uomo - 1 

Jc 


dt. 


In this formula, W is the Wronskian matrix ofu lt ...,u n , and c is any point in J. 
Note: The definite integral in (6.24) can be replaced by any indefinite integral 

To' 

R{x)W(xY l \ ■ dx. 


1 

* 


example 1. Find the general solution of the differential equation 


on the interval (— oo, + co). 

Solution. The homogeneous equation, (D 2 — 1 )y = 0 has the two independent solutions 
iq (x) — e x , U 2 (x) = e~ x ■ The Wronskian matrix of u 1 and u 2 is 
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Since det 1/1/ (x) = -2, the matrix is nonsingular and its inverse is given by 


Therefore 


and we have 


W{x)~'=- - 


W(x)- 


—e~ x —e~ x 
-e x e x 


'O' 

1 


_ 1 _ 

~ ~2 

e x 


-e 


KOcMx^uJ \ l+ t e 

Integrating each component of the vector on the right we find 


1 + e x 

—e x 
.1 + e* 


"■to = SfT~/ x = /( r *”i + TT7*) dx " - e ~’" x + + *■> 

and 

CjOO = J dx = 4 °g C 1 + O- 

Therefore the general solution of the differential equation is 


y = CiWi(x) + C 2 u 2 (x) + vfxjufx) + v 2 (x)u 2 (x) 

= c x e x + c 2 e~ x — 1 — xe x + (e x — e~ x ) log (1 + e 1 ) . 


6.12 Nonsingularity of the Wronskian matrix of n independent solutions of a homogeneous 
linear equation 

In this section we prove that the Wronskian matrix 1/1/ of n independent solutions 
u lt ... ,u n of a homogeneous equation L(y) = 0 is nonsingular. We do this by proving 
that the determinant of 1/1/ is an exponential function which is never zero on the interval J 
under consideration. 

Let w(x) = det 1/1/ (x) for each x in J, and assume that the differential equation satisfied 
by u n has the form 

(6.25) + P&y*-” + • • • + P n (x)y = 0. 

Then we have: 

theorem 6.12. The Wronskian determinant satisfies the first-order differential equation 


(6.26) 


w' + = 0 
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on J. Therefore, if c e J we have 

(6.27) w(x) = w(c) exp [ — * P,(t) dt] (Abel'sformula). 

Moreover, w{x) ^ 0 for all x in J. 

Proof. Let u be the row-vector u = (u lt , U n ) . Since each component of U satisfies 
the differential equation (6.25) the same is true of u. The rows of the Wronskian matrix W 
are the vectors u, u’, . . . , w (n_1) . Hence we can write 

w = det W = det (u, u', ... , . 

The derivative of w is the determinant of the matrix obtained by differentiating the last row 
of W (see Exercise 8 of Section 3.17). That is 

w’ ■= det (u, U (n-2) , M (n) ). 

Multiplying the last row of w by Pfx) we also have 

P 1 (x)W = det (u, u\ . . . , w ( " _2) , P l (x)u (n ~ 1) ). 

Adding these last two equations we find 

w’ + Pfx)w = det (u, iA n -V, U w + AWu 1 "- 11 ). 

But the rows of this last determinant are dependent since u satisfies the differential equation 

(6.25) . Therefore the determinant is zero, which means that w satisfies (6.26). Solving 

(6.26) we obtain Abel's formula (6.27). 

Next we prove that w(c) ^ 0 for some c in J. We do this by a contradiction argument. 
Suppose that w(t) = 0 for all t in J. Choose a fixed t in J, say t = t 0 , and consider the 
linear system of algebraic equations 

W(t 0 )X = 0, 

where X is a column vector. Since det W(t 0 ) = 0, the matrix W(t 0 ) is singular so this 
system has a nonzero solution, say X = (c x , . . . , c,) ^ (0, ... , 0) . Using the components 
of this nonzero vector, let / be the linear combination 

fit) = ^uft) + • • • + c n u n (t). 

The function / so defined satisfies L(f) = 0 on / since it is a linear combination of 
U lt . . . , U n . The matrix equation W(t Q )X = 0 implies that 

/(,„)=/ U) = ,, - = />- i) (g = o. 

Therefore f has the initial-value vector 0 at t = t 0 so, by the uniqueness theorem, f is the 
zero solution. This means c 1 = • • • = c n = 0, which is a contradiction. Therefore 
w(t) iA 0 for some t in J. Taking c to be this t in Abel’s formula we see that w(x) ^ 0 for 
all x in J. This completes the proof of Theorem 6.12. 
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6.13 Special methods for determining a particular solution of the nonhomogeneous equation. 
Reduction to a system of first-order linear equations 

Although variation of parameters provides a general method for determining a particular 
solution of L(y) = R , special methods are available that are often easier to apply when the 
equation has certain special forms. For example, if the equation has constant coefficients 
we can reduce the problem to that of solving a succession of linear equations of first order. 
The general method is best illustrated with a simple example. 

example 1. Find a particular solution of the equation 

(6.28) (D - 1)(D - 2)y = xe x+x? . 

Solution. Let u — ^ J_) — 2)y . Then the equation becomes 

(D - 1 )u = xe x+x2 . 

This is a first-order linear equation in U which can be solved using Theorem 6.1. A particular 
solution is 

u = ie x+x2 

Substituting this in the equation u = (D — 2)y we obtain 

(D - 2)y = W +x \ 

a first-order linear equation for y. Solving this by Theorem 6.1 we find that a particular 
solution (withy,(O) = 0) is given by 

y 1 (x)=|e s *;/- < dt. 

Although the integral cannot be evaluated in terms of elementary functions we consider 

the equation as having been solved, since the solution is expressed in terms of integrals of 
familiar functions. The general solution of (6.28) is 

y = c x e x + c 2 e 2x + 2 e2x f e 

6.14 The annihilator method for determining a particular solution of the nonhomogeneous 
equation 

We describe next a method which can be used if the equation L(y) = R has constant 
coefficients and if the right-hand member R is itself annihilated by a constant-coefficient 

operator, say A(R) = 0. In principle, the method is very simple. We apply the operator 

A to both members of the differential equation L(y) = R and obtain a new equation 
AL(y) = 0 which must be satisfied by all solutions of the original equation. Since AL is 
another constant-coefficient operator we can determine its null space by calculating the 
roots of the characteristic equation of AL. Then the problem remains of choosing from 
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this null space a particular function y r that satisfies L(jq) = R. The following examples 
illustrate the process. 

EXAMPLE 1. Find a particular solution of the equation 


( D l — 16 )y = x 4 + x + 1 • 


Solution. The right-hand member, a polynomial of degree 4, is annihilated by the 
operator D 5 , Therefore any solution of the given equation is also a solution of the equation 


(6.29) 


D 5 (D 4 - 16)y = 0. 


The roots of the characteristic equation are 0, 0, 0, 0, 0,2, —2,2/, —2i, so all the solutions 
of (6.29) are to be found in the linear combination 


y 


= <■, 


C 2 X * C 3 X l * CiX- 


+ c R e“ 


c 7 e 


■~ 2x . Co cos 2x . sin 2x. 


We want to choose the c t so that L(y) = x 4 + x + 1, where L — D 4 — 16. Since the last 
four teims are annihilated by L, we can take c 6 = c, = c 8 = c 9 = 0 and try to find 
c L ,. ., . c 5 so that 

L(q T c 2 x + c 3 x 2 + c 4 x 3 + C 5 X 4 ) = x + X + 1 • 


In other words, we seek a particular solution y 1 which is a polynomial of degree 4 satisfying 
L(vi) = x 4 + x + 1 . To simplify the algebra we write 

16y 1 = ax 4 + bx % + cx 2 + dx + e. 

This gives us 16y[ 4) = 24 a, so _fy 4) = 3n/2 . Substituting in the differential equation 
L(y\) = x 4 + x + 1, we must determine a, b, c, d, e to satisfy 

|a - ax 4 - bx 3 - cx 2 -dx - e = x 4 + x + 1. 


Equating coefficients of like powers of x we obtain 


a = - 1 , b = c = 0, d = -1 , e = — f, 
so the particular solution y x is given by 

,, l_ v 4_l_ y _5_ 

yi — iex lax 32 • 

EXAMPLE 2. Solve the differential equation y” — 5 y' +6 y = xe x , 


Solution. The differential equation has the form 
(630) L(y)=R, 
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where R(x) = xe x and L = £> 2 — 5 D + 6. The corresponding homogeneous equation 
can be written as 

(D - 2)(D - 3 )y = 0; 

it has the independent solutions w 1 (x) = e 2x , W 2 (x) = e te . Now we seek a particular 
solution y x of the nonhomogeneous equation. We recognize the function R (x) = xe? 
as a solution of the homogeneous equation 

(D - 1 fy = 0 . 

Therefore, if we operate on both sides of (6.30) with the operator (D — l) 2 we find that any 
function which satisfies (6.30) must also satisfy the equation 

(D - 1) 2 (D - 2 )(D - 3 )y = 0. 

This differential equation has the characteristic roots 1, 1, 2, 3, so all its solutions are to be 
found in the lineal' combination 

y = ae x + bxe x + ce 2x + de Sx , 

where a, b, c, d are constants. We want to choose a, b, c, d so that the resulting solution 
J’l satisfies L(y x ) = xe x ■ Since L(ce 2x + de 3x ) = 0 for eveiy choice of c and d, we need only 
choose a and b so that L{ae x + bxe") = xe x and take c = d = 0. If we put 

= ae" + bxe x , 

we have 

jD(>’i) = fa 4- b)e x + bxe x , D 2 (y 1 ) = (a + 2 b)e x + bxe", 

so the equation ( D 2 — 5 D + 6)^! = xe x becomes 

(2a - 3 bY + 2 bxe x = xe x . 

Cancehng e x and equating coefficients of like powers of x we find a = |, to = 1. Therefore 
y j = \e x + \xe x and the general solution of L(y) = R is given by the formula 

y = c x e 2x + c 2 e 3x + \e x + kxe 2 . 

The method used in the foregoing examples is called the annihilator method. It will 
always work if we can find a constant coefficient operator A that annihilates R. From our 
knowledge of homogeneous linear differential equations with constant coefficients, we know 
that the only real-valued functions annihilated by constant-coefficient operators are linear 
combinations of terms of the form 

X™ - V*, X m_ V*COS^X, X m ~ 1 e aX sin fix , 

where m is a positive integer and a and /i are real constants. The function y = x m ~ 1 e 7X 
is a solution of a differential equation with a characteristic root ot having multiplicity m. 
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Therefore, this function has the annihilator (D a) m . Each of the functions y = 

X m-i e <xx cos anc j y _ X m-i e <tx ^ £} x j s a solution of a differential equation with complex 

characteristic roots a i if , each occurring with multiplicity m, so they are annihilated by 
the operator [D 2 — 2'J. D + (z 2 + jj 2 )]" 1 . For ease of reference, we list these annihilators 
in Table 6.1, along with some of their special cases. 

Table 6.1 


Function 

Annihilator 

x m-l 

y — e xx 

Y = x m ~ 1 e xx 

y = cos fx or y = sin fx 

y = X m ~ 1 cos fx or y = x m_1 sin fix 

y = e xx cos fix or y = e“ sin fix 

y = x m ~ 1 e xx cos fix or y = x m ~ 1 e* x sin fix 

D " . 

D -a 
(D - a) m 
i) 2 + fi 2 
(D 2 + fi 2 ) m 

D 2 - 2a D + (a 2 + fi 2 ) 

[D 2 - 2a D + (a 2 + fi 2 )] m 


Although the annihilator method is very efficient when applicable, it is limited to 
equations whose right members R have a constant-coefficient annihilator. If R(x) has the 
form e x 2 , log x, or tan x, the method will not work; we must then use variation of 
parameters or some other method to find a particular solution. 


6.15 Exercises 


In each of Exercises 1 through 10, find the general solution on the interval (— go 4 - co). 


1. y” -y’ = x 2 . 

2. y" - 4y = e 2x , 

3. y” + iy' = 3xe x . 

4 . y” + 4y = sin x. 

5. y" - 2/ + y = e x + e 2x . 


6 y”’ — y 1 = e x . 

7. y”’ - y' = e x + e~ x . 

8. y"' + 3 y” + 3y' + y = xe ~ x . 

9. y” + v = xe x sin 2x. 

10. j (4) — y = x 2 e~ x ■ 


11. If a constant-coefficient operator A annihilates f and if a constant-coefficient operator B 
annihilates g, show that the product All annihilates f + g . 

12. Let A be a constant-coefficient operator with characteristic polynomial p A . 

(a) Use the annihilator method to prove that the differential equation ,4(y) = e xx has a 
particular solution of the form 

e ax 

yi ‘ m 


if a is not a zero of the polynomial p t . 

(b) If a is a simple zero of p A (multiplicity 1), prove that the equation A(y) = e xx has the 
particular solution 

xe TX 

Jl = P'Jti ' 


(c) Generalize the results of (a) and (b) when a is a zero of p A with multiplicity m. 
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13. Given two constant-coefficient operators A and B whose characteristic polynomials have no 
zeros in common. Let C = AB. 

(a) Prove that every solution of the differential equation C(y) = 0 has the form y = y\ + , 

where AtyJ = 0 and U(y 2 ) = 0. 

(b) Prove that the functions jq and y t in part (a) are uniquely determined. That is, for a 
given y satisfying C(y) = 0 there is only one pair jq, y 2 with the properties in part (a). 

14. If L(y) = y" + ay' + by, where a and b are constants, let f be that particular solution of 

L(y) = 0 satisfying the conditions f(0) = 0 and f(0) = 1 . Show that a particular solution 

of L{y) = R is given by the formula 

JiM = JY(* - t)R(t) dt 

for any choice of c. In particular, if the roots of the characteristic equation are equal, say iq = 
r 2 = m , show that the formula for y,(x) becomes 

yi(x) = e mx \ x (x — t)e~ mi R{t) dt. 

15. Let Q be the operator “multiplication by x.” That is, Q(y)(x) = x . y(x) for each y in class ” 

and each real x. Let Z denote the identity operator, defined by Z(y) = y for each y in ( £ ‘ J . 

(a) Prove that DQ — QD = I. 

(b) Show’that D t Q — QD 2 is a constant-coefficient operator of first order, and determine this 
operator explicitly as a linear polynomial in D. 

(c) Show that D 3 Q — QD 3 is a constant-coefficient operator of second order, and determine 
this operator explicitly as a quadratic polynomial in D. 

(d) Guess the generalization suggested for the operator D n Q — QD n , and prove your result 
by induction. 

In each of Exercises 16 through 20, find the general solution of the differential equation in the 
given interval. 

16. y ” — y = 1/x, (0, A oo). 

17. y" + 4y = sec 2x, \ , 

18. y” — y = sec 3 x — sec x, 

19. y” - 2y + y = e e \e x -l) 2 , (-oo, +oo). 

20. y m - 7 y" + 14y’ — 8/ = log x, (0, + oo). 

6.16 Miscellaneous exercises on linear differential equations 

1. An integral curve y = u(x) of the differential equation y" — 3y' — 4y = 0 intersects an integral 
curve y = v(x) of the differential equation y" + 4 y — 5y = 0 at the origin. Determine the 
functions u and v if the two curves have equal slopes at the origin and if 

hdx)f 5 

ltm——- = -, 

»H.OO «W 6 

2. An integral curve y = u(x ) of the differential equation y” — 4 y + 29 y = 0 intersects an integral 
curve y = v(x) of the differential equation y” + 4 y + 13_y = 0 at the origin. The two curves 
have equal slopes at the origin. Determine u and v if u\nj2) = 1 . 
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3. Given that the differential equation y" -f- 4xy ■+■ Q(x)y = 0 has two solutions of the form 
}\ = u(x) and y% = xu(x), where u(0) = 1 . Determine both u(x) and Q(x) explicitly in terms 
of x. 

4. Let L(y) = y" + Pyy + Pyy . To solve the nonhomogeneous equation L(y) = R by variation 
of parameters, we need to know two linearly independent solutions of the homogeneous 
equation. This exercise shows that if one solution u 1 of L(y) = 0 is known, and if iq is never 
zero on an interval J, a second solution u 2 of the homogeneous equation is given by the formula 

“><‘ r 

where Q(x) = e~^‘ ltx)dx , and c is any point in J. These two solutions are independent on J. 

(a) Prove that the function u 2 does, indeed, satisfy L(y) = 0. 

(b) Prove that (q and h 2 are independent on J. 

5. Find the general solution of the equation 


xy " - 2(x + 1)/ + (x + 2 )y = x 3 e 2 * 

for x > 0, given that the homogeneous equation has a solution of the form y = e mx ■ 

6. Obtain one nonzero solution by inspection and then find the general solution of the differential 
equation 

(/ - 4y’) + xHy' - 4y) = 0. 

7. Find the general solution of the differential equation 


4 x 2 y" + 4 xy — y = 0, 


given that there is a particular solution of the form y = x m for x > 0. 

8. Find a solution of the homogeneous equation by trial, and then find the general solution of the 
equation 

x(l — x)y" — (1 — 2 x)y' + (x 2 — 3x + 1 )y = (1 — x) 3 . 

9. Find the general solution of the equation 

(2x — 3x s )y" + 4 y' + 6 xy = 0, 

given that it has a solution that is a polynomial in x. 

10. Find the general solution of the equation 

x 2 ( 1 - x)y" + 2x{2 - x)y + 2(1 + x)y = x 2 , 

given that the homogeneous equation has a solution of the form y = x c , 

11. Let g(x) = e l lt dt if x > 0. (Do not attempt to evaluate this integral.) Find all values of 
the constant a such that the function f defined by 

e ag(x) 
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satisfies the linear differential equation 

x 2 y" + (3x - x 2 )/ + (1 - x - e 2x )y = 0. 

Use this information to determine the general solution of the equation on the interval (0, + co). 

6.17 Linear equations of second order with analytic coefficients 

A functionfis said to be analytic on an interval (x 0 — r. X 0 + r) iffhas a power-series 
expansion in this interval, 

00 

f(x) = 2 a„(x - x 0 ) n , 

71=0 

convergent for |x — x 0 | < r. If the coefficients of a homogeneous linear differential 
equation 

y w + Pi(x)/ n_1) + • • • + Pjx)y = 0 

are analytic in an interval (x„ — r, x 0 + r), then it can be shown that there exist n inde¬ 
pendent solutions u x , . . . , u n , each of which is analytic o.n the same interval. We shall 
prove this theorem for equations of second order and then discuss an important example 
that occurs in many applications. 

theorem 6.13. Let ?! and P 2 be analytic on an open interval (x, — r, x 0 + r), say 

00 00 

Pi(x) = 2 b n (x - x 0 ) n , Pfx) = 2 c n (x “ x 0 ) n ■ 

n=o n —0 

Then the differential equation 

(6.31) y" + Pfyfy’ + Pfx)y = 0 

has two independent solutions n, and u 2 which are analytic on the same interval. 

Proof. We try to find a power-series solution of the form 

00 

(6.32) y= 2 a n (x- x 0 )\ 

M=0 

convergent in the given interval. To do this, we substitute the given series for P x and P 2 in 
the differential equation and then determine relations which the coefficients a„ must satisfy 
so that the function y given by (6.32) will satisfy the equation. 

The derivatives y’ and y” can be obtained by differentiating the power series for y term 
by term (see Theorem 11.9 in Volume I). This gives us 

oo 00 

y' =2 na n(x - y n_1 = 2 (» + l)tf n+l(* ~ XoY . 

71=1 71=0 

00 00 

y" =2 n ( n - i)a»(x - *o) n ~ 2 = 2( n + 2 )(" + \) a n+i{x - x 0 y. 

71=2 71=0 
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The products P x (x)y and P 2 (x)y are given by the power series f 

oo / n \ 

Pi(x)y' = % ( J,(k + 1 )a k+1 b n _ k \(x - x 0 ) n 

n= 0\fc=0 / 

and 

oo / n \ 

p t( x )y = 2 ( J,a k c,„_ k \(x - x 0 y. 

n= 0 \k=0 ] 

When these series are substituted in the differential equation (6.31) we find 


i [(« + 2 )(n + 1K +2 + i p + i)a k+1 b n _ k + a*c n .j](x - x 0 ) n = 0. 

J1=<H *=» ) 

Therefore the differential equation will be satisfied if we choose the coefficients a, so that 
they satisfy the recursion formula 

(6.33) (n + 2)0 + l)a n+2 = - £ [(A: + 1 )a k+1 b n _ k + a k c n _ k ] 

k =0 

for n = 0, 1,2 , . . . . This formula expresses a n+2 in terms of the earlier coefficients 
a 0 , a x , . . . , a n+1 and the coefficients of the given functions P l and P 2 . We choose arbitraiy 
values of the first two coefficients a, and a, and use the recursion formula to define the 
remaining coefficients a 2 , a 3 , , in terms of a, and a,. This guarantees that the power 

series in (6.32) will satisfy the differential equation (6.31). The next step in the proof is to 
show that the series so defined actually converges for every x in the interval (x 0 — r, x g + r). 
This is done by dominating the series in (6.32) by another power series known to converge. 
Finally, we show that we can choose a, and a, to obtain two independent solutions. 

We prove now that the series (6.32) whose coefficients are defined by (6.33) converges in 
the required interval. 

Choose a fixed point x x y A‘ 0 in the interval (Xq — r, x 0 + r) and let t = |x, — x 0 |. 
Since the series for P 1 and P 2 converge absolutely for x = x x the terms of these series are 
bounded, say 

\b k \ t k < M 1 and \c k \ t k < M 2 , 

for some M 1 > 0, M % > 0. Let A4 be the larger of M x and tM 2 ■ Then we have 


< "T and |c ft | < 


M_ 

,k+l 


The recursion fomrula imphes the inequality 


{n + 2 )(n + 1) |a n+2 | <2|( fe ♦ ] )K+il^fy 


, M 

' jTi—k+1 


= l)\a k+1 \t« +1 + %a k+1 \?+\ 



< 2 ) {k+1 + = ^Tr Z( fc + I fl *l tk - 


W+l 


l«o!~l a n 


n +1 


f Those readers not familiar with multiplication of power series may consult Exercise 7 of Section 6.21. 
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Now let A, = |« 0 |, A, = I flj, and define A„ A„ . . . successively by the recursion 
formula 

n+1 

(6.34) (n + 2 )(n + l)A„ +2 = — ][(k + 1 )A k t k 

* k=0 

for n > 0. Then \a n \ < A, for all n > 0, so the series 2 a ni x ~ x o) n ' s dominated by the 
series 2 A, |x — x 0 \ n . Now we use the ratio test to show that 2 A, |x — X 0 | n converges if 
lx — x 0 | < t. 

Replacing 77 by n — 1 in (6.34) and subtracting times the resulting equation from (6.34) 
we find that (/J + 2)(tz + l)A n+2 — t~ 1 (n + l)nA n+ i = M(n + 2)A n+1 . Therefore 


I* - *ol 

t 

as 77 —*■ CO . This limit is less than 1 if \x — x 0 | < t . Hence a n (x — x 0 ) n converges if 
\x — X 0 | < /. But since t — \x 1 — x 0 \ and since was an arbitrary point in the interval 
(x 0 — r , x 0 + r), the series 2 a n ( x x o) n converges for all x in (x 0 — r , x 0 + r). 

The first two coefficients a, and a, represent the initial values ofy and its derivative at the 
point x 0 . If we let iq be the power-series solution with a, = 1 and a x = 0, so that 

«i(Ao) = 1 and «i(x 0 ) = 0, 

and let u 2 be the solution with a, = 0 and a, = 1, so that 

w 2 (x 0 ) = 0 and u' 2 (x 0 ) = 1 , 

then the solutions w x and w 2 will be independent. This completes the proof. 

6.18 The Legendre equation 

In this section we find power-series solutions for the Legendre equation, 

(6.35) (1 — x 2 )/' — 2xy’ + a(a + 1 )y = 0, 

where a is any real constant. This equation occurs in problems of attraction and in heat- 
flow problems with spherical symmetry. When a is a positive integer we shall find that the 
equation has polynomial solutions called Legendre polynomials. These are the same 
polynomials we encountered earlier in connection with the Gram-Schmidt process (Chapter 
1, page 26). 

The Legendre equation can be written as 

[(x” - 1)/]' = a(« + 1 )/ , 

which has the form 


and we find 


^n +2 \ X 


‘ n+2 


171+2 


(77 + 1)77 + (7T + 2 )Mt 


*n+1 


(77 + 2)(7? + 1)1 
(77 + 1)77 + (77 + 2)Mt 


T ft+1 


\X - X { 


171+1 


(n + 2 )( t 7 + 1 )t 
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where T is a Sturm-Liouville operator, T(f) = ( pf )', with p(x) = x 2 — I and A = 
a(a +1). Therefore the nonzero solutions of the Legendre equation are eigenfunctions of 
T belonging to the eigenvalue a(a +1). Since p(x) satisfies the boundary conditions 


TO) =/>(-!) = 0, 


the operator 7 is symmetric with respect to the inner product 


(/> g) = fj/MgM dx . 


The general theory of symmehic operators tells us that eigenfunctions belonging to distinct 
eigenvalues are orthogonal (Theorem 5.3). 

In the differential equation treated in Theorem 6.13 the coefficient of y" is 1. The 
Legendre equation can be put in this form if we divide through by 1 — x 2 . From (6.35) we 
obtain 

y" + Pi(x)y' + p,(x)y = o, 

where 


Pi(x) 


2x 

1 - x 2 


and 


Pi(x) 


«(« + 1) 

1 2 ’ 

1 — X 


if x 2 1 . Since 1/(1 — x 2 ) = 2“ =0 x2 " for |v| < 1, both P 1 and P 2 have power-series 
expansions in the open interval (—1, 1) so Theorem 6.13 is applicable. To find the recursion 
formula for the coefficients it is simpler to leave the equation in the form (6.35) and try to 
find a power-series solution of the form 


00 

y = 2 a n x n 

71=0 

valid in the open interval (— 1, 1). Differentiating this series tern by tern we obtain 


y' = 2 na nx n ~ x 

n =1 


Therefore we have 


and 


and y" = 2, n(n - l)a n x n 2 . 

n=2 


2xy' = J 2 na n x n = 2 2 na n x n 


71=1 


71=0 


(1 — x 2 )/' = 2 n ( n — 1 )a n x n 2 — 2 n ( n ~ l)rt n x” 

n =22 «=2 

oo °° 

= 2( n + 2)(n+ l)a n+2 x n - 2 - !)«»*" 

n =0 n=0 

= 2K n + 2 )(n + l)a n+2 - n(n - l)ajx". 

71=0 

If we substitute these series in the differential equation (6.35), we see that the equation 
will be satisfied if, and only if, the coefficients satisfy the relation 


(n + 2)(n + 1 )a n+2 - n(n - l)a„ - 2 na n + a(a + 1 )a n = 0 
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for all n > 0. This equation is the same as 

(n + 2)(« 4- l)tf „ + 2 — (n — a)(w + 1 + a)a„ = 0, 
or 

(a — n)(a + n+l) 


(6.36) 


1 n+2 


fa + l)(n + 2) 


■■ 


This relation enables us to determine <z 2 > a n a » • • • , successively in terns of a,. Similarly, 
we can compute , a„ . . . , in terms of a,. For the coefficients with even subscripts 

we have 

a(a + 1) 

0 .% — ~ a o> 


— 


3-4 


1-2 
«2 = (-D 2 


(a — 2)(a + 3) . ., 2 a (« - 2)(a + l)(a + 3) 


4! 


and, in general, 

i i \n oc(a — 2) •. . (x ■— 2n + 2) • (a + 1)(« + 3) •. • (a + 2n — 1) 

(2w) ! 

This can be proved by induction. For the coefficients with odd subscripts we find 
(q — l)(oc — 3) ■ ■ ■ (a — 2n + 1) • (« + 2)(« + 4) " . (a + 2n) 


' 2n+l 


= (-D" 


(2n + 1)! 

Therefore the series for y can be written as 

(6.37) Y = «o u iW + 

where 


(6.38) 

u (x) = 1 +S'(-l) n K ( a ~ 2) ' ’' (ft - 2n + 2) ; (« _+ 1)(« + 3) ' •' (a + 2» — 1) ^ 2n 

(2«)! 


(6.39) 

« 2 W = X + ^(- 

n=l 

The ratio test shows that each of these series converges for |x| < 1 . Also, since the 
relation (6.36) is satisfied separately by the even and odd coefficients, each of u 1 and u 2 is a 
solution of the differential equation (6.35). These solutions satisfy the initial conditions 


(q — 2n + 1) • (oc + 2)(« + 4) ■ . • (a + 2n) 2n +i 
(2 n + 1)! * 


«i(0) = l, 


W(0) = 0, 


u 2 ( 0) = 0, 


<( 0 ) = 1 - 
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Since u 1 and u 2 ai'e independent, the general solution of the Legendre equation (6.35) over 
the open interval (— 1, 1) is given by the linear combination (6.37) with arbitrary constants 
a, and a,. 

When a is 0 or a positive even integer, say a = 2m, the series for Wj(a) becomes a 
polynomial of degree 2m containing only even powers of x. Since we have 


a(a — 2) . . . (a — 2 n + 2) = 2m(2m — 2) • • • (2m — 2 n + 2) = - ^ m ' — 

(m — n)! 

and 

(a + l)(a + 3) - -. (a + 2n — 1) = (2m + 1 )(2m + 3) . ■ • (2m + 2n — 1) 

_ (2m + 2/7)! m! 

2 n (2m)\ (m + n)! 

the formula for u x (x) in this case becomes 


(6.40) 


«i(x) = 1 


(mlf (2m + 2k)\ a 

(2m !) (m — k)! (m + k)! (2 k)\ 


For example, when a = 0, 2, 4, 6 (m =0, 1, 2, 3) the corresponding polynomials are 

«i(x) = 1, 1 - 3x3, 1 - 10 a 2 + 1 - 21a- 2 + 63a 4 - H 1 a 6 . 


The series for u. 2 (x) is not a polynomial when a is even because the coefficient of a 2 " +1 is 
never zero. 

When a is an odd positive integer, the roles of u 1 and w 2 are reversed; the series for 
U 2 (x) becomes a polynomial and the series for u^x) is not a polynomial. Specifically if, 
a = 2 m + 1 we have 


(6.41) 


u 2 (x) = X + 


(m!) 2 f ( l)k (2wt21-+l)! 

(2m + 1)! (m — k )! (m + k )! (2k + 1)! 


For example, when a = 1, 3, 5 (m = 0, 1,2), the corresponding polynomials are 


«a( x) = A , A - f A 3 , A - irA 3 + ¥a 8 . 


6.19 The Legendre polynomials 

Some of the properties of the polynomial solutions of the Legendre equation can be 
deduced directly from the differential equation or from the formulas in (6.40) and (6.41). 
Others are more easily deduced from an alternative formula for these polynomials which 
we shall now derive. 

First we shall obtain a single formula which contains (aside from constant factors) both 
the polynomials in (6.40) and (6.41). Let 

p (x] = l l y (-l) r (2h - 2r)! 2r 
” 2" " r! ( n — r)! (// — 2r)! ’ 

f=0 / 


(6.42) 
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where [tl/2] denotes the greatest integer < n/2. We will show presently that this is the 
Legendrepolynomial of degree n introduced in Chapter 1. When n is even, it is a constant 
multiple of the polynomial U 1 (x) in Equation (6.40); when n is odd, it is a constant multiple 
of the polynomial U 2 (.x) in (6.41).f The first seven Legendre polynomials are given by the 
formulas 


p 0 (x) = 1 , P 1 (x) = x, P 2 (x) = !(3x 2 - I), P 3 (x) = «5x 3 - 3x), 

Pi( x ) = l(35x 4 — 30x 2 + 3), P 5 (j c) = |(63x 5 — 70x 3 + 15x), , 

P,(x) = r 6 (231x 6 - 315x 4 + 105* 2 - 5). 

Figure 6.1 shows the graphs of the first five of these functions over the interval [-1 , IJ- 


Y 



Figure 6.1 Graphs of Legendre polynomials over the interval [ — 1,1]. 

Now we can show that, except for scalar factors, the Legendre polynomials are those 
obtained by applying the Gram-Schmidt orthogonalization process to the sequence of 
polynomials 1, x, x 2 , . . . , with the inner product 

(/, g) = P, f(x)g(x) dx . 


| When n is even, say n = 2/11 , we may replace the index of summation k in Equation (6.40) by a new index 
r, where r = 1/1 — k ; we find that the sum in (6.40) is a constant multiple of P,(x). Similarly, when tl is 
odd, a change of index transforms the sum in (6.41) to a constant multiple of P,(x). 
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First we note that if m 5 ^ n the polynomials P n and P m are orthogonal because they are 
eigenfunctions of a symmetric operator belonging to distinct eigenvalues. Also, since P n 
has degree n and P 0 = 1, the polynomials P f) (x), P 1 (x), . . . , P,M span the same subspace 
as 1 ,x ,... , x n . In Section 1.14, Example 2, we constructed another orthogonal set of 
polynomials y 0 - Ti, J 2 > ■ • • , such that y,(x), y-^x), • • • , y n ( x ) spans the same subspace as 
1, x ,... , x n for each n. The orthogonalization theorem (Theorem 1.13) tells us that, 
except for scalar factors, there is only one set of orthogonal functions with this property. 
Hence we must have 

Pn( x ) = C n y n {x) 

for some scalars c n . The coefficient of x” in y,(x) is 1, so c n is the coefficient of x n in P,(x). 
From (6.42) we see that 

c _CM! 

n 2"(n !) 2 . 


6.20 Rodrigues’ formula for the Legendre polynomials 

In the sum (6.42) defining P,(x) we note that 


(Ip -M! x »-2r = £_ x 2n-2r and -!- _ 1 0 

(n — 2r)l dx r! (n — r)l nior 


where (£) is the binomial coefficient and we write the sum in the form 

in 

P,(X) = 


(x) = J- £. y (-dT-w 

2 n n\dx n f^ K ’ 


When [n/2] < r < n, the term x 2n_2r has degree less than n, so its nth derivative is zero. 
Therefore we do not alter the sum if we allow r to run from 0 to n. This gives us 




Now we recognize the sum on the right as the binomial expansion of (x 2 — 1)“. Therefore 
we have 


1 4” 

P K (X) = —— ( x 2_ !)"_ 

2 n nldx n 


This is known as Rodrigues'formula, in honor of Olinde Rodrigues (1794-1851), a French 
economist and reformer. 

Using Rodrigues’ formula and the differential equation, we can derive a number of 
important properties of the Legendre polynomials. Some of these properties are listed 
below. Then proofs are ou t lined in the next set of exercises. 

For each n > 0 we have 


*.(!) = 1 - 
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Moreover, P,(x) is the only polynomial which satisfies the Legendre equation 

(1 - X 2 )/ - 2 xy' + n(n + l)j = 0 

and has the value 1 when x = 1. 

For each fl > 0 we have 

Pni-X) = ("I)"/>„(*) • 

This shows that P n is an even fimction when yi is even, and an odd function when n is odd. 
We have already mentioned the orthogonality relation, 

P n (x)P m {x) dx = 0 if m jin. 

When m = n we have the norm relation 

ir,l 

Every polynomial of degree fl can be expressed as a linear combination of the Legendre 
polynomials P 0 , P 1 , . . . , P n . In fact, iff is a polynomial of degree tl VJe have 

J(x) = 2 c k P k (x), 

k =0 

where 

c * = ^~ jj(x)P k (x)dx. 

From the orthogonality relation it follows that 

P, g(x)P„{x) dx = 0 

for every polynomial g of degree less than n. This propeity can be used to prove that the 
Legendre polynomial P n has n distinct real zeros and that they all lie in the open interval 
(- 1 , 1 ). 

6.21 Exercises 

1. The Legendre equation (6.35) with a = 0 has the polynomial solution iq(x) = 1 and a solution 
« 2 , not a polynomial, given by the series in Equation (6.41). 

(a) Show that the sum of the series for u i is given by 

1 1 T x 

« 2 W= 2 lo 8 Y^x for '■ 

(b) Veiify directly that the function in part (a) is a solution of the Legendre equation when 
a = o . 
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2. Show that the function f defined by the equation 


x 1 + x 
f( X) = 1 - -tog — 

for |*| < 1 satisfies the Legendre equation (6.35) with a = 1 . Express this function as a linear 
combination of the solutions Ui and « 2 given in Equations (6.38) and (6.39). 

3. The Legendre equation (6.35) can be written in the form 

[(x 2 - 1)/]' - a(a + l)y = 0. 

(a) If a, b, c are constants with a > h and 4 c + 1 >0, show that a differential equation of 
the type 

[(* - a)(x - %']' - cy = 0 

can be transformed to a Legendre equation by a change of variable of the form * = At + B, 
with A > 0. Determine A and B in temis of a and b. 

(b) Use the method suggested in part (a) to transform the equation 

(x 2 — x)y" + (2x — 1 )y' — 2y = 0 

to a Legendre equation. 

4. Find two independent power-series solutions of the Hermite equation 

y" — 2 xy + lay = 0 

on an interval of the form (-r , r). Show that one of these solutions is a polynomial when a is a 
nonnegative integer. 

5. Find a power-series solution of the differential equation 

xy" + (3 + x 3 )/ + 3 x 2 y = 0 

valid for all x. Find a second solution of the form y = x~ 2 2 a n x n valid for all X ^ 0. 

6. Find a power-series solution of the differential equation 

x 2 y" + x 2 y' — (ax + 2)y = 0 


valid on an interval of the form (-r , r) . 

7. Given two functions A and 6 analytic on an interval (x 0 — r , x 0 + r) , say 


d(x) = £ a n (x - x 0 ) n , B(x) = b„(x - x 0 )'*. 

n~ 0 

It can be shown that the product C(x) = ^(x)j5(x) is also analytic on (x 0 — Y , x 0 + r). This 
exercise shows that C has the power-series expansion 


CO 


C(x) = y cjx - x „) n , 

n=0 


where c n =a k b n _ k . 

k =0 
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(a) Use Leibniz’s rule for the nth derivative of a product to show that the nth derivative of C is 
given by 

C M (x) = 2 i^jA {k) (x)B (n - k) (x). 

(b) Now use the fact that A w (x 0 ) = k! a k and B in ^(x 0 ) = (n — k)! b n _ k to obtain 

C in) (x 0 ) =n ! 2 fl A_*. 

k=0 

Since C (n) (x 0 ) = fl! C n , this proves the required formula for c n . 

In Exercises 8 through 14, P n (x) denotes the Legendre polynomial of degree n. These exercises 
outline proofs of the properties of the Legendre polynomials described in Section 6.20. 

8. (a) Use Rodrigues’ formula to show that 


Pn( x ) - 2 n ( X + 1)" + ( x “ 1 )Qn(x) > 
where Q n (x) is a polynomial. 

(b) Prove that P n ( 1) = 1 and that P n ( I) = ( — l) n . 

(c) Prove that P n (x) is the only polynomial solution of Legendre’s equation (with a = «) 
having the value 1 when x = 1. 

9. (a) Use the differential equations satisfied by P n and P m to show that 

[(1 -x 2 )(p„p; - P' n PJ]' = [n(n + 1 )-m(m + l)]P n P m . 

(b) If m # n , integrate the equation in (a) from -1 to 1 to give an alternate proof of the 
orthogonality relation 

P n (x)P m (x) dx = 0. 

10. (a) Let f(x) = (x 2 — 1)“. Use integration by pails to show that 

JV (n,( *)/ <n) (*) dx = -\ l _ l f (n+1) {x)f {n l) (x) dx. 

Apply this formula repeatedly to deduce that the integral on the left is equal to 


2(2«)! f*(l - x z ) n dx. 


(b) The substitution x = cos t transforms the integral JJ (1 — x 2 ) n dx to J^ 2 sin 2n + 1 < dt. Use 
the relation 


l/2 

s j n 2n+l ( dt 


2n(2n - 2) ■ • ■2 

= (2 n + 1)(2« — 1) - - 3 • 1 


and Rodrigues’ formula to obtain 
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11. (a) Show that 

(2n)! 

PJx) — 2 u (n\f X ’ 

where Q,(x) is a polynomial of degree less than n. 

(b) Express the polynomial f(x) = x 4 as a linear combination of P 0 , P 1 , P 2 , P 3 , and P i . 

(c) Show that every polynomial of degree n can be expressed as a linear combination of the 
Legendre polynomials P t)% P„ ... , P n . 

12. (a) Iffis a polynomial of degree II, write 

fix) = 2 c k P k (x). 

ifc=0 

[This is possible because of Exercise 11 (c).] For a fixed m, 0 < m < n , multiply both sides of 
this equation by P,(x) and integrate from — 1 to 1. Use Exercises 9(b) and 10(b) to deduce the 
relation 

c m = —y—J ffx)PJx) dx. 

13. Use Exercises 9 and 11 to show that ) 1 _ig(x)P n (x) dx = 0 for every polynomial g of degree 
less than n. 

14. (a) Use Rohe’s theorem to show that P n cannot have any multiple zeros in the open interval 
(-1 , 1). In other words, any zeros of P n which he in (-1 , 1) must be simple zeros. 

(b) Assume P n has m zeros in the interval ( — 1 , 1). If m = 0, let (9 u (x) = 1. If m > 1, let 

Q m (x) = (x - x 1 )(v -x 2 ) ... (x- x m ), 

where Xj, X 2 , x,arethemzerosofP,in(-l, 1). Showthat,ateachpointxin(-1 , 1), 

Q,(x) has the same sign as P,(x). 

(c) Use part (b), along with Exercise 13, to show that the inequality m < n leads to a con¬ 
tradiction. This shows that P n has n distinct real zeros, ah of which he in the open interval 

(-1.1). 

15. (a) Show that the value of the integral P n (x)P! n+1 (x) dx is independent of n. 

(b) Evaluate the integral JLj x P n (x)P n _i(x) dx. 


6.22 The method of Frobenius 

In Section 6.17 we learned how to find power-series solutions of the differential equation 
(6.43) y" + P\{x)y' + P 2 (x)y = 0 

in an interval about a point x 0 where the coefficients P 1 and P 2 are analytic. If either P l or 
P 2 is not analytic near x 0 , power-series solutions valid near x 0 may or may not exist. For 
example, suppose we try to find a power-series solution of the differential equation 


(6.44) x 2 / - / - y = 0 

near x 0 = 0. If we assume that a solution y = 2 a tP^ exists and substitute this series in the 
differential equation we are led to the recursion formula 


a n+l 


n 2 — n — 1 

n + 1 


a 


n * 
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Although this gives us a power series y = 2 a k xk which formally satisfies (6.44), the ratio 
test shows that this power series converges only for x = 0. Thus, there is no power-series 
solution of (6.44) valid in any open interval about x 0 = 0. This example does not violate 
Theorem 6.13 because when we put Equation (6.44) in the form (6.43) we find that the 
coefficients P x and are given by 

P 1 (x) = - — 2 and P,(x) = — — . 
x x 


These functions do not have power-series expansions about the origin. The difficulty here 
is that the coefficient of y” in (6.44) has the value 0 when x = 0 ; in other words, the 
differential equation has a singular point at x = 0. 

A knowledge of the theory of functions of a complex variable is needed to appreciate the 
difficulties encountered in the investigation of differential equations near a singular point. 
However, some important special cases of equations with singular points can be treated by 
elementary methods. For example, suppose the differential equation in (6.43) is equivalent 
to an equation of the form 

(6.45) (x - x 0 )Y + (x - x 0 )P(x)y' + Q(x)y = 0 , 


where P and Q have power-series expansions in some open interval (x 0 — r, x n + r). In 
this case we say that x 0 is a regular singular point of the equation. If we divide both sides 
of (6.45) by (x — x 0 ) 2 the equation becomes 


Y” + 


HXLy + _Q(X)_ 

x - x 0 (X — X 0 ) = 


0 


for Xt£x 0 . If P(x 0 ) ^ 0 or Q(x „) 0, or if Q(x 0 ) = 0 and Q'(xf) ^ 0, either the co¬ 
efficient ofy’ or the coefficient ofy will not have a power-series expansion about the point x 0 , 
so Theorem 6.13 will not be applicable. In 1873 the German mathematician Georg Fro¬ 
benius (1849-1917) developed a useful method for treating such equations. We shall 
describe the theorem of Frobenius but we shall not present its proof.? In the next section 
we give the details of the proof for an important special case, the Bessel equation. 

Frobenius' theorem splits into two parts, depending on the nature of the roots of the 
quadratic equation 


(6.46) 


t(t - 1) + P(x 0 )t + Q(x 0 ) = 0. 


This quadratic equation is called the indicial equation of the given differential equation 
(6.45). The coefficients P(x 0 ) and Q(x 0 ) are the constant terms in the power-series ex¬ 
pansions of P and Q. Let a, and a 2 denote the roots of the indicial equation. These roots 
may be real or complex, equal or distinct. The type of solution obtained by the Frobenius 
method depends on whether or not these roots differ by an integer. 


f For a proof see E. Hille, Analysis, Vol. II, Blaisdell Publishing Co.. 1966. or E. A. Coddington, An 
Introduction to Ordinary Differential Equations, Prentice-Hall, 1961. 
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THEOREM 6.14. FIRST CASE OF FROBENIUS ' THEOREM. Lei OCj Cl lid 0C<j be tile I'OOlS Of the 

indicial equation and assume that ocj — oc 2 is not an integer. Then the differential equation 

(6.45) has two independent solutions and u 2 of the form 

00 

(6.47) ufx) = |x - - x o r, with a, = 1, 

71 = 0 

and 

00 

(6.48) u 2 (x) = \x - Xop'Z b n (x - x 0 ) n , with b 0 = 1. 

71=0 

Both series converge in the interval \x — X 0 | <C r , and the differential equation is satisfied for 
0 < \x - jr 0 | < r. 

THEOREM 6.15. SECOND CASE OF FROBENIUS' THEOREM. Let Kj , 0C 2 llC the 1'OOtS of tile 

indicial equation and assume that ocj — a 2 = N, a nonnegative integer. Then the differential 

equation (6.45) has a solution u 1 of the form (6.47) and another independent solution u 2 of the 
form 

00 

(6.49) u 2 (x) = lx - x 0 |«*2 b n (x - x 0 ) n + C ufx) log \x - x 0 |, 

n== 0 

where b 0 = 1 . The constant C is nonzero if N = 0. If N > 0, the constant C may or may 
not be zero. As in Case 1, both series converge in the interval [x — X 0 [ < r , and the solutions 
are valid for 0 <\x — x 0 \ < r . 

6.23 The Bessel equation 

In this section we use the method suggested by Frobenius to solve the Bessel equation 

x 2 y" + xy’ + (x 2 — a 2 ))’ = 0 , 

where a is a nonnegative constant. This equation is used in problems concerning vibrations 
of membranes, heat flow in cylinders, and propagation of electric currents in cylindrical 
conductors. Some of its solutions are known as Besseljunctions. Bessel functions also arise 
in certain problems in Analytic Number Theory. The equation is named after the German 
astronomer F. W. Bessel (1784-1846), although it appeared earlier in the researches of 
Daniel Bernoulli (1732) and Euler (1764). 

The Bessel equation has the form (6.45) with x 0 = 0, P(x) = 1, and Q(x) = x 2 — a 2 , 
so the point X a is a regular singular point. Since P and Q are analytic on the entire real line, 
we try to find solutions of the form 

CO 

(6-50) y = \x\ t la n x\ 

n= 0 

with a, cfc 0, valid for all real x with the possible exception of x = 0. 

First we keep x > 0, so that |x|* = x* . Differentiation of (6.50) gives us 

GO oO 00 

y’ = fx t-1 2 a n x " + x* 2 Ha**"- 1 = x t_1 2(" + 0 a„x n . 

n =0 ?i=0 «=0 
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Similarly, we obtain 

y" - n + t)(n + t - 1 )a n x n . 

71=0 


If L(y) = x 2 y" + xy' + (x 2 — a 2 )j, we find 


L(y) = x* ^ (n + t)(n + t - l)a n x" + x f £ (n + t)a n x n 


w=0 


71=0 


+ x '2 0«*" +2 — *‘2 <* 2 0 „* n = x*£ f(/J + if — a 2 ]u„x" + x*][ n„x" +2 . 

n=0 n -0 n=0 «=0 


Now we put L(y) = 0, cancel x\ and try to determine the a„ so that the coefficient of each 
power of x will vanish. For the constant term we need (t 2 — a 2 )a 0 = 0. Since we seek a 
solution with a, ^ 0 , this requires that 


(6.51) 


t 2 - a 2 = 0 . 


This is the indicial equation. Its roots a and — a are the only possible values of t that can 
give us a solution of the deshed type. 

Consider first the choice t = a, For this t the remaining equations for determining the 
coefficients become 


(6.52) [(1 + a ) 2 — a 2 ]^ = 0 and [(n + a ) 2 — a 2 ]a n + a „_ 2 = 0 

for n > 2. Since a > 0, the first of these implies that a, = 0. The second formula can 
be written as 


(6.53) 


a„ = — 


2 


*n-2 


(n + a ) 2 — a 2 n(n + 2 a) 


so a 3 = a 5 = a, = * • • = 0. For the coefficients with even subscripts we have 


-go 


— a a 


— Cl 2 


(—l) 2 flo 


= 2(2 + 2 a) = 2 2 (1 + a) 

-a. 


= 4(4 + 2 a) = 2 4 2 ! (1 + a )(2 + a) ’ 
(—D 3 «o 


and, in general. 


= 6(6 + 2a) = 2 6 3! (1 + a)(2 + a)(3 + a) ’ 
(-D n flo_ 


3 9.11 — 


2,1 2 2n n! (1 + a )(2 + a) ■ •. (n + a)' 

Therefore the choice r = a gives us the solution 

(~l) n x 2n 


y = 00*1 1 + 


f. 


2 2n nl (1 + a )(2 + a) ■•■(« + a)/ ' 


The ratio test shows that the power series appearing in this formula converges for all real x. 
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In this discussion we assumed that x > 0. If x < 0 we can repeat the discussion with 
x* replaced by (—jc)‘ • We again find that t must satisfy the equation t 2 — a 2 = 0. Taking 
t = a we then obtain the same solution, except that the outside factor x a is replaced by 
(—x)“. Therefore the function f a given by the equation 


(6.54) 


L(x) _ a 0 |x| 


>+2 


(-D 


n„2n 


^2 2n n!(l + a)(2 + a) • • • (n + a) 


is a solution of the Bessel equation valid for all real r ^ 0. For those values of a for which 
/'(0) and /"(0) exist the solution is also valid for x = 0. 

Now consider the root t = —a of the indicial equation. We obtain, in place of (6.52), the 
equations 


[(1 — a) 2 ~ a 2 ]^ = 0 and 


[(« ” oc) 2 “ a 2 ]a n + a n _ 2 = 0, 


which become 

(1 — 2a )a 1 = 0 and 


n(n - 2a )a n + a n _ 2 = 0. 


If 2a is not an integer these equations give us a, = 0 and 


®n —2 

n(n — 2a) 


for n > 2. Since this recursion formula is the same as (6.53), with a replaced by — a, we 
are led to the solution 


(6.55) 


/-«(*)= flo 


+ 


(-l)V 


^2 2n nl(l-o0(2-^-- ■ (n-«) 


valid for all real x ^ 0. 

The solution /_ a was obtained under the hypothesis that 2a is not a positive integer. 
However, the series for /_ a is meaningful even if 2a is a positive integer, so long as a is 
not a positive integer. It can be verified that f_ a satisfies the Bessel equation for such a, 
Therefore, for each a> 0 we have the series solution f a , given by Equation (6.54); and 
if a is not a nonnegative integer we have found another solution/L a given by Equation (6.55). 
The two solutions f a and f_ a are independent, since one of them —roo as x 0, and the 
other does not. Next we shall simplify the form of the solutions. To do this we need some 
properties of Euler's gamma function, and we digress briefly to recall these properties. 


For each real s > 0 we define T(i) by the improper integral 


r (s ) = /Vv'dt. 
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This integral converges if s > 0 and diverges if s < 0. Integration by parts leads to the 
functional equation 

(6.56) T(i + 1) = j T(j). 

This implies that 


+2) = (s + l)r(j + 1) = (s + l)s F(j), 

r(i + 3) = (s + 2)r(i + 2) = (s + 2) (s + l).y r(s), 

and, in general, 

(6.57) r(s + n) = (s + n — 1) •.. (,y + 1)5 T(s) 

for every positive integer n. Since I’(l) = e~ l dt = 1, when we put S = 1 in (6.57) we 

find 

T(« + 1) = «!. 

Thus, the gamma function is an extension of the factorial function from integers to positive 

real numbers. 

The functional equation (6.56) can be used to extend the definition of l?(s) to negative 

values of s that are not integers. We write (6.56) in the form 

(6.58) F(.s) = + 

s 

The right-hand member is meaningful ifs + 1 > 0 and j ^ 0. Therefore, we can use this 
equation to define I’(s) if — 1 < s < 0. The right-hand member of (6.58) is now meaning¬ 
ful if ,y + 2 — 1,5^0, and we can use this equation to define l?(s) for -2 < 

S < — 1 . Continuing in this manner, we can extend the definition of l?(s) by induction to 

every open interval of the fomr -n < s < -n + 1 , where n is a positive integer. The 

functional equation (6.56) and its extension in (6.57) are now valid for all real s for which 

both sides are meaningful. 


We return now to the discussion of the Bessel equation. The series for f in Equation 

(6.54) contains the product (1 + a) (2 + a) • . • (n + a). We can express this product in 

terms of the gamma function by taking s = 1 + a in (6.57). This gives us 

(1 + a)(2 + a) • • • (n + a) = -^ | t ^- * a ) . 

T(1 + a) 

Therefore, if we choose a„ = 2 — a /F(l + a) in Equation (6.54) and denote the resulting 
function ffix) by J fix) when x > 0, the solution for x > 0 can be written as 



(~l) n A'/A'\ 2 " 

n \ T(/7 + 1 + a)\2/ 


(6.59) 
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The function J a defined by this equation for x ]> 0 and a > 0 is called the Bessel / unction 
of the first kind of order a. When a is a nonnegative integer, say a = p , the Bessel function 
J v is given by the power series 


00 

w=2 


(-D" 

n!(n + p )! 



(P = 0, 1,2,. . .). 


This is also a solution of the Bessel equation for x < 0. Extensive tables of Bessel functions 
have been constructed. The graphs of the two functions J 0 and J L are shown in Figure 6.2. 


y 



We can define a new function / by replacing a by —a in Equation (6.59), if a is such 
that r(f! + 1 — a) is meaningful; that is, if a is not a positive integer. Therefore, if x > 0 
and oc > 0, oc ^ 1,2,3 wedeline 




(-D” 


n —0 


n ! T(n + 1 — a) 


Taking s = 1 — a in (6.57) we obtain 

T(n + 1 ~ a) = (1 — a) (2 — a) . . . (n — a) T( 1 — a) 

and we see that the series for J_ a (x ) is the same as that for in Equation (6.55) with 

a, — 2 a /r(l — a), x > 0. Therefore, if a is not a positive integer, J_ a is a solution of 
the Bessel equation for x > 0. 

If a is not an integer, the two solutions J,(x) and J_ _ 7 (x) are linearly independent on the 
positive real axis (since their ratio is not constant) and the general solution of the Bessel 
equation for x > 0 is 

y = cfijx) + cff_ a (x). 


If a is a nonnegative integer, say a = p , we have found only the solution J v and its con¬ 
stant multiples valid for x > 0. Another solution, independent of this one, can be found 
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by the method described in Exercise 4 of Section 6.16. This states that if u 1 is a solution of 
y" + P^y' + P 2 y = 0 that never vanishes on an interval /, a second solution u 2 independent 
of tfj is given by the integral 


u 2 (x) = u^x) 


( 2(0 
o K(or 


dt. 


where Q(x) = e For the Bessel equation we have 

and a second solution w 2 is given by the formula 


( 6 . 60 ) 


u 2 (x) J p (x) 


r 


i 


t[JM 


dt 


P^x) = 1/x, so Q(x) = 1/x 


if c and x he in an inteival I in which J does not vanish. 

This second solution can be put in other forms. For example, from Equation (6.59) we 
may write 


where g,(0) ^ 0. In the inteival Z the function g p has a power-series expansion 


co 


g P (t) = 2 A n t n 

n =0 


which could be detennined by equating coefficients in the identity g p (t) [J= t 2p . If 
we assume the existence of such an expansion, the integrand in (6.60) takes the fomi 

1 1 X' 

t[JM 2 =t 2 v+ 1 t 0 Ajn ' 

Integrating this formula term by term from c to x we obtain a logarithmic term A„ log x 
(from the power t" 1 ) plus a series of the form X~ 2v 2 B n X n . Therefore Equation (6.60) 
takes the form 

00 

Uo(x) = A 2v J p (x) log X + J„(x)x _2l> 2 B n xtl ■ 

n - 0 

It can be shown that the coefficient A,, ^ 0. If we multiply W 2 (x) by \jA it the resulting 
solution is denoted by K p (x) and has the form 


00 

K v (x) = J„(x) log x + X"* I C r x n . 

«=0 


This is the form of the solution promised by the second case of Frobenius’ theorem. 

Having anived at this formula, we can verify that a solution of this form actually exists 
by substituting the right-hand member in the Bessel equation and determining the co¬ 
efficients C n so as to satisfy the equation. The details of this calculation are lengthy and 
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will be omitted. The final result can be expressed as 




l/*VjS U n K+K +v (xff 
2 '2/ ~o n! (n + p)! \2/ 


where h 0 = 0 and h n = 1 + | + " 1 + 1/n for n > 1. The series on the right converges 
for all real x. The function K v defined for x > 0 by this formula is called the Besselfunction 
of the second kind of orderp. Since K p is not a constant multiple of J v , the general solution 
of the Bessel equation in this case for x > 0 is 

Y = C x J v {x) + C 2 K p (x). 


Further properties of the Bessel functions are discussed in the next set of exercises. 


6.24 Exercises 

1. (a) Let f be any solution of the Bessel equation of order a and let g(x) = x'ff (x) for x > 0. 
Show that g satisfies the differential equation 


y" + 


( 


+ 


1 - 4a 2 \ 
4x*~ 


= o. 


(b) When 4a 2 = 1 the differential equation in (a) becomes y” + y = 0 ; its general solution 
is y = A cos x + B sin x. Use this information and the equation? T(-|-) = ^tt to show that, 
forx > 0, 



(c) Deduce the formulas in part (b) directly from the series for J\/fx) and J_y 2 (x). 

2. Use the series representation for Bessel functions to show that 

(a) ^ (AW) = X *J«- iW. 

(b) Tx = ~ x ~* J x+i( x ) 

3. Let F a (x) = x x JJx) and GJx) = x x Jfx) for x > 0. Note that each positive zero of J x is a 
zero of F a and is also a zero of G a . Use Rolle’s theorem and Exercise 2 to prove that the posi¬ 
tive zeros of and •4+1 interlace. That is, there is a zero of J x between each pair of positive 
zeros of 4+i, and a zero of J x+1 between each pair of positive zeros of J 7 . (See Figure 6.2.) 


f The change of variable t = u 1 gives us 

Too r oo 

T(i) = t-'Ae-i dt = 2 e -“ 2 du — xfr. 

Jo+ J i 

(See Exercise 16 of Section 11.28 for a proof that 2 J® e-u 2 du = V 77 .) 
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4. (a) From the relations in Exercise 2 deduce the recurrence relations 


~ 4(4 + 4(4 = J^ix) and -/M - 4M = J x+1 (x). 

(b) Use the relations in pail (a) to deduce the formulas 

4-1M + 4+1 to = ~ J x (x) and 4_ 1 (x) - 4. 1 (.t) = 24(4 . 


5. Use Exercise 1 (b) and a suitable recurrence formula to show that 


•w 



COS X 


)• 


Find a similar formula for J_%(x). Note: ],(x) is an elementary function for every a which is 
half an odd integer. 

6 . Prove that 


1 d 

2 dx 


and 


r- (4 2 w + 4 2 +iM) = - 4 2 w - — 4 

X ’ } 


a+1 


(X) 


(*4(44+iM) = x{Jl(x) - 4 2 +i(4 ). 


7. (a) Use the identities in Exercise 6 to show that 


4>M + 2 2 J l(x) =1 and £ (In + \)J n (x)J n+1 (x) = \x. 

n—l n=Q 

(b) From pail (a), deduce that [4(4 < 1 and |/ n (4l < i ' 2 for n = 1,2, 3, . . . , and all 
x > 0. 

8. Let g x (x) = x ]/i f x (ax h ) for x > 0, where a and b are nonzero constants. Show that satisfies 
the differential equation 

x 2 y" + ( a 2 b 2 x 2tl + l — ct 2 b 2 )y = 0 

if, and only if, f a is a solution of the Bessel equation of order a. 

9. Use Exercise 8 to express the general solution of each of the following differential equations in 
terms of Bessel functions for x > 0. 

(a) y" + xy =0. (c) y" + x m y = 0. 

(b) y” + x 2 y =0. (d) x 2 y" + (x 4 + |)y = 0. 

10. Generalize Exercise 8 when 4 and g a are related by the equation g,(x) = x c f al (ax b ) for x > 0. 
Then find the general solution of each of the following equations in terms of Bessel functions 
forx >0. 

(a) xy” + 6y' + y = 0. (c) xy” + 6 y x 4 y = 0. 

(b) xy" + 6/ + xy = 0. (d) x 2 y" - xy + (x + l)_y = 0. 

11. A Bessel function identity exists of the fomr 

4(4 -4(4 = aJ" c (x), 


where a and c are constants. Determine a and c. 
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12. Find a power series solution of the differential equation xy” + y’ + y = 0 convergent for 
--to <x < +oO. Show that for x > 0 it can be expressed in terms of a Bessel function. 

13. Consider a linear second-order differential equation of the form 

x 2 A(x)y" + xP(x)y + Q( x )y = 0, 

where A(x), P(x), and Q(x) have power series expansions, 

oo oo oo 

A(x) = 2 a k x ' ; , P(X) = ^ p k x k , Q(x) = % q,x k , 

k=0 k=0 k =0 

with a, # 0 , each convergent in an open interval (-r, r) . If the differential equation has a 
series solution of the form 

GO 

y = x* e n x 11 j 

n =0 


valid for 0 < x < r , show that t satisfies a quadratic equation of the form t 2 + bt + c = 0, 
and determine b and c in terms of coefficients of the series for A(x), P(x), and Q(x). 

14. Consider a special case of Exercise 13 in which A(x) = 1 — x, P(x) = it, and Q(x) = —\x. 
Find a series solution with t not an integer. 

15. The differential equation Ix^y" + ( x 2 — x)y' + y = 0 has two independent solutions of the 
form 

oo 

y = x^ ^ c n x n , 
n =0 

valid for x > 0. Determine these solutions. 

16. The nonlinear differential equation y” + y + ay 2 = 0 is only "mildly” nonlinear if a is a small 

nonzero constant. Assume there is a solution which can be expressed as a power series in a 

of the form 

00 

y = 2 (valid in some interval 0 < a < r) 

m=0 

and that this solution satisfies the initial conditions y = 1 and y’ = 0 when x = 0. To con¬ 
form with these initial conditions, we try to choose the coefficients u n (x) SO that M o (0) = 1, 

U '(0) = 0 and « n (0) = u' n (0) = 0 for n > 1 . Substitute this series in the differential equation, 
equate suitable powers of a and thereby determine U 0 (x) and t/ 1 (x). 
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SYSTEMS OF DIFFERENTIAL EQUATIONS 


7.1 Introduction 

Although the study of differential equations began in the 17th century, it was not until 
the 19th century that mathematicians realized that relatively few differential equations could 
be solved by elementary means. The work of Cauchy, Liouville, and others showed the 
importance of establishing general theorems to guarantee the existence of solutions to 
certain specific classes of differential equations. Chapter 6 illustrated the use of an existence- 
uniqueness theorem in the study of linear differential equations. This chapter is concerned 
with a proof of this theorem and related topics. 

Existence theory for differential equations of higher order can be reduced to the first- 
order case by the introduction of systems of equations. For example, the second-order 
equation 

(7.1) y" + 2 if - y = e l 

can be transformed to a system of two first-order equations by introducing two unknown 
functions y 1 and y 2 , where 

Ti = y, T 2 = y[ ■ 

Then we have y' = y“ = y”, so (7.1) can be written as a system of two first-order equations : 

y'i = y 2 

(7 - 2) , , 

y 2 = Ti - 2 ty 2 + e\ 

We cannot solve the equations separately by the methods of Chapter 6 because each of them 
involves two unknown functions. 

In this chapter we consider systems consisting of n lineal' differential equations of first 
order involving n unknown functions jq, . . . , y n . These systems have the form 

y'i = TttCOki + Pi 2 (0T2 + * • . + Pm(t)y n + q^t) 


(7.3) 


y'n = Pnl(t)yi + Pn 2 (t)y 2 + " ' 


+ Pnn(t)y* + <7n(0 ■ 
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The functions p ik and q t which appear in (7.3) are considered as given functions defined on 
a given interval J. The functions y lt . . . , y n are unknown functions to be determined. 
Systems of this type are called first-order linear systems, hi general, each equation in the 
system involves more than one unknown function so the equations cannot be solved 
separately. 

A linear differential equation of order n can always be transformed to a linear system. 
Suppose the given nth order equation is 


(7.4) /"> + aff n ~" + • • • + a n y = R(t), 

where the coefficients are given functions. To transform this to a system we write jy = y 
and introduce a new unknown function for each of the successive derivatives of y. That is, 
we put 

Ti = y, Ta = yi, 7s = y'i, . . . , Yn = K— 1 . 

and rewrite (7.4) as the system 


(7.5) 


= y 2 

Ta = Ts 


Yn-1 = y,, 

y' n = -a«yi - a*-i.y2 - * • • - fli y n + R ( 0 - 


The discussion of systems may be simplified considerably by the use of vector and matrix 
notation. Consider the general system (7.3) and introduce vector-valued functions Y = 
(ji, . . . , y n ), Q = {q x , .. . , q n ), and a matrix-valued function P = [p i} \, defined by the 
equations 

7(0 = 0h(0,..., 7„(0), 2(0 = (?i(0. - - - > ?«(0). P {0 = lpn(t)] 


for each t in J. We regard the vectors as n x 1 column matrices and write the system (7.3) 
in the simpler fomi 

(7.6) 7’ = P(t) Y + Q(t). 


For example, in system (7.2) we have 


'0 1 ‘ 
1 -2 1 


2(0 = 



y i 

7= , P(0 = 

LfaJ 
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In system (7.5) we have 




' 0 

1 

0 

O' 


0 " 

yi 


0 

0 

1 

0 


0 

72 

, Pit) = 

0 

0 

0 

1 

, <2(0 = 

0 

JV 


_ 

~ a n -1 

-a n _ 2 • 

• - a , - 


R(t\ 


An initial-value problem for system (7.6) is to find a vector-valued function Y which 
satisfies (7.6) and which also satisfies an initial condition of the fomi Y(a) = B, where 
a 6 /and B = (b 1 , ... , I),) is a given n-dimensional vector. 

In the case n = 1 (the scalar case) we know from Theorem 6.1 that, if P and Q are 
continuous on J, all solutions of (7.6) are given by the explicit formula 

( 7 . 7 ) Y(x) = e A(x) Y(a) + e AM e~ M) Q{t) dt, 

a 

where A(x) = J* P(t) dt , and a is any point in J. We will show that this formula can be 
suitably generalized for systems, that is, when P( t) is an n x n matrix function and Q(t) 
is an n-dimensional vector function. To do this we must assign a meaning to integrals of 
matrices and to exponentials of matrices. Therefore, we digress briefly to discuss the 
calculus of matrix functions. 


7.2 Calculus of matrix functions 

The generalization of the concepts of integral and derivative for matrix functions is 
straightforward. If P(t) = [/>„(()]• we define the integral P(t) dt by the equation 


b P(t) dt = 

J a 



That is, the integral of matrix P(t) is the matrix obtained by integrating each entry of P( t), 
assuming of course, that each entry is integrable on [a, I) j. The reader can verify that the 
linearity property for integrals generalizes to matrix functions. 

Continuity and differentiability of matrix functions are also defined in terms of the 
entries. We say that a matrix function P = [p t j\ is continuous at t if each entry Ls 
continuous at t. The derivative P' is defined by differentiating each entry, 

P'(t) = [p'ft)], 

whenever all derivatives p\ft) exist. It is easy to verify the basic differentiation mles for 
sums and products. For example, if P and Q are differentiable matrix functions, we have 


(P + Qf = P‘ + Q’ 
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if P and Q are of the same size, and we also have 


(PQ)' = PQ’ + P'Q 

if the product PQ is defined. The chain mle also holds. That is, if F(t) = P(g(t)\ , where P 
is a differentiable matrix function and j is a differentiable scalar function, then F'(t) = 
g'(t)P'lg(t)}. The zero-derivative theorem, and the first and second fundamental theorems 
of calculus are also valid for matrix functions. Proofs of these properties are requested in 
the next set of exercises. 

The definition of the exponential of a matrix is not so simple and requires further 
preparation. This is discussed in the next section. 


7.3 Infinite series of matrices. Norms of matrices 

Let A = [fl w ] be an n x n matrix of real or complex entries. We wish to define the 
exponential e A in such a way that it possesses some of the fundamental properties of the 
ordinary real or complex-valued exponential. In particular, we shall require the law of 
exponents in the fomi 

(7 g) e tA e sA = e H+s)A for all real s and f , 

and the relation 


(7.9) e° = I, 

where 0 and Z are the n x n zero and identity matrices, respectively. It might seem natural 
to define e A to be the matrix [e a ‘>]. However, this is unacceptable since it satisfies neither of 
properties (7.8) or (7.9). Instead, we shall define e A by means of a power series expansion. 


e 


A 



We know that this formula holds if A is a real or complex number, and we will prove that 
it implies properties (7.8) and (7.9) if A is a matrix. Before we can do this we need to 
explain what is meant by a convergent series of matrices. 


definition of convergent series of matrices. Given an infinite sequence of m xn 
matrices {C k \ whose entries are real or complex numbers, denote the ij-entry of C k by cf ■ If 
all mn series 

(7.10) %c\f 0 = 1 . m\j = 1, . . ., n) 

are convergent, then we say the series of matrices 2* =1 C k is convergent, and its sum is defined 
to be them xn matrix whose ij-entry is the series in (7.10). 
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A simple and useful test for convergence of a series of matrices can be given in terms of the 
norm of a matrix, a generalization of the absolute value of a number. 

definition of norm of a matrix. If A= [a {j ] is an m x n matrix of real or complex 
entries, the norm of A, denoted by Mil, is defined to be the nonnegative number given by the 
formula 

m n 

(7.ii) Mil = 2 2l fl «l- 

i=l 4=1 

In other words, the norm of A is the sum of the absolute values of all its entries. There 
are other definitions of norms that are sometimes used, but we have chosen this one because 
of the ease with which we can prove the following properties. 


theorem 7.1. fundamental properties of norms. For rectangular matrices A and B, 
and all real or complex scalars c we have 


M + B || < M|| + Mi, M-Bll < Mil Mil, IMII = Id Mil . 


Proof. We prove only the result for || AB\\ , assuming that A is m x n and B is n x p . 
The proofs of the others are simpler and are left as exercises. 

Writing A = [a ik \ , B = [b kl ] , we have AB = [^ =1 a iJ>k}\ > so from (7.11) we obtain 


m v 

\\AB II = 22 

i=1 3=1 


2 

k=\ 


m n 


m n 


<2 iMXlhtl <2 2l«»lll fl ll =MII M 


Note that in the special case B = A the inequality for M-®ll becomes M a |l ^ Mil 2 - 
By induction we also have 


Ml < Mil* for k = 1,2, 3,.^. 


These inequalities will be useful in the discussion of the exponential matrix. 

The next theorem gives a useful sufficient condition for convergence of a series of matrices. 


THEOREM 7.2. TEST FOR CONVERGENCE OF A MATRIX SERIES. If {Cj.} is a sequence ofmxn 
matrices such that 2*Li II QJI converges, then the matrix series Q. also converges. 

Proof. Let the /y-entry of C k be denoted by c[f. Since |cl^’ | < ||C t || , convergence of 
2*i |jC i .||mplies absolute convergence of each series 2M c^f. Hence each series cf 1 
is convergent, so the matrix series Q- is convergent. 

7.4 Exercises 

1. Verify that the lineality property of integrals also holds for integrals of matrix functions. 

2. Verify each of the following differentiation rules for maUix functions, assuming P and Q are 
differentiable. In (a), P and Q must be of the same size so that P + Q is meaningful. In 
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(b) and (d) they need not be of the same size provided the products are meaningful. In (c) 
and (d), Q is assumed to be nonsingular. 

(a) (P + Q Y = P’ + Q’ . " (c) (Q- 1 )' = -Q-'Q'Qr 1 . 

(b) (PQY = PQ’ + P’Q • (d) (PQ- 1 )' = -PQ^Q'Q^ + P'QrK 

3. (a) Let P be a differentiable matrix function. Prove that the derivatives of P 2 and P 3 are given 
by the formulas 

(P 2 )' = PP’ + P’P, (P 3 )' = P 2 P' + PP'P + P'P 2 . 

(b) Guess a general formula for the derivative of P* and prove it by induction. 

4. Let P be a differentiable matrix function and let g be a differentiable scalar function whose 
range is a subset of the domain of P. Define the composite function F(t) = P[git)\ and prove 
the chain rule, F’(t) = g' (t)P' [g(t)[ . 

5. Prove the zero-derivative theorem for matrix functions: If P’(t) = 0 for every t in an open 
interval (a, b), then the matrix function P is constant on (a, b). 

6 . State and prove generalizations of the first and second fundamental theorems of calculus for 
matrix functions. 

7. State and prove a formula for integration by parts in which the integrands are matrix functions. 

8 . Prove the following properties of matrix norms : 

M + B[ < \\a II + lull, Mil =|c| MU. 

9. If a matrix function P is integrable on an interval [a, b] prove that 

||pP(0*|| ^ f" IIP(0II dt. 

IIJ a || Ja 

10. Let D be an n x n diagonal matrix, say D = diag (A x , . . . , ?. n ). Prove that the matrix series 

D k lk ! converges and is also a diagonal matrix. 



k = 0 


(The term corresponding to k = 0 is understood to be the identity matrix I.) 

11. Let D be an n x n diagonal matrix, D = diag (Aj , . . . , A n ), If the matrix series 2£o Ck ° k 
converges, prove that 

2 c k° k = dia S (2 c * A i» • • ■ > 2 • 

i = 0 V=0 k=0 ! 

12. Assume that the matrix series C k converges, where each C k is an n x n matrix. Prove that 

the matrix series ( AC k B) also converges and that its sum is the matrix 

Here A and B are matrices such that the products AC k B are meaningful. 
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7.5 The exponential matrix 

Using Theorem 7.2 it is easy to prove that the matrix series 


(7.12) 


$ 

k=0 


4 ! 

k\ 


converges for every square matrix A with real or complex entries. (The term corresponding 
to A: = 0 is understood to be the identity matrix Z.) The norm of each term satisfies the 
inequality 

I d! 1 < Hi! 

II k\ II “ k\ 

Since the series 2 a k lk\ converges for every real a, Theorem 7.2 implies that the series in 
(7.12) converges for every square matrix A. 


definition of the exponential matrix. For any n x n matrix A with real or complex 
entries we define the exponential e A to be the tl x n matrix given by the convergent series in 
(7.12). That is, 



Note that this definition implies e° = I, where 0 is the zero matrix. Further properties 
of the exponential will be developed with the help of differential equations. 


7.6 The differential equation satisfied by e tA 

Let t be a real number, let A be an n x n matrix, and let Eft ) be the n x n matrix given by 

Eft) = e tA . 

We shall keep A fixed and study this matrix as a function oft. First we obtain a differential 
equation satisfied by E 

theorem 7.3. For every real t the matrix function E defined by Eft) = e tA satisfies the 
matrix differential equation 

E’(t) = E(t)A = AE(t). 


Proof. From the definition of the exponential matrix we have 
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Let c\ k) denote the ij-entry of A k . Then the ij-entry of t k A k lk\ is t k C , i k) jkl . Hence, from the 
definition of a matrix series, we have 


(7.13) 


00 r. . j. CO 

2ir- 2 


k=0 


- Jk) 

■k\ ij 


Each entry on the right of (7.13) is a power series in t, convergent for all t. Therefore its 
derivative exists for all t and is given by the differentiated series 


2 


kt ,c ~ l 

W 


M) 

■it 


GO 

=2 


— Jk+ 1) 
/c!” ' 


This shows that the derivative E\t) exists and is given by the matrix series 


E 


CO . 

«=2 


lc =0 


t k A k+1 

k\ 



In the last equation we used the property A k+1 = A k A ■ Since A commutes with A k we could 
also have written A k+l = AA k to obtain the relation Eft) = AE(t) . This completes the 
proof. 

Note: The foregoing proof also shows that A commutes with e tA ■ 


IH Uniqueness theorem for the matrix differential equation F’(t) = AF(t) 

In this section we prove a uniqueness theorem which characterizes all solutions of the 
matrix differential equation F’(t) = AF(t) . The proof makes use of the following theorem. 

theorem 7.4. NONSINGULARITY of e tA . For any n X n matrix A and any scalar t we have 

(7.14) e tA e~ u = I . 

Hence e tA is nonsingular, and its inverse is e~ tA . 

Proof. Let F be the matrix function defined for all real t by the equation 

F(t) = e tA e~ tA . 

We shall prove that F(t) is the identity matrix I by showing that the derivative F’(t) is the 
zero matrix. Differentiating F as a product, using the result of Theorem 7.3, we find 

Fft) = e tA (e~ tA y + (e tA )’e~ tA = e tA (-Ae~ tA ) + Ae tA e~ tA 
= -Ae tA e- tA + Ae tA e~ tA = 0, 

since A commutes with e tA . Therefore, by the zero-derivative theorem, F is a constant 
matrix. But F(0) = e 0A e 0A = /, so F(t) = I for all t. This proves (7.14). 
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theorem 7.5. uniqueness theorem. Let A and B he given n x n constant matrices. 
Then the only n x n matrix function F satisfying the initial-value problem 

F’(t) = AF( t), F(O) = B 

for — co < f < + oo is 

(7.15) F(t) = e iA B . 

Proof. First we note that e tA B is a solution. Now let F be any solution and consider the 
matrix function 

G(t) = e~ tA F(t). 

Differentiating this product we obtain 

G'(t) = e~ tA F'(t) - Ae~ iA F(t) = e~ tA AF(t) - e' tA AF(t ) = 0 . 

Therefore G(t) is a constant matrix, 

G(t) = G(0) = F(0) = B. 

In other words, e~ tA F(f) = B. Multiplying by e tA and using (7.14) we obtain (7.15). 

Note: The same type of proof shows that F(t) = Be tA is the only solution of the 
initial-value problem 

F'{t)= F(t)A, F(0) = B. 

7.8 The law of exponents for exponential matrices 

The law of exponents e A C B = is not always true for matrix exponentials. A counter 

example is given in Exercise 13 of Section 7.12. However, it is not difficult to prove that 
the formula is true for matrices A and B which commute. 

theorem 7.6. Let A and B be two n x n matrices which commute , AB = BA . Then we 
have 

(7.16) e A+B = e A e B . 

Proof. From the equation AB — BA we find that 

A 2 B = A(BA) = (AB)A = (BA)A = BA 2 , 

so B commutes with A 2 . By induction, B commutes with every power of A. By writing 
e tA as a power series we find that B also commutes with e tA for every real t. 

Now let F be the matrix function defined by the equation 


F(t) = e UA+B) - e tA e tB . 
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Differentiating F(t) and using the fact that B commutes with e tA we find 

F'(t) = (A + B)e tu+B) - Ae tA e tB - e tA Be tB 

= (A + B)e UA+B) -(A+ B)e tA e tB = ( A + B)F(t). 

By the uniqueness theorem we have 

F(t) = e tu+B) F( 0). 


But F(O) = 0 , so F(t) — 0 for all t. Hence 

e UA+B) _ gtAgtB 

When t = 1 we obtain (7.16). 

example . The matrices sA and tA commute for all scalars j and t. Hence we have 

e sA e tA = e ls+t)A . 

7.9 Existence and uniqueness theorems for homogeneous linear systems with constant 
coefficients 

The vector differential equation Y’(t) = A Y(t), where A is an n x n constant matrix and 
Y is an n-dimensional vector function (regarded as an n x 1 column matrix) is called a 
homogeneous linear system with constant coefficients. We shall use the exponential matrix 
to give an explicit formula for the solution of such a system. 

theorem 7.7. Let A be a given n x n constant matrix and let B be a given n-dimensional 
vector. Then the initial-value problem 

(7.17) Y’(t) = AY(t), Y(0) = B, 

has a unique solution on the interval — co < t < + oo. This solution is given by the formula 

(7.18) Y(t) = e tA B . 

More generally, the unique solution of the initial value problem 

Y’(t) = A Y(t), Y(a) = B, 

is Y(t) = e (t ~ a)A B. 

Proof. Differentiation of (7.18) gives us Y’(t) = Ae tA B = A Y(t). Since Y(0) = B , 
this is a solution of the initial-value problem (7.17). 

To prove that it is the only solution we argue as in the proof of Theorem 7.5. Let Z(t) 
be another vector function satisfying Z’(/j = AZ(t) with Z(0) = B , and let G(t) = e~ IA Z(t). 
Then we easily verify that G’(t) = O, so G(t) = G(0) = Z(0) = B. In other words, 
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e~ tA Z(t ) = B. so Z(t) = e tA B = Y(i). The more general case with initial value Y(a) = B 
is treated in exactly the same way. 


7.10 The problem of calculating e tA 

Although Theorem 7.7 gives an explicit formula for the solution of a homogeneous 
system with constant coefficients, there still remains the problem of actually computing 
the exponential matrix e tA . If we were to calculate e tA directly from the series definition we 
would have to compute all the powers A k for k = 0, 1, 2, , . . , and then compute the sum 
of each series 7^ ■ . where c\ k) is the ry-entry of A k . In general this is a hopeless 

task unless A is a matrix whose powers may be readily calculated. For example, if A is a 
diagonal matrix, say 

A = diag A„), 

then every power of A is also a diagonal matrix, in fact, 

A k = diag (A*,..., A*). 

Therefore in this case e IA is a diagonal matrix given by 



Another easy case to handle is when A is a matrix which can be diagonalized. For 
example, if there is a nonsingular matrix C such that C~ X AC is a diagonal matrix, say 
C~ l AC — D , then we have A = CDC~ r , from which we find 

A 2 = (CDC-^iCDC- 1 ) = CD 2 C~\ 

and, more generally, 

A k = CD k C~ x . 


Therefore in this case we have 



Ce w C-\ 


Here the difficulty lies in determining C and its inverse. Once these are known, e tA is easily 
calculated. Of course, not every matrix can be diagonalized so the usefulness of the 
foregoing remarks is limited. 

example 1. Calculate e tA for the 2 x 2 matrix A = 



Solution. 


This matrix has distinct eigenvalues A x = 6, 1, = 1 , so there is a nonsingular 


“a b 
e d_ 


such that C 1 AC = D, where D = diag (A lt A 2 ) = 


"6 0 ' 

0 1 


matrix C 


. To 
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determine C we can write AC - CD, or 


'5 4' 

'a b ‘ 


1 

ft 

[6 01 

_1 2_ 

e d_ 


_1 

1 - 

o 

l_ 


Multiplying the matrices, we find that this equation is satisfied for any scalars a, b, c, d with 
a = 4c, b = - cl . Taking c = d = 1 we choose 


c = 

'4 -f 

, c- 1 = - 

1 f 


.1 1. 

5 

.-1 4. 


Therefore 


e tA = Ce tD C~ 1 = - 

1 - 

t-H 

1 

1_ 

5 

! 

1 - 

O 

1 

h-L 

_1 

5 

Li lJ 

Lo 

e*J 

,-l 

4j 


1 

'4 

-f 

' e et 

e 6t ~ 

_ 1 

4e 6( + e ( 4e 6< — 4e‘ 

5 

.1 

1 . 

.-e‘ 

4e*_ 

_ 5 

_ e 6! — e l e 6t + 4e l _ 


example 2. Solve the linear system 


y'i = 5 Ti + 4y 2 

y'i= yi+ 2 y 2 


subject to the initial conditions ^(0) = 2, y 2 (0) = 3. 
Solution. In matrix form the system can be written as 


Y’(t) = A Y(t), 



where A = 


'5 4" 
.1 2 


By Theorem 7.7 the solution is Y(t) = e tA Y(0). Using the matrix e tA calculated in Example 
1 we find 


Ti 

_ 1 

4e 6! + c 4 4e 6t - 4e 4 l 

'2' 

Tz- 

_ 5 

+ 

1 

s 

_i 

X 


from which we obtain 

= 4e 6t — 2e f , y 2 = e u + 2e l . 

There are many methods known for calculating e lA when A cannot be diagonalized. 
Most of these methods are rather complicated and require preliminary matrix transforma¬ 
tions, the nature of which depends on the multiplicities of the eigenvalues of A. In a later 
section we shall discuss a practical and straightforward method for calculating e tA which 
can be used whether or not A can be diagonalized. It is valid for all matrices A and requires 
no preliminary transformations of any kind. This method was developed by E. J. Putzer 
in a paper in the American Mathematical Monthly, Vol. 73 (1966), pp. 2-7. It is based on a 
famous theorem attributed to Arthur Cayley (1821-1895) and William Rowan Hamilton 
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(18051865) which states that every square matrix satisfies its characteristic equation. 
First we shall prove the Cayley-Hamilton theorem and then we shall use it to obtain 
Putzer’s formulas for calculating e tA . 


7.11 The Cayley-Hamilton theorem 


theorem 7.8. cayley-hamilton theorem. Let A be an n x n matrix and let 

(7.19) /(A) = det (A/ ~ A) = X n + c n _ x X n ~' f • • • i c x X f c 0 

be its characteristic polynomial. Then f (A) = 0. In other words, A satisfies the equation 

(7.20) A” + c^A”- 1 + . • • + c x A+ c 0 I = 0. 

Proof. The proof is based on Theorem 3.12 which states that for any square matrix A 

we have 

(7.21) A (cof AY = (det A)I. 

We apply this formula with A replaced by XI — A . Since det (II — A)= f(X), Equation 

(7.21) becomes 

(7.22) (XI - A){cof(A/ - A)Y=f(X)I. 

This equation is valid for all real 1. The idea of the proof is to show that it is also valid 
when X is replaced by A. 

The entries of the matrix cof (XI — A ) are the cofactors of XI — A. Except for a factor 

i 1 , each such cofactor is the determinant of a minor of XI — A of order n — 1. Therefore 

each entry of cof (XI — A), and hence of {cof (XI — A)}*, is a polynomial in X of degree 
<« — 1. Therefore 

{cow - a)} 1 = z\%, 

k=n 


where each coefficient B k is an n x n matrix with scalar entries. Using this in (7.22) we 
obtain the relation 

(7.23) (XI - A)fx%=f(?.)l 

k = 0 

which can be rewritten in the form 


- AB k ) - AB 0 = X"I + J AV + c 0 I. 

1 k=l 


(7.24) 
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At this stage we equate coefficients of like powers of A in (7.24) to obtain the equations 


(7.25) 


B n -1 = I 

B n -2 ~ AB n _i = c n _\l 

B 0 — AB. = cj 
—AB 0 = c 0 I. 


Equating coefficients is permissible because (7.24) is equivalent to n 2 scalar equations, in 
each of which we may equate coefficients of like powers of il. Now we multiply the equa¬ 
tions in (7.25) in succession by A”, A" -1 , A, I and add the results. The terms on the 

left cancel and we obtain 


0 = A” + c„_ 1 A n ~ 1 + ■ ■ • + C X A + C 0 I. 


This proves the Cayley-Hamilton theorem. 

Note: Hamilton proved the theorem in 1853 for a special class of matrices. A few 
years later, Cayley announced that the theorem is true for all matrices, but gave no proof. 


EXAMPLE. 


The matrix A 


"5 

1 

1 


m = {x — i)(A 


4 O' 
2 0 
2 2 


has 


characteristic polynomial 


- 2)(A - 6) = A 3 - 9A 2 + 20A - 12. 


The Cayley-Hamilton theorem states that A satisfies the equation 

(7.26) A 3 - 9A 2 + 20A -12 1=0. 

This equation can be used to express A 3 and all higher powers of A in terms of /, A, and 
A 2 . For example, we have 

A 3 = 9A 2 - 20A + 121, 

A* =z 9A 3 - 20 A 2 + 12A = 9(9 A 2 - 20A + 127) - 20^ 2 + 12^ 

= 6L4 2 - 168A + 1081. 


It can also be used to express A~ 1 as a polynomial in A. From (7.26) we write 
A(A 2 — 9A + 201) = 127, and we obtain 


A- 1 = f 2 (A 2 - 9A + 201). 
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7.12 Exercises 

In each of Exercises 1 through 4, (a) express A-1, A 2 and all higher powers of A as a linear 
combination of Z and A. (The Cayley-Hamilton theorem can be of help.) (b) Calculate e tA . 



"1 O' 


'1 0" 


"o r 


"-1 o' 

1. A = 


2. A = 


3. A = 


II 

T 

A 



1 1^ 


1 2_ 


1 0 


0 1 


5. (a) If A = 


0 1 

-1 0 


prove that e tA = 


cos t sin t 
—sin t cos t 


(b) Find a corresponding formula for e tA when A = 

"t t - u 


a 

1 

l 

dr 

a \ 


a, b real. 


0 



1 ut 

inctioh (II li 

rl li 


6. If F(t) 

7. If A(t) is ayjc; 

e AM when. 

' ' ^0 0| 
e A<t> A'(t) or A'(t)e Aft K 

In each of Exercises 8, 9, 10, (a) calculate A n , and express A 3 in terms of I, A, A 2 . (b) Calculate 

otA 


, prove that e F(t) = eF(e t ~ 1 ) ■ 

the derivative of e A<tl is e A(t> A'(t). Compute the derivative of 
and show that the result is not equal to either of the two products 



'0 

1 

r 


'0 

1 

1" 


'2 

0 

0‘ 

8. A = 

0 

0 

i 

9. A = 

0 

1 

1 

10. A = 

0 

1 

0 


0 

0 

0 


0 

0 

0 


0 

1 

1 


11. If A = 


12. If A = 


0 -1 

1 0 

0 1 

0 1 01 


express e tA as a lineal' combination of /, A, A 2 . 


x y } 


2 0 2 1 , prove that e A = 1-2 xy x 2 + y 2 2xy 1 , where x = cosh 1 and y = sinh 1. 


0 1 0 


r 


xy 


13. This example shows that the equation e A+B = ; is not always true for matrix exponentials. 


Compute each of the matrices e A e B , e B e A , e A+B when A = 
note that the three results are distinct. 


1 


10] and B = 


T -1 
0 0 


, and 


7.13 Putzer’s method for calculating e tA 

The Cayley-Hamilton theorem shows that the nth power of any n x n matrix A can be 
expressed as a linear combination of the lower powers /, A, A 2 , ■ ■ ■ , A n ~ x . It follows that 
iach of the higher powers A n+1 , A n+2 ,. . . , can also be expressed as a linear combination of 
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I, A, A 2 , - ■ ■ , A n ~ l . Therefore, in the infinite series defining e tA , each term t k A k jk\ with 
k > n is a lineal' combination of t k I, t k A, t k A 2 , . . . , t k A n ~ 1 . Hence we can expect that e tA 
should be expressible as a polynomial in A of the form 

(7.27) e tA . n f l q k (t)A k , 

k—Q 

where the scalar coefficients q k (t ) depend on t. Putzer developed two useful methods for 
expressing e tA as a polynomial in A. The next theorem describes the simpler of the two 
methods. 


theorem 7.9. Let A l5 . . . , A n be the eigenvalues of an n X n matrix A, and define a 

sequence of polynomials in A as follows: 

(7.28) P 0 (A ) = I, P k (A) = ]7 (A - IJ), for k = 1,2,..., n. 

m=l 

Then we have 

n —1 

(7.29) e tA , 2 r k+l (t)P k (A) , 

jfc=0 

where the scalar coefficients r,(t), . . . , r,(t) are determined recursively from the system of 

linear differential equations 

r'iU) = Vi(0 - 'T(O) = 1 r 

(7.30) 

K+i(t) = k+ih+i(t) * h(t), r k+1 { 0) . 0 , (k = 1, 2 ,. . ., n -1). 

Note: Equation (7.29) does not express e tA directly in powers of A as indicated in 
(7.27), but as a linear combination of the polynomials P 0 (A), PfiA), . . . , P n __fA). These 
polynomials are easily calculated once the eigenvalues of A are determined. Also the 
multipliers rfit), . . . , r.(t) in (7.30) are easily calculated. Although this requires solving 
a system of linear differential equations, this particular system has a triangular matrix 
and the solutions can be determined in succession. 


Proof. Let rfit), . . . , r,(t) be the scalar functions determined by (7.30) and define a 
matrix function F by the equation 

(7.31) F(t) . | r k+ i(t)PM) ■ 

k=() 


Note that F(0) = rfO)P 0 (A) = /. We will prove that F(t) = e tA by showing that F 
satisfies the same differential equation as e IA , namely, F’(t) = AF(t) . 

Differentiating (7.31) and using the recursion formulas (7.30) we obtain 


Fit) 


n—l n—i 

= I ^+i(0 PM) = 1 {hit) + k k+l r M it)}P k (A), 
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where r„(t) is defined to be 0. We rewrite this in the form 

F (0 = 2 r k-; l(t)Pk+l(A) + 2 K+l r k+l(f)Pk(A) , 

k = () k = 0 

then subtract ). n F(t) = 2Kl 1 Kh+i{F)P k {A) to obtain the relation 

(7.32) F(0-A„F(0. lr k+l (t){PUA) + (Vi ~K)PM)}. 

k=() 

But from (7.28) we see that P k+1 (A) = (A — X k+ J)P k (A), so 

Pk+i(A) + (A* +1 — A n )P*(/4) = (A — l k+l T)P k (A) + (4+1“ ^n)Fk(A) 

= (A - A n /)P*(^). 

Therefore Equation (7.32) becomes 

F(0 - V(0 = (A - Kjii r k+1 (t)Pk(A) = (A - A„J){F(0 - r„(0P„_!(A)} 

k=() 

= (A - A„/)F(0 - nOB^U). 

The Cayley-Hamilton theorem implies that P, (A) = 0, so the last equation becomes 

F’(t) - Km = (a - mm = m) - Km, 

from which we find F’(t) = AF(t). Since F(0) = I, the uniqueness theorem (Theorem 7.7) 
shows that F(t) = e tA . 

example 1. Express e tA as a Unear combination of Zand AifAisa2x2 matrix with both 
its eigenvalues equal to il. 

Solution. Writing A x = A 2 = A, we are to solve the system of differential equations 

no = n(o, no) = 1, 

no = Ar 2 (0 + no, r 2 ( 0 ) = 0 . 

Solving these first-order equations in succession we find 

no = n, no = &**• 

Since P 0 (A) = Z and P,(A) = A — A/, the required formula for e tA is 

(7.33) e tA = e xt I + te x \A - A/) = e xt (l - AO/ + te xt A. 
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EXAMPLE 2. Solve Example 1 if the eigenvalues of A are A and u, where A ^ fi , 
Solution. In this case the system of differential equations is 


r[(t) = Arft), r x (0) = 1 , 

r'ft) - p,r ft) + rft), r,(0) = 0. 


Its solutions are given by 


rft) = 


rff) 


e M — e^ 
a — n 


Since P,(A) — Z and P,(A) = A — AI the required formula for e iA is 


(7.34) 


xt _ nt 

JA _ e xtj + £_-e_ (q _ XI) 


Ae^- 


fie 


xt 


A — n 


■ n 


' 1 ~F 


e xt - eff 

a — n 


If the eigenvalues A, /i are complex numbers, the exponentials e xt and will also be 
complex numbers. But if A and n are complex conjugates, the scalars multiplying Z and A in 
(7.34) will be real. For example, suppose 


2 = a + ip, ji = (/. — if), f) ^ 0. 
Then A — [i = 2ifS so Equation (7.34) becomes 


£ tA _ £ {x+ip)tj 


g(x+i0)t — 

2ijs 


[A- 


(a + mi] 


The terms involving 
(7.35) 




\e m I 




{ 


up 


(A — o-l — ifil) 
sin ft 


= e^ycos ft + i sin ft)I + — ~ (A — <xl — i/3-0 j. 
/ cancel and we get 


M - — 


{(P cos ft — a sin pt)I + sin pt A}. 


7.14 Alternate methods for calculating e tA in special cases 

Putzer’s method for expressing e tA as a polynomial in A is completely general because it 
is valid for all square matrices A. A general method is not always the simplest method to 
use in certain special cases. In this section we give simpler methods for computing e tA in 
three special cases: (a) When all the eigenvalues of A are equal, (b) when all the eigenvalues 
of A are distinct, and (c) when A has two distinct eigenvalues, exactly one of which has 
multiplicity 1. 
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(7.36) 


7.10. If A is an n x n matrix with all its eigenvalues equal to X, then we have 

e tA = T— (A - XI f. 

k f 


Proof. Since the matrices ).tl and t(A — XI) commute we have 


e tA — e xtI e i(A - xl ^ 


k =0 


The Cayley-Hamilton theorem implies that (A — /.If = 0 for every k > n , so the theorem 
is proved. 


theorem 7.11. If A is an n x n matrix with n distinct eigenvalues X lt X 2 , ... , X n , then 
we have 

e tA = £e u *L k (A), 

k =1 

where L%{A) is a polynomial in A of degree n — 1 given by the formula 
L k (A ) * ft for k = 1 , 2 , , n. 

Ul k 1 

Note: The polynomials L.(A) are called Lagrange interpolation coefficients. 

Proof. We define a matrix function F by the equation 

(7.37) F(t) = I e Uk L k {A) 

k =1 

and verily that F satisfies the differential equation F’(t) = AF(t) and the initial condition 
F(0) = I. From (7.37) we see that 

AF(t) - F’(t) = 2 e th (A - X k I)L k (A) . 

k =1 

By the Cayley-Hamilton theorem we have (A — X k I)L k (A) — 0 for each k, so F satisfies 
the differential equation F’(t) = AF(t) . 

To complete the proof we need to show that F satisfies the initial condition F(0) = I, 
which becomes 

n 

(7.38) iLfA) m I , 

k=l 

A proof of (7.38) is oudined in Exercise 16 of Section 7.15. 

The next theorem treats the case when A has two distinct eigenvalues, exactly one of 
which has multiplicity 1. 
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theorem 7.12. Let A be an n x n matrix (n > 3) with two distinct eigenvalues X and [i, 
where X has multiplicity n — 1 and p has multiplicity L Then we have 


n —2 Jc „u.t 

-e u y~( A - xi t + ---7 

- e Z-ik\ (a - XY- 1 




0 


(p — A )" -1 


Proof. As in the proof of Theorem 7.10 we begin by writing 

= ( A - (A - + gA( 2 rM-xi) 1 


at A 


n —2 ,i. 

■ t 


= C'Zf (A-Ilf 2 - M) 


ra—1-fr 


,_.(«■ 

Now we evaluate the series over r in closed fomi by using the Cayley-Hamilton theorem. 
Since 

A — pi = A — XI — (p — X)I 

we find 

(A - XI) n ~ 1 (A - /J) = (A — Xiy -(p- X)(A - xiy- 1 . 

The left member is 0 by the Cayley-Hamilton theorem so 

(A - xiy = (p - X)(A - xiy- 1 . 


Using this relation repeatedly we find 

(A _ Xiy - 1 +' = (p - Xy(A - A/)"- 1 . 

Therefore the series over r becomes 


fft-l+r 1 A t le 

2 (731777 - W - «>- = ™ 


This completes the proof. 


(P-W M 
---1 JUi-U 

(p - xy 


X)k } (A ~ xir ~ 1 - 


k= 0 


The explicit formula in Theorem 7.12 can also be deduced by applying Putzer’s method, 
but the details are more complicated. 

The explicit formulas in Theorems 7.10, 7.11 and 7.12 cover all matrices of order n < 3 . 
Since the 3 x 3 case often arises in practice, the formulas in this case are listed below for 
easy reference. 

CASE 1. If a 3 x 3 matrix A has eigenvalues X, X, X, then 


e tA = e u {I + t(A - XI) + |f 2 (yl - XI) 2 }. 
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CASE 2. If a 3 x 3 matrix A has distinct eigenvalues A, fi, v, then 

e iA = & xt (■ A - eD(A - vl) , (A - A/)(A - vl) eVi ( A - AlU - gj) _ 
(A - /r)(A - v) (A* — Wf* ~ v ) O' - X)(v - E) 

CASE 3. If a 3 x 3 matrix A has eigenvalues A, A, //,, with A ^ [i, then 

= e u {I + ((A - A/)} + (A - XI f — (A - XI) 2 . 

o - xy E~x 


example. Compute e tA when A 


'0 1 0 “ 
0 0 1 
2-5 4 


Solution. The eigenvalues of A are 1, 1, 2, so the formula of Case 3 gives us 


(7.39) e tA = e\l + t(A - Z)} + (e 2f - e l )(A - I) 2 - te\A - If. 

By collecting powers of A we can also write this as follows, 

(7.40) e tA = (-2 te* + e 2t )I + {(3t + 2)e t - 2e 2( }A - {(t + l)e‘ - e 2 *}A 2 . 

At this stage we can calculate (A — I) 2 or A 2 and perform the indicated operations in (7.39) 
or (7.40) to write the result as a 3 x 3 matrix, 

(3t + 2)e*-2e 2t -(t + l)e* + e 2t l 

(3t+ 5)e*-4e 2t -(/+ 2)e‘ + 2e 2t 

(3t + 8)e ( — %e 2t -(t + A)e* + 4e 2t M 


e tA = 


—2 te 1 + e 2t 
-2(1 + l)e* + 2e 2t 
1-2 (t + 2)e* + 4e 2t 


7.15 Exercises 

For each of the matrices in Exercises 1 through 6, express e tA as a polynomial in A. 

[5 -2 

1. A =, I 

[4 -1 





1 

o 


r l 2 


2. A — 

2 -1_ 

. 3. A = 

0 1 3 




o 

O 












1 

0 


0 

1 

o" 


'3 

-1 

f 


0 

2 

1 

4. A = 

0 

0 

1 

. 5. A = 

2 

0 

1 

6. A = 



3. 










0 

0 

3 


-6 

-11 

-6 


1 

-1 

2 






L 


” 





0 

0 

0 


7. (a) A3 x 3 matrix A is known to have all its eigenvalues equal to 1. Prove that 


/ytud — 1 


- lit + 2)Z + (-Ik 2 + 2t)A + t 2 A 2 }. 


(b) Find a corresponding formula if A is a 4 x 4 matrix with all its eigenvalues equal to A. 
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In each of Exercises 8 through 15, solve the system Y’ = A Y subject to the given initial 
condition. 



'1 2 


" C 1 


-5 3" 


r 

8. A = 

2 - 1 _ 

, T(0) = 

_ C 2_ 

9. A = 

-15 7 

T(O) = 

i 


10 . 



'3 - 1 

11 


f 


‘2 

0 

o" 


Cl 

A 

0 


o 

II 

-1 

11. A = 

0 

1 

0 

II 

o 

'w• 

c 2 


!] - 1 

?l 


2 


0 

1 

1 


C 3. 



1 

o 

o 


T 



'-2 2 

-3" 


Y 

12. /I = 

0 0 1 

Y(0) = 

0 

13. A = 


2 1 

-6 

Y(0) = 

0 


-6 -11 -6 


0 



_ —! - 2 I 

0 


0_ 


1 

W 

) 


"O' 


0 

0 

2. 

0 


■1 

2 

1 

3 

T(0) = 

0 

15.. A1 = 

1 

0 

0 

2 

. Y(0) « 

0 

0 

3 

0’ 

1 


0 

0 

0 

4 


2 

0 - 

■ 

k 


_ 1 _ 


0 

0 

1 

0 . 


.11 


14. A = 

16. This exercise outlines a proof of Equation (7.38) used in the proof of Theorem 7.11, Let L k (2) 
be the polynomial in A of degree n — I defined by the equation 

" A - A, 

L ^= TT r^ri’ 

i=l A k A i 


i*k 


where A x , . . . , I, arc n distinct scalars, 

(a) Prove that 

L k {K) 


if A f 5 ^ A„ 

if h = K- 


(b) Let , , y n be n arbitrary scalars, and let 


pW = 

fc<=l 

Prove that p{X) is the only polynomial of degree < n — 1 which satisfies the n equations 

p(h) = yic for k = \ ,2,,n. 

(c) Prove that 2*=i Ljt(A) = 1 for every A, and deduce that for every square matrix A we have 


I L*(A)=I, 


4=1 


where Z is the identity matrix. 
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7.16 Nonhomogeneous linear systems with constant coefficients 

We consider next the nonhomogeneous initial-value problem 

(7.41) r(0 = A Y(t ) + Q(t), Y(a) = B 

on an interval /. Here A is an n x n constant matrix, Q is an n-dimensional vector function 
(regarded as an fl x 1 column matrix) continuous on J, and a is a given point in J. We can 
obtain an explicit fomrula for the solution of this problem by the same process used to 
heat the scalar case. 

First we multiply both members of (7.41) by the exponential matrix e~ tA and rewrite the 
differential equation in the form 

(7.42) e tA { Y’(t) - AY(t)} = e~ tA Q(t). 

The left member of (7.42) is the derivative of the product e~ iA Y(t). Therefore, if we 
integrate both members of (7.42) from a to x, where x £ /, we obtain 

e~ xA Y(x) - e~ aA Y(a) = f* e' tA Q(t) dt . 

J a 

Multiplying by e xA we obtain the explicit formula (7.43) which appears in the following 
theorem. 


theorem 7.13. Let A be an n x n constant matrix and let Q be an n-dimensional vector 
function continuous on an interval J. Then the initial-value problem 

Y'(t) = A Y(t) + 2(0 > Y(a) = B 

has a unique solution on J given by the explicit formula 

(7.43) Y(x) = e (x ~ a)A B + e xA f e~ tA Q(t) dt. 


As in the homogeneous case, the difficulty in applying this formula in practice lies in the 
calculation of the exponential matrices. 

Note that the first term, e^ x ^ A B, is the solution of the homogeneous problem Y’(t) = 
A Y(t), Y(a) = B. The second temr is the solution of the nonhomogeneous problem 

Y'(t) = A Y(t) + Q(t), Y(a) = 0. 

We illustrate Theorem 7.13 with an example. 

example . Solve the initial-value problem 


Y'(t)= AY( 0+ Q(t), 


Y(0) = B. 
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on the interval (- GO , + co), where 



'2 

-1 

r 


- e 2t- 


'O' 

A = 

0 

3 

-l 

to 

II 

0 

, B = 

0 


2 

1 

3 


~ 1 

<£i 

•*— 

_1 


_0 


Solution. According to Theorem 7.13, the solution is given by 
(7.44) Y(x) = e xA fj e~ tA Q(t) dt = J" e {x ~ tu Q(t) dt . 

The eigenvalues of A are 2, 2, and 4. To calculate e xA we use the formula of Case 3, 
Section 7.14, to obtain 

e xA = e 2x {l + x(A - 21)} + l(e ix - e 2x )(A - 21 f - \xf\A - 2If 

= e 2x {I + x(A - 21) + l(e*‘ -2x - l)(A - 2If }. 

We can replace x by X — t in this formula to obtain e Therefore the integrand in 

(7.44) is 

e lx ~ i)A Q(t) = e^ll + (x — t)(A -2Z) + ~2(x -t) - l](A - 2If}Q(t) 


= e 


+ {A- 21)e & 


x — t 

0 

t(x — t). 


+ ~(A- 2/)V* 
4 


e 2x e~ 2t — 2(x — 0 — 1 

0 


e 2x te~ 2t _ 2 t( x -t)-t. 


Integrating, we fmd 


r 

X 


~\x 2 

Y(x) — e ix ~ t)A Q(t) dt = e 2x 

0 

+ (A - 2 1)e 2x 

0 

Jo 

-lx 2 _ 


_ix 3 _ 


+ -(A- 2/)V* 
4 


io 2x _ i 


2 — X — X 
0 


1„ 2 * 


iX 


Since we have 


lv 2 _ 1V 3 , 
3 -V j 



‘o -i r 


' 2 0 2' 

II 

S 

<N 

i 

0 1 -1 

and (A - Ilf = 

-2 0 -2 


2 1 1J 


2 0 2 


we find 



" X " 


r 

6 A 


3 £,2x 3 3 v 3 v 2 1 v 3“ 

8 c g 4' a 4 a g A 

Y(x) = e 2x 

0 

+ e 2x 

_ l v 3 
qX 

+ e 2 * 

-fe 2 * + § + £* + fx 2 + |x 3 


1 v 2 
_2 A _ 


_X 2 + ix 3 _ 


3^,2x 3 3 -y 3 v 2 1 v 3 

8^ 8 4 A 4 A 6 A 


3 a 2x 3 ! 1 v 3 v 2' 

8 e 8 l JX 

- |e 2x + | + lx + lx 2 


l> _ l) 3 -y I 3 y2 

gt g 4A T 4 A 


3 Z) 2x _ 3 

The rows of this matrix are the required functions y 1} . 
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7.17 Exercises 

1. Let Z be a solution of the nonhomogeneous system 

Z’(r) = AZ(r) + Q(r), 

on an interval J with initial value Z(a). Prove that there is only one solution of the non¬ 
homogeneous system 

Y’(t) = AY(t) + Q(t) 

on J with initial value Y(a) and that it is given by the formula 

Y(t) = Z(t ) + Y(a) - Z(a)}. 

Special methods are often available for determining a particular solution Z(t) which resembles 
the given function Q(t). Exercises 2, 3, 5, and 7 indicate such methods for Q(t) = C, Q(r) = 
e xt C , Q(t) = t m C, and Q(t) = (cos <xt)C + (sin a t)D, where C and D are constant vectors. 
If the particular solution Z(t) so obtained does not have the required initial value, we modify 
Z(t) as indicated in Exercise 1 to obtain another solution Y{t) with the required initial 
value. 

2. (a) Let A be a constant n * n matrix, B and C constant n-dimensional vectors. Prove that the 
solution of the system 

Y’(f) = AY(t) + c, Y(a) = B, 
on (— co, + co) is given by the formula 

Y(x) = e {x ~ ri)A B + ^J” o e uA duJC. 

(b) If A is nonsingular, show that the integral in part (a) has the value I}A~\ 

(c) Compute Y(x) explicitly when 



3. Let A be an n x n constant matrix, let B and C be n-dimensional constant vectors, and let « 
be a given scalar. 

(a) Prove that the nonhomogeneous system Z’(t) = AZ(t) + e n C has a solution of the form 
Z(t) = e xt B if, and only if, (a/ — A)B = C. 

(b) If a is not an eigenvalue of A, prove that the vector B can always be chosen so that the 
system in (a) has a solution of the form Z(t) = e xt B . 

(c) If a is not an eigenvalue of A, prove that every solution of the system Y’(t) = A Y(i) + e xt C 
has the fomr Y(t) = e L4 ( Y(0) — B) + e xt B, where B = (al ~ A)~ X C. 

4. Use the method suggested by Exercise 3 to find a solution of the nonhomogeneous system 
Y’(t) = AY{t) + e 2t C, with 
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5. Let A be an n x n constant matrix, let B and C be n-dimensional constant vectors, and let 
m be a positive integer. 

(a) Prove that the nonhomogeneous system Y’(t) = A Y(t) + PC, Y(0) = B, has a particular 
solution of the form 


Y(f) = B 0 + tB 1 + t 2 B 2 + • • • + t m B m , 


where B a , B lt , B m are constant vectors, if and only if 


C = 


", A ' n+1B 


Determine the coefficients R 0 , B t , ... , B m for such a solution. 

(b) If A is nonsingular, prove that the initial vector B can always be chosen so that the system 
in (a) has a solution of the specified form. 

6. Consider the nonhomogeneous system 


y'l = + y t + 1 3 

y'i = tyi + 2_y 2 + t 3 . 

(a) Find a particular solution of the form Y(l) = B 0 + tB 1 + t 2 B 2 + t 3 B s . 

(b) Find a solution of the system with J^O) = _}’ a (0) = 1 . 

7. Let A be an n x n constant matrix, let B, C, I) be n-dimensional constant vectors, and let 
a be a given nonzero real number. Prove that the nonhomogeneous system 

Y’(t) = A Y(t) + (cos a t)C + (sin a t)D, Y(0) = B, 

has a particular solution of the form 

Y(f) = (cos a t)E + (sin a t)F, 

where E and Fare constant vectors, if and only if 

(A 2 + ot 2 I)B = (AC + a D). 

Detemiine E and Fin terms of A, B, C for such a solution. Note that if A 2 + a 2 / is nonsingular, 
the initial vector B can always be chosen so that the system has a solution of the specified 
form. 

8. (a) Find a particular solution of the nonhomogeneous system 

y[ = /i + 3 y t + 4 sin It 
y'z =Ji “ J2- 

(b) Find a solution of the system with ^(0) = y 2 (0) = 1 • 
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In each of Exercises 9 through 12, solve the nonhomogeneous system Y’(t) = A Y(t) + Q(t) 
subject to the given initial condition. 



4 f 


0 



9. A = 

-2 1 

, Q(t) = 

t 

-2e 

- J 

» 

7(0) = 


10. A = 

'-5 

1 

-r 

-3 

, <2(0 = 

e 

e 2t 

, 7(0) = 

i 

r-5 

-n 

1 i 

r le 4 - 271 


11. A = 


2(0 = 


7(0) = 


mur 

442 


2 -3 


— 3e* + 12 



'-1 

-1 

o' 


V 


6" 

12. A = 

0 

-1 

-1 

, 2(0 = 

it 

, 7(0) = 

-2 


0 

0 

-1 


t 


1 
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7.18 The general linear system Y’(t) = P(t)Y(t) + Q(t) 

Theorem 7.13 gives an explicit formula for the solution of the linear system 

Y\t) = A 7(f) + 2(f), Y(a) = B, 

where A is a constant n X n matrix and Q(t), Y(t) are n X 1 column matrices. We turn 
now to the more general case 

(7.45) no = P(t) 7(0 + 2(0 , Y(a) = B, 

where the tl x n matrix m is not necessarily constant. 

If P and Q are continuous on an open interval J, a general existence-uniqueness theorem 
which we shall prove in a later section tells us that for each a in J and each initial vector B 
there is exactly one solution to the initial-value problem (7.45). In this section we use this 
result to obtain a formula for the solution, generalizing Theorem 7.13. 

In the scalar case (n = 1) the differential equation (7.45) can be solved as follows. We 
let A(x ) = j"* P(t) dt, then multiply both members of (7.45) by e~ Ait] to rewrite the differ¬ 
ential equation in the form 

(7.46) e~ A(t) { Y’(t) - P(i)7(0} = e~ M) Q(t ) . 

Now the left member is the derivative of the product g-Attl y(t). Therefore, we can integrate 
both members from a to x, where a and x are points in J, to obtain 

e- Mx] Y(x) - e~ Ma) Y(a) = jf e~ Ait) Q(t) dt. 

Multiplying by e A (a:) we obtain the explicit formula 

Y(x) = e A<x) e~ A(tl, Y(a) + ^ x) f‘ e~ M) Q(t) dt. 


(7.47) 
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The only part of this argument that does not apply immediately to matrix functions is 
the statement that the left-hand member of (7.46) is the derivative of the product g~ M> Y(t). 

At this stage we used the fact that the derivative of e~ A{t] is — P(t)e~ A ^\ In the scalar case 
this is a consequence of the following formula for differentiating exponential functions : 

If E(t) = e Ait) , then E’(t) = A'(t)e AW . 

Unfortunately, this differentiation formula is not always true when A is a matrix function. 

f 1 "l 

For example, it is false for the 2 x 2 matrix function A(t) = 0 Ol. (See Exercise 7 of 

Section 7.12.) Therefore a modified argument is needed to extend Equation (7.47) to the 
matrix case. 

Suppose we multiply each member of (7.45) by an unspecified n x n matrix F(t). This 
gives us the relation 

F(t) Y'(t)= F(t)P(t)Y(t)+ F(t)Q(t). 

Now we add F'(t)Y(t ) to both members in order to transform the left member to the 
derivative of the product F(t) Y(t). If we do this, the last equation gives us 

{F(t) r(t)}’ = {F’(t) + F(t)P(t)} Y(t) + F(t)Q(t) . 

If we can choose the matrix F{t) so that the sum {F'(t) + F(t)P(t )} on the right is the zero 
matrix, the last equation simplifies to 

{F(t)Y(t)y = F(t)Q(t). 

Integrating this from a to x we obtain 

F(x)Y(x) - F(a)Y(a) = f F(t)Q(t) dt . 

If, in addition, the matrix F(x) is nonsingular, we obtain the explicit formula 

(7.48) Y(x) = F(x)-‘F(a) Y(a) + F(x) -1 J" F(t)Q(t) dt . 

This is a generalization of the scalar formula (7.47). The process will work if we can find a 

n x n matrix function F(t) which satisfies the matrix differential equation 

no = -mm 

and which is nonsingular. 

Note that this differential equation is very much like the original differential equation 
(7.45) with Q(t) = 0, except that the unknown function F(t ) is a square matrix instead of a 
column matrix. Also, the unknown function is multiplied on the right by —P(t) instead of 
on the left by P(t). 

We shall prove next that the differential equation for F always has a nonsingular solution. 
The proof will depend on the following existence theorem for homogeneous linear systems. 
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theorem 7.14. Assume A(t) is an n x n matrix function continuous on an open interval 
J. If a e J and if B is a given n-dimensional vector, the homogeneous linear system 

Y’(t) = Aft) Y(t), Y(a) = B, 

has an n-dimensional vector solution Y on J. 


A proof of Theorem 7.14 appears in Section 7.21. With the help of this theorem we can 
prove the following. 

theorem 7.15. Given an n x n matrix function P, continuous on an open interval J t 
and given any point a in J, there exists an n x n matrix function F which satisfies the matrix 
differential equation 

(7.49) Ffx) = -Ffx)P(x) 

on J with initial value F(a) = I. Moreover, Ffx) is nonsingular for each x in J. 

Proof. Let Y,(x) be a vector solution of the differential equation 

= -p(x)%(x) 

on J with initial vector Y,(a) = I k , where I k is the kth column of the n x n identity matrix I. 
Here Pfx) 1 denotes the transpose of Fix). Let G(x) be the n x n matrix whose kth column 
is Y,(x). Then G satisfies the matrix differential equation 

(7.50) G’(x) = -P(xYG(x) 

on J with initial value G(a) = I. Now take the transpose of each member of (7.50). Since 
the transpose of a product is the product of transposes in reverse order, we obtain 

(G’(x)}” = -G( X yP(x). 

Also, the transpose of the derivative G’ is the derivative of the transpose G 1 . Therefore the 
matrix Ffx) = G(x) 1 satisfies the differential equation (7.49) with initial value Ffa) = I. 

Now we prove that Ffx) is nonsingular by exhibiting its inverse. Let H be the n x n 
matrix function whose kth column is the solution of the differential equation 

Y’fx) = Pfx) Yfx) 

with initial vector Y(a) = I„ the kth column of I. Then H satisfies the initial-value problem 

H’(x) = Pfx) FI (x) , Hfa) = I, 
on J. The product F(x)H(x) has derivative 

F{x)H'(x) + F’(x)H(x) = Ffx)P(x)Hfx) - F{x)P(x)H(x) = 0 
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for each x in J. Therefore the product F(x)H(x) is constant, F(x)H(x) = F(a)H(a) = /, 
so H(x) is the inverse of F(x). This completes the proof. 

The results of this section are summarized in the following theorem. 


theorem 7.16. Given an n x H matrix function P and an n-dimensional vector function 
Q, both continuous on an open interval J, the solution of the initial-value problem 

(7.51) r’(x) = P(x) Y(x) + Q(x), Y(a) = B. 
on J is given by the formula 

(7.52) Y(x) = F(x)-‘Y(a) + F(x)~ l I* F(t)Q(t) dt. 

Jo. 

The n x n matrix F(x) is the transpose of the matrix whose kth column is the solution of the 
initial-value problem 

(7.53) Y’(x) = -P(x) l Y(x), Y(a) = I k , 

where /, is the kth column of the identity matrix I. 


Although Theorem 7.16 provides an explicit formula for the solution of the general 
lineal - system (7.51), the formula is not always a useful one for calculating the solution 
because of the difficulty involved in determining the matrix function F. The determination 
of F requires the solution of n homogeneous linear systems (7.53). The next section 
describes a power-series method that is sometimes used to solve homogeneous linear 
systems. 

We remind the reader once more that the proof of Theorem 7.16 was based on Theorem 
7.14, the existence theorem for homogeneous Unear systems, which we have not yet proved. 


7.19 A power-series method for solving homogeneous linear systems 

Consider a homogeneous Unear system 

(7.54) Y’(x) = A(x) Y(x) , Y(0) = B. 

in which the given n x n matrix A(x) has a power-series expansion in x convergent in 
some open interval containing the origin, say 

A(x) = A 0 + xA t + x 2 Az + • ■ • + x k A k + , for \x\ < iq, 

where the coefficients A 0 , A„ A„ . . . are given n x n matrices. Let us try to find a 
power-series solution of the form 

Y(x) = B 0 + xB x + x % B. z + • • • + x k B k + , 
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with vector coefficients B 0 , B 1 , B 2 , . . , , Since Y(0) = B 0 , the initial condition will be 
satisfied by taking B 0 = B , the prescribed initial vector. To determine the remaining 
coefficients we substitute the power series for Y(x) in the differential equation and equate 

coefficients of like powers of x to obtain the following system of equations: 

(7.55) B 1 = A g B , ( k + l)B k+1 = ]> A r B k _ r for fe = 1,2,- 

r=0 

These equations can be solved in succession for the vectors B 1 , B., , . . . . If the resulting 
power series for Y(x) converges in some interval |x| < r 2 , then Y(x) will be a solution of the 
initial-value problem (7.54) in the interval [x| < r, where r = min {r lt r 2 }. 

For example, if A(x) is a constant matrix A, then A, = A and A k = 0 for k j> 1, so the 

system of equations in (7.55) becomes 

B x = AB , ( k + 1 )B k+1 = AB k for k > 1. 

Solving these equations in succession we find 

A k B for k > 1, 
k k\ ~ 

Therefore the series solution in this case becomes 

Y{x) = B + % X -A*B = e xA B. 

k~-\ 

This agrees with the result obtained earlier for homogeneous linear systems with constant 
coefficients. 


7.20 Exercises 

1. Let p be a real-valued function and Q an n x 1 matrix function, both continuous on an interval 
J. Let A be an n x n constant matrix. Prove that the initial-value problem 

Y'(x) = p(x)A Y(x) + Q(x) , Y(u) = B, 

has the solution 

Y(x) = e q(x)A B + e<> ,x)A f® e~ qU)A Q{t)dt 
on J, where q(x) = p(t) dt. 

2. Consider the special case of Exercise 1 in which A is nonsingular, a = 0. p(x) = 2x, and 
Q(x) = xC, where C is a constant vector. Show that the solution becomes 

Y(x) = e x * A (B + |/4 _1 C) - U^C. 

3. Let A(t) be an n x n matilx function and let E(t) = e A(t \ Let Q(t), Y(r), and B be n x 1 
column matrices. Assume that 

E\t) = A'(t)E(t) 
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on an open interval J. 11 a 6 J and if A’ and Q are continuous on J, prove that the initial-value 
problem 

Y-it) = A\t)Y(t) + Q(t), Y(u) = B, 
has the following solution on J: 

Y(x) = e A(x) e -Ala) B + e Alx) p e -AU)Q( t ) 

J a 

4. Let E(t) = e . This exercise describes examples of matrix functions Aft) for which E’(t) = 
A'(t)E(t). 

(a) Let Aft) = f A , where A is an n * n constant matrix and r is a positive integer. Prove that 
E’(t) = A'ft)E{t) on (— co, oo). 

(b) Let A(t) be a polynomial in t with matrix coefficients, say 


m 

A(t) = ^ PA ■■■ 

r~ 0 

where the coefficients commute, A r A s = A s A r for all r and s. Prove that E’(t) = A'(t)E(t) on 
(-co, co). 

(c) Solve the homogeneous linear system 

Y’(r) = (/ + tA)Y(t), Y(0) = B 

on the interval ( — co, oo), where A is an n x n constant matrix. 

5. Assume that the n x n matrix function A(x) has a power-series expansion convergent for 
|jc| < r, Develop a power-series procedure for solving the following homogeneous linear system 
of second order: 


Y"(x) = A{x)Y{x), with Y(0) = B, Y'(0) = c. 

6. Consider the second-order system Y”(x) + A Y(x) = 0, with Y(0) = B. Y’(0) = C, where A 
is a constant n x n matrix. Prove that the system has the power-series solution 


Y(x) = 



(— \) k x 2k A k \ 

Z—2kj^j 


B + 



2 

fc=i 


(— l)' r x 2ic+1 /l A: \ 
{2k + 1)! ) 


C 


convergent for — oo < x < + co , 


7.21 Proof of the existence theorem by the method of successive approximations 

hi this section we prove the existence and uniqueness of a solution for any homogeneous 
linear system 

(7.56) Y’(t) = Aft) Y(t), 

where A(t) is an n x n matrix function, continuous on an open interval J. We shall prove 
that for any point a in J and any given initial-vector B there exists exactly one solution Yft) 
on J satisfying the initial condition Yfa) = B. 
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We shall use the method of successive approximations, an iterative method which also has 
applications in many other problems. The method was first published by Liouville in 1838 
in connection with the study of linear differential equations of second order. It was later 
extended by J. Caque in 1864, L. Fuchs in 1870, and G. Peano in 1888 to the study of linear 
equations of order n. In 1890 fimile Picard (1856-1941) extended the method to encompass 
nonlinear differential equations as well. In recognition of his fundamental contributions, 
some writers refer to the method as Picard's method. The method is not only of theoretical 
interest but can also be used to obtain numerical approximations to solutions in some cases. 

The method begins with an initial guess at a solution of the equation (7.56). We take as 
initial guess the given initial vector B, although this is not essential. We then substitute 
this guess in the right-hand member of the equation and obtain a new differential equation, 

Y’(t) = A(t)B. 

In this equation the right-hand member no longer contains the unknown function, so the 
equation can be solved immediately by integrating both members from a to x, where x is 
an arbitrary point in J. This equation has exactly one solution F x on I satisfying the initial 
condition Y,(a) = B, namely 

Yfx) = B + A(t)B dt. 

J a 

Now we replace Y(t) by Yf t) in the right-hand member of the original differential 
equation (7.56) to obtain a new differential equation 

Y’(t) = AWft). 

This equation has a unique solution F, on J with Y,(a) = B, 

(7.57) F(x) = B + A{t)Yft) dt. 

We then substitute F 2 in the right-hand member of (7.56) and solve the resulting equation 
to determine F 3 with F 3 (a) = B, and so on. This process generates a sequence of functions 
F„, Y x , Y 2 , , , ,, where F 0 = B and where Y]c +1 is determined from Y k by the recursion 
formula 

(7.58) Y m (x) = B + }“ A(t)Y k (t ) dt for k = 0, 1, 2, ... . 

Our goal is to prove that the sequence of functions so defined converges to a limit 
function F which is a solution of the differential equation (7.56) on land which also satisfies 
the initial condition Y(a) = B. The functions Y 0 ,Y 1 ,Y 2 , . . . are called successive approxi¬ 
mations to Y. Before we investigate the convergence of the process we illustrate the method 
with an example. 

example. Consider the initial-value problem Y’(l) = A Y(t), Y(O) = B, where A is a 
constant pn matrix. We know that the solution is given by the formula Y(x) = e xA B 
for all real x. We will show how this solution can be obtained by the method of successive 
approximations. 
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The initial guess is Y,(x) = B. The recursion formula (7.58) gives us 
y x (x) = B + j* AB dt = B + xAB, 

Y 2 (x) = B + A Yff) dt = B + J* (AB + tA 2 B) dt = B + xAB + \x 2 A 2 B. 

By induction we find 

7,(x) = B + xAB+ \x 2 A 2 B + . • . + ^ x k A k B = 

The sum on the right is a partial sum of the series for e xA . Therefore when k —> 00 VJe find 

lim Y k (x) = e xA B 

k~KX) 

for all x. Thus, in this example we can show directly that the successive approximations 
converge to a solution of the initial-value problem on (— co, + oo). 

Proof of convergence of the sequence of successive approximations. We return now to the 

general sequence defined by the recursion formula (7.58). To prove that the sequence 
converges we write each term Y k (x) as a telescoping sum, 

(7-59) Y k (x) . y 0 (x)!"' l{Y m ,Ax)-YJx)), 

m =0 

To prove that Y k [x) tends to a limit as k — > co we shall prove that the infinite series 
(7-60) | {^ m+ i(x) - YJx)} 

m=0 

eonverges for each x in J. For this purpose it suffices to prove that the series 


(7.61) 


2 II Y m+1 (x)-YJx)'j 


m =0 


converges. In this series we use the matrix norm introduced in Section 7.3; the norm of a 
matrix is the sum of the absolute values of all its entries. 

Consider a closed and bounded subinterval J 1 of J containing a. We shall prove that for 
every x in J 1 the series in (7.61) is dominated by a convergent series of constants inde¬ 
pendent of x. This implies that the series converges uniformly on , 

To estimate the size of the terms in (7.61) we use the recursion formula repeatedly. 
Initially, we have 


y,(x) - Y,(x) = l x A(t)B dt. 

J a 
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For simplicity, we assume that a < x . Then we can write 

(7.62) || Yfx) - Y 0 (x)|| = | /* A(t)B dt fl < /* M(0II ||fi|| dt. 

Since each entry of A(t) is continuous on J, each entry is bounded on the closed bounded 
interval J 1 . Therefore j|yl(f)|] < M, where M is the sum of the bounds of all the entries of 
Aft) on the interval J 1 . (The number M depends on J 1 .) Therefore the integrand in (7.62) 
is bounded by ||2?|| M, so we have 

IITO - TO I < f* ||-B|| M dt = IIB|| Mix _ a) 

da 

for all x > a in . 

Now we use the recursion formula once more to express the difference ¥ 2 — Y 1 in terms 
of Y 1 — Y 0 , and then use the estimate just obtained for Y 1 — Y 0 to obtain 

II TO - TOII = | J; A(t){Yft) - y 0 (t)} dt | < J; \\A(t)\\ ||B|| M(t - a) dt 
<||B||M 2 f ft-a) dt=\\B\\ 

Ja 2 ! 

for all x > a in J 1 ■ By induction we find 

M m+1 (y «i m+1 

IIW*) - y *WII < II■ B\\ , ( n 7 for rn = 0, 1,2,..., 

(m + 1)! 

and lor all x > a in J 1 . If x < a a similar argument gives the same inequality with \x — o\ 
appealing instead of (x — a). If we denote by L the length of the interval , then we have 
|x - fl| < L for all x in J x so we obtain the estimate 

»/w+lrm+l 

II TOO) - Y rn( x )\ < ll S ll 7-TT 77 for m = 0, 1, 2, , 

(m + 1)! 

and for all x in J x . Therefore the series in (7.61) is dominated by the convergent series 



m—0 


( ML) m+l 

(m + 1 )! 


IIBII 


1 ). 


This proves that the series in (7.61) converges uniformly on J 1 . 

The foregoing argument shows that the sequence of successive approximations always 
converges and the convergence is uniform on J 1 . Let Y denote the limit function. That is, 
define Y(x) for each x in J 1 by the equation 


Y(x) = lim y,(x). 

0Q 
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We shall prove that Y has the following properties: 

(a) Y is continuous on J i , 

(b) Yfx) = B + S'A(t) Yft) dt for all * in J,. 

(c) Y(a) = B and Y’(x) = A(x) Y(x) for all x in J 1 . 

Part (c) shows that Y is a solution of the initial-value problem on J 1 . 

Proof of (a). Each function Y k is a column matrix whose entries are scalar functions, 

continuous on J k . Each entry of the limit function Y is the limit of a uniformly convergent 
sequence of continuous functions so, by Theorem 11.1 of Volume I, each entry of Y is also 
continuous on J 1 . Therefore Y itself is continuous on J l , 

Proof of(b). The recursion formula (7.58) states that 

= B + J A(t)Y k (t) dt . 

*> a 

Therefore 

Y(x) = lim Y k+1 (x) = B + lim | Aft)Y k (t) dt = B + yl(t)lim Y k (t) dt 

k-* oo k ->00 ® a k-*as 

= B + £ y4(f)Y(t) dt . 

The interchange of the limit symbol with the integral sign is valid because of the uniform 
convergence of the sequence { Y k ) on J x . 

Proof of (c). The equation Y(a) = B follows at once from (b). Because of (a), the 
integrand in (b) is continuous on J x so, by the first fundamental theorem of calculus, Y’(x) 
exists and equals A(x) Y(x) on J x . 

The interval J x was any closed and bounded subinterval of J containing a. If / x is 
enlarged, the process for obtaining Y(x) doesn’t change because it only involves integration 
from a to x. Since for every x in J there is a closed bounded subinterval of J containing a 

and x, a solution exists over the full interval J. 

THEOREM 7.17. UNIQUENESS THEOREM FOR HOMOGENEOUS LINEAR SYSTEMS. If Aft) is 
continuous on an open interval J , the differential equation 

Y’(t) = Aft) Y(t ) 

lias at most one solution on J satisfying a given initial condition Yfa) = B . 

Proof. Let Y and Z be two solutions on J. Let J l be any closed and bounded subinterval 

of J containing a. We will prove that Z(x ) = Y(x) for every x in . This implies that 
Z = Y on the full interval J. 

Since both Y and Z are solutions we have 


Z’ft) - Y'(t) = A(t){Z(t) - Y(t)j. 
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Choose x in /j and integrate this equation from a to x to obtain 

Z(x) ~ Y(x) = J"* A(t){Z(t ) - Y(t)} dt. 

This imphes the inequahty 

(7.63) ||Z(jc) - Y(x)|| <m\ J“ \\Z(t) - y(OII dt I, 

where Mis an upper bound for ||zl(/)|| on/j. Let M 1 be an upper bound for the continuous 
function \\Z(t) — Y(t)\\ on J 1 . Then the inequahty (7.63) gives us 

(7.64) ||Z(x) - Y(x)|| < MM 1 \x-a\. 

Using (7.64) in the right-hand member of (7.63) we obtain 

||Z(x) - Y(x)|| < M 2 Mj | \t-a\dt\= M 2 M x lx ~ ^ . 

By induction we find 

(7.65) ||Z(x) - Y(x) || < M m M 1 . 

m ! 

When m —> co the right-hand member approaches 0, so Z(x) = Y(x). This completes the 
proof. 

The results of this section can be summarized in the following existence-uniqueness 
theorem. 

theorem 7.18. Let A be an n x n matrix function continuous on an open interval J. 
If a £ J and if B is any n-dimensional vector, the homogeneous linear system 

Y’(t) = A(t) Y(t), Y(a) = B, 

has one and only one n-dimensional vector solution on J. 

7.22 The method of successive approximations applied to first-order nonlinear systems 

The method of successive approximations can also be applied to some nonlinear systems. 
Consider a first-order system of the form 

(7.66) Y ’=F(t,Y), 

where Fis a given n-dimensional vector-valued function, and Yis an unknown n-dimensional 
vector-valued function to be determined. We seek a solution Y which satisfies the equation 


Y'(t) = F[t, Y(t)] 
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for each t in some interval J and which also satisfies a given initial condition, say Y(a) = B, 
where a e J and B is a given n-dimensional vector. 

In a manner parallel to the linear case, we construct a sequence of successive approxi¬ 
mations Y Q , Y x . Y 2 , ■ ■ • . by taking Y 0 = B and defining n+i in terms of Y k by the 
recursion formula 

(7.67) Y k+1 (x) = B + j* F[t, y fc (f)] dt for k = 0, 1,2, ... . 

Under certain conditions on F, this sequence will converge to a limit function Y which will 
satisfy the given differential equation and the given initial condition. 

Before we investigate the convergence of the process we discuss some one-dimensional 
examples chosen to illustrate some of the difficulties that can arise in practice. 

example 1. Consider the nonlinear initial-value problem y’ = x 2 + y 2 withy = 0 when 
x = 0. We shall compute a few approximations to the solution. We choose Y 0 (x) = 0 
and determine the next three approximations as follows: 


y lW = j y dt = 



It is now apparent that a great deal of labor will be needed to compute further approxi¬ 
mations. For example, the next two approximations and Y & will be polynomials of 
degrees 3 1 and 63, respectively. 

The next example exhibits a further difficulty that can arise in the computation of the 
successive approximations. 

example 2. Consider the nonlinear initial-value problem y’ = 2x + e v , withy = 0 when 
X = 0. We begin with the initial guess Y 0 (x) = 0 and we find 

Yi(x) = J (2t + 1) dt = X 2 + X , 

Y 2 (x) = |; (2t + S +i )dt= X 2 + /V +< dt . 

Here further progress is impeded by the fact that the last integral cannot be evaluated in 
terms of elementary functions. However, for a given x it is possible to calculate a numerical 
approximation to the integral and thereby obtain an approximation to Y 2 (x). 

Because of the difficulties displayed in the last two examples, the method of successive 
approximations is sometimes not very useful for the explicit determination of solutions 
in practice. The real value of the method is its use in establishing existence theorems. 
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7.23 Proof of an existence-uniqueness theorem for first-order nonlinear systems 

We turn now to an existence-uniqueness theorem for first-order nonlinear systems. By 
placing suitable restrictions on the function which appears in the right-hand member of the 
differential equation 

Y' = F(x, Y), 

we can extend the method of proof used for the linear case in Section 7.21. 

Let Jdenote the open interval over which we seek a solution. Assume a £ J and let B be a 
given n-dimensional vector. Let S denote a set in (n + l)-space given by 

S = {(x,Y)\ \x -a\<h,\\Y -B\\<k}, 

where h > 0 and k > 0. [If n = 1 this is a rectangle with center at (a, B) and with base 2h 
and altitude 2k.] We assume that the domain of F includes a set S of this type and that F is 
bounded on S, say 

(7.68) HfTw JO|| < M 

for all (x, Y) in S, where M is a positive constant. 

Next, we assume that the composite function G(x) = F{x, Y(x)) is continuous on the 
interval (a — h , a + h) for every function Y which is continuous on (a — h . a + h) and 
which has the property that (x, Y(x)) £ S for all x in (a — h , a + h). This assumption 
guarantees the existence of the integrals that occur in the method of successive approxi¬ 
mations, and it also implies continuity of the functions so constructed. 

Finally, we assume that F satisfies a condition of the form 

\\F(x, Y) - F(x, Z)K A || 7 - Z|| 

for every pair of points (x, Y) and (x, Z) in S, where A is a positive constant. This is called 
a Lipschitz condition in honor of Rudolph Lipschitz who first introduced it in 1876. A 
Lipschitz condition does not restrict a function very seriously and it enables us to extend the 
proof of existence and uniqueness from the lineal' to the nonlinear case. 

THEOREM 7.19. EXISTENCE AND UNIQUENESS OF SOLUTIONS TO FIRST-ORDER NONLINEAR 

systems. Assume F satisfies the boundedness, continuity, and Lipschitz conditions specified 
above on a set S. Let I denote the open interval (a — c , a + c), where c = min {h, k/M }. 
Then there is one and only one function Y defined on Z with Y(a) = B such that (x, Y(x)) e S 
and 

Y'(x) = F(x, Y(x)) for each x in I. 

Proof, Since the proof is analogous to that for the linear case we sketch only the 
principal steps. We let Y„(x) = 8 and define vector-valued functions Y 1 , Y 2 , . . . on Z by 
the recursion formula 

Y m+1 (x) = B + J‘ F[t, YJt )] dt 


(7.69) 


for m = 0, 1,2, ... . 
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For the recursion formula to be meaningful we need to know that (x, Y,(x)) e S for each 
x in I. This is easily proved by induction on m. When m = 0 we have (x, Y„(x)) = (x, B), 
which is in S. Assume then that (x, Y,(x)) E S for some m and each x in I. Using (7.69) 
and (7.68) we obtain 


IIW*) - fill < 


if l|F[r, Yjt )]|| dt 


< M 



= M lx — al. 


Since |x — a\ ^ c for x in I, this implies that 


II Ym+ iW - B\\ < Me < k. 


which shows that (x, Y,+,(x)) E S for each x in I. Therefore the recursion formula is 
meaningful for every m > 0 and eveiy x in /. 

The convergence of the sequence j Y,(x)} is now established exactly as in Section 7.21. 
We write 

j*(*) - Y 0 (X) + 2 { W*) - Y m(x)} 

m=0 

and prove that Y,(x) tends to a limit as k —> co by proving that the infinite series 

00 

I || Y m+1 (x) - YJx) || 

m=0 

converges on I. This is deduced from the inequality 


II w*) - ^ 


MA m \x - a | w+1 MA m c m+1 
(m + 1)! — (m + 1)! 


which is proved by induction, using the recursion formula and the Lipschitz condition. 
We then define the limit function Y by the equation 


Y(x) = lim Y,(x) 
m-m 


for each x in I and verily that it satisfies the integral equation 

Y(x)= B + \ x F[t,Y(t)]dt, 

exactly as in the linear case. This proves the existence of a solution. The uniqueness may 
then be proved by the same method used to prove Theorem 7.17. 

7.24 Exercises 


1. Consider the linear initial-value problem 

y + y = 2e x , with y = 1 when x = 0. 
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(a) Find the exact solution Y of this problem. 

(b) Apply the method of successive approximations, starting with the initial guess Y (l (x) = 1. 
Determine Y,(x) explicitly and show that 

lim Y,(x) = Y(x) 
n~* 00 

for all real x. 

2. Apply the method of successive approximations to the nonlinear initial-value problem 

y = x + y 2 , with y =Owhenx =0. 

Take Y,(x) = 0 as the initial guess and compute Y 3 (x). 

3. Apply the method of successive approximations to the nonlinear initial-value problem 

y' = 1 + xy 2 , with y =Owhenx =0. 

Take Y,(x) = 0 as the initial guess and compute Y,(x). 

4. Apply the method of successive approximations to the nonlinear initial-value problem 

y' = x 2 +y 2 , with y=Owhenx =0. 

Start with the “bad” initial guess Y,(x) = 1, compute l^lbc), and compare with the results of 
Example 1 in Section 7.22. 

5. Consider the nonlinear initial-value problem 

y’ - x 2 + y 2 , with y = 1 when * = 0. 

(a) Apply the method of successive approximations, stalling with the initial guess Y,(x) = 1 
and compute Y,,(x). 

(b) Let R = [ — 1 , 1] x [ — 1 , 1], Find the smallest Msuch that \f(x, y)\ < Mon R. Find an 
interval Z = ( — c , c) such that the graph of every approximating function Y n over Z will lie in R- 

(c) Assume the solution y = Y(x) has a power-series expansion in a neighborhood of the 
origin. Determine the first six nonzero terms of this expansion and compare with the result of 
part (a). 

6. Consider the initial-value problem 

y' — 1 + y 2 , with y =Owhenx =0. 

(a) Apply the method of successive approximations, starting with the initial guess Y,(x) = 0, 
and compute Y,(x). 

(b) Prove that every approximating function Y n is defined on the entire real axis. 

(c) Use Theorem 7.19 to show that the initial-value problem has at most one solution in any 
interval of the form ( — h , h). 

(d) Solve the differential equation by separation of variables and thereby show that there is 
exactly one solution Y of the initial-value problem on the interval ( — tt/ 2 , ir/2) and no solution 
on any larger interval. In this example, the successive approximations are defined on the entire 
real axis, but they converge to a limit function only on the interval (— 7 t/2 , n/l). 

7. We seek two functions y = Y(x) and z = Z(x) that simultaneously satisfy the system of 
equations 

y = z, z’ = x*(y + z) 
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with initial conditions y = 1 and z = 1/2 when x = 0. Start with the initial guesses Y,(x) = 1, 
Z 0 (x) = 1/2, and use the method of successive approximations to obtain the approximating 
functions 


Y,(x) 


X 

3x 5 

X 6 

X 9 


1 "f " + 

~~ 4 ~ 

—— 4 “ 

— 


2 

40 

60 

192 ’ 


1 3jc 4 

X 5 

3x 8 

7x 9 

X 12 


8 + 10 + 64 + 360 + 256 


8. Consider the system of equations 

y - 2x + z, z’ = 3xy + x 2 z, 

with initial conditions y = 2 and 2 = 0 when x = 0. Start with the initial guesses Y,(x) = 2, 

Z„(x) = 0, use the method of successive approximations, and determine Y,(x) and Z 3 (x). 

9. Consider the initial-value problem 

y" = x 2 y' + x i y, with y = 5 and y = 1 whenx = 0. 

Change this problem to an equivalent problem involving a system of two equations for two 
unknown functions y = Y(x) and z = Z(x), where z = y\ Then use the method of successive 

approximations, starting with initial guesses Y,(x) = 5 and Z 0 (x) = 1, and determine Y 3 (x) 

and Z,(x). 

10. Letfbe defined on the rectangle R = [-1, l]x [-1.1] as follows: 

0 if x =0, 

2 ylx if x Z 0 a n d \y\ < x 2 , 

2x if x ^ 0 and y > x 2 , 

-2x if x?*0andy< — x 2 . 

(a) Prove that \f(x, y)\ < 2 for all (x,y) in R. 

(b) Show thatfdoes not satisfy a Lipschitz condition on R. 

id For each constant C satisfying |C| < 1 , show that y = Cx 2 is a solution of the initial-value 
problem y' = f(x, y), with y = 0 when x = 0. Show also that the graph of each of these 
solutions over (—1,1) lies in R. 

(d) Apply the method of successive approximations to &his initial-value problem, starting 
with initial guess Y,(x) = 0. Determine Y,(x) and show that the approximations converge to 
a solution of the problem on the interval ( — 1 , 1). 

(e) Repeat part (d), starting with initial guess Y„(x) = x. Determine Y,(x) and show that 
the approximating functions converge to a solution different from any of those in part (c). 

(f) Repeat part (d), starting with the initial guess Y„(x) = x 3 , 

(g) Repeat part (d), starting with the initial guess Y„(x) = x 1/3 . 



^ 7.25 Successive approximations and fixed points of operators 

The basic idea underlying the method of successive approximations can be used not only 
to establish existence theorems for differential equations but also for many other important 
problems in analysis. The rest of this chapter reformulates the method of successive 
approximations in a setting that greatly increases the scope of its applications. 
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In the proof of Theorem 7.18 we constructed a sequence of functions {1^} according to 
the recursion formula 

W*) = B + J* AY k (t) dt. 

•I (1 

The right-hand member of this formula can be regarded as an operator T which converts 
certain functions Y into new functions T(Y) according to the equation 

T(Y) = B + ( AY(t) dt. 

hi the proof of Theorem 7.18 we found that the solution Y of the initial-value problem 
Y’(t) = A Y(r), Y(a) = B, satisfies the integral equation 

Y = B + f* AY(t) dt. 

In operator notation this states that Y = T(Y). hi other words, the solution Y remains 
unaltered by the operator T. Such a function Y is called a fixed point of the operator T. 

Many important problems in analysis can be formulated so their solution depends on the 
existence of a fixed point for some operator. Therefore it is worthwhile to try to discover 
properties of operators that guarantee the existence of a fixed point. We turn now to a 
systematic treatment of this problem. 


7.26 Normed linear spaces 

To formulate the method of successive approximations in a general fomi it is convenient 

to work within the framework of linear spaces. Let S be an arbitrary linear space. When 

we speak of approximating one element x in S by another element y in S, we consider the 

difference x — y , which we call the error of the approximation. To measure the size of 

this error we introduce a norm in the space. 

definition of a norm. Let S be any linear space. A real-valuedfunction N defined on S 
is called a norm if it has the following properties: 

(a) N(x) > 0 for each x in S. 

(b) N(cx) = |c| N(x) for each x in S and each scalar c. 

(c) N(x + y) < N(x) + N(y) for all x and y in S. 

(d) N(x) = 0 implies x = 0. 

A linear space with a norm assigned to it is called a normed linear space. 

The noim of x is sometimes written (| x instead of N(x). In this notation the fundamental 
properties become : 

(a) ||x|| > 0 for all x in S. 

(b) ||CX|| = |c| ||x|| for all x in S and all scalars c. 

(c) ||x + y|| < ||xlj + |[y|| for all x and y in S. 

(d) I!x|j = 0 implies x = 0. 

If x and y are in S, we refer to ||x — y || as the distance from x to y. 
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If the space S is Euclidean, then it always has a norm which it inherits from the inner 
product, namely, ||jc | = (x, x)' /% . However, we shall be interested in a particular norm 
which does not arise from an inner product. 

example. The max norm. Let C(f) denote the linear space of real-valued functions 
continuous on a closed and bounded interval J. If 99 E C(J), define 

Ml = max | <p(x) |, 

x eJ 

where the symbol on the right stands for the maximum absolute value of <p on J. The 
reader may verily that this norm has the four fundamental properties. 

The max norm is not derived from an inner product. To prove this we show that the 
max norm violates some property possessed by all inner-product norms. For example, if a 
norm is derived from an inner product, then the “parallelogram law” 

II* + 7II 2 + II* “ tII 2 = 2 ||x || 2 + 2 ||j || 2 

holds for all x and y in S. (See Exercise 16 in Section 1.13.) The parallelogram law is not 
always satisfied by the max norm. For example, let x and y be the functions on the interval 
[ 0 , 1 ] given by 

x(t) = t, y(t)= 1 - t. 

Then we have ||x| = |[y]| = ||x + _y|| = ||jc — y\\ = 1, so the parallelogram law is violated. 

7.27 Contraction operators 

In this section we consider the normed lineal' space C(J) of all real functions continuous 
on a closed bounded interval J in which || 99 1| is the max norm. Consider an operator 

T: C(J) -> C(J) 

whose domain is C(J) and whose range is a subset of C(J). That is, if 99 is continuous on J, 
then T(<p) is also continuous on J. The following formulas illustrate a few simple examples 
of such operators. In each case 99 is an arbitrary function in C(J) and T(tp)(x) is defined for 
each x in / by the formula given: 

T((p)(x) ~ l-<p(x) , where A is a fixed real number, 

T(tp)(x) = J* 99 (f) dt, where c is a given point in J, 

T(tp)(x) - b + 99 (f)] dt, 

where b is a constant and the composition f[t, 99 (f)] is continuous on J. 

We are interested in those operators T for which the distance || T(tp) — T(tf )|| is less than 
a fixed constant multiple x < I of .99 — . These are called contraction operators; they 

are defined as follows. 
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definition of a contraction operator. An operator T: C(J)- C(J) is called a 

contraction operator if there is a constant a satisfying 0 < a <[ 1 such that for every pair of 
functions (p and ip in C(J) we have 

(7.70) a T(<p) — T{ip)\\ < a |i ■— y // . 

The constant a is called a contraction constant for T. 

Note: Inequality (7.70) holds if and only if we have 

T(rp)(x) — T(yi)(x) < « ||<? — y>\\ for every x in J. 

example 1. Let T be the operator defined by T(cp)(x) = X(p{x) , where / is constant. 
Since 

\T{tp)(x) - T(ip)(x )| = \X\ | <p(x) - y>(x)\, 

we have || T(tp) — T(ip) || = |A| || <p — ip\\ ■ Therefore this operator is a contraction operator 
if and only if |A| < 1 , in which case |A| may be used as a contraction constant. 

example 2. Let T(rp)(x) = b + <p(t)] dt , where f satisfies a Lipschitz condition 

of the form 

I f(x,y) ~ f(x,z)\<K\y-z\ 

for all x in J and all real y and z; here A" is a positive constant. Let L(J) denote the length 
of the interval J. If KL(J) < 1 we can easily show that T is a contraction operator with 
contraction constant KL(J). In fact, for every x in .1 we have 

|T(r/.)(x) - T(ip)(x) = [« {f[t, cp(t)] -f[t, f (t)]} dt <K \c f (t) - f ( t )\ dt 
<X||?>-y)|| j* dt < KL(J) \\tp - f\\. 

If KL{J) < 1, then T is a contraction operator with contraction constant a = KL(J). 

7.28 Fixed-point theorem for contraction operators 

The next theorem shows that every contraction operator has a unique fixed point. 

theorem 7.20. Let T: C(J) —> C(J) be a contraction operator. Then there exists one and 
only one function (p in C(J) such that 

(7.71) T((p)=cp. 

Proof. Let <p 0 be any function in C(J) and define a sequence of functions by the 

recursion formula 


9 Vi = T ( ( Pn) for n = 0, 1,2, ... . 
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Note that cp n+ j 6 C(J) for each n. We shall prove that the sequence {cp n } converges to a 
limit fimction cp in C(J). The method is similar to that used in the proof of Theorem 7.18. 
We write each <p n as a telescoping sum, 

71—1 

(7-72) tp n (x ) = <pfx) + 2 {<Pk+ iM ~ ( Pk( x )} 

Jc =0 

and prove convergence of {(p n ) by showing that the infinite series 

co 

(7-73) <p 0 (x) + J Wk+ 1 (*) - P*M] 

k=0 

converges uniformly on J. Then we show that the sum of this series is the required fixed 
point. 

The uniform convergence of the series will be established by comparing it with the 
convergent geometric series 

00 

M 2 a*, 

k=0 

where M = || 9 ? 0 || + || gtJj|| , and a is a contraction constant for T. The comparison is 
provided by the inequality 

(7.74) \<P k +i(x) - <p k (x )| < Ma. k 

which holds for every x in / and every k > 1 .To prove (7.74) we note that 

IPmM - P*WI = \Tff k )(x) ~ T(<P k -i)(x)\ < a ||% - gvJ . 

Therefore the inequahty in (7.74) will be proved if we show that 

f7-75) \Wk~Vk-i\\<M^ 

for every k ^ 1. We now prove (7.75) by induction. For k = 1 we have 

II Pi - •Poll < IIPiII + IIPoll = M, 

which is the same as (7.75). To prove that (7.75) holds for k + 1 if it holds for k we note 
that 

IPmW - P*(*)l = \T(<p k )(x ) - T(<p k ^)(x)\ < a. \\tp k - 9 ?^|| < Mof. 

Since this is valid for each x in / we must also have 


II Pm - ?k\\ < Mv. k . 


This proves (7.75) by induction. Therefore the series in (7.73) converges uniformly on J. 
If we let cp(x) denote its sum we have 

00 

Pto = lim <Pn(x) = PoW + 2 {Pt+lM “ <f ; k(x)} . 

n~* co 


(7.76) 
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The function q> is continuous on J because it is the sum of a uniformly convergent series 
of continuous functions. To prove that q> is a fixed point of T we compare T(qj with 
(p n+ 1 = T((p n ) . Using the contraction property of T we have 

(7.77) I T('f)(x) - <p„ +1 (x )| = \T(<p)(x) - T(cp n )(x)\ < a | <p(x) - <p n (x)\ . 


But from (7.72) and (7.76) we find 


2 {%+i(X) - <Pk( x )} 

k=n 


\<p( x ) - (p n (x) I = 

where in the last step we used (7.74). Therefore (7.77) implies 


< 2 I<P*+iO) - cp k (x)\ < hi 2 x k , 

k—n k=n 


I T(<p)(x) - <p n+1 (x)\ < M 2 a* 11 . 

k=n 

When n — > co the series on the right tends to 0, so q< n t l (x) —*• T(p)(x). But since q n —>■ 

q>(x) as n —>• oo, this proves that <p(x) = T(<p)(x) for each x in J. Therefore (p = T{rp), 
so (p is a fixed point. 

Finally we prove that the fixed point (f is unique. Let ip be another function in C(J) such 
that T (y) = y. Then we have 

II <P - f\\ = \\T((p) - 7’(v»)|| < \\<P - f\\ ■ 

This gives us (1 — a) [| (p — ip\\ < 0. Since a < 1 we may divide by 1 — a to obtain the 

inequality ||<)9 — yi|| < 0. But since we also have || q> — xp^ >0 this means that \\q> — ip\\ = 

0, and hence (p — y> = 0. The proof of the fixed-point theorem is now complete. 


r 7.29 Applications of the fixed-point theorem 

To indicate the broad scope of applications of the fixed point theorem we use it to prove 
two important theorems. The first gives a sufficient condition for an equation of the form 
f(x, y) = 0 to define V as a function of x. 

theorem 7.21. an implicit-function theorem. Let f be defined on a rectangular strip 
R of the form 

R {{x, y)\a<x <6,-oo <y < +co}. 

Assume that the partial derivative D 2 f (x, y) exists] and satisfies an inequality of the form 

(7.78) 0 < m < D 2 f(x,y) < M 


f D 2 f ( x, y) is the derivative of f(x, y) with respect to y, holding X fixed. 
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for all (x, y) in R, where m and M are constants with m < M. Assume also that for each 
function q continuous on [a, b] the composite function g(x) = f[x. q(x)} is continuous on 
[a, b], Then there exists one and only one function y = Y(x), continuous on [a, b], such that 

(7.79) f [x, Y(x)] = 0 

for all x in [a, b]. 

Note: We describe this result by saying that the equation f(x, y) = 0 serves to define 
y implicitly as a function of x in [a, b]. 

Proof. Let C denote the lineal' space of continuous functions on [a, b], and define an 
operator T: C —► C by the equation 

T(<p)(x) = q(x) - y-f[x, ?>(x)] 

M 

for each x in fa, b]. Here M is the positive constant in (7.78). The function T(q) 6 C 
whenever q> £ C. We shall prove that T is a contraction operator. Once we know this it 
follows that T has a unique fixed point Y in C. For this function Y we have Y = T(Y) 
which means 

Y(x) = Y(x) - j- f[x, Y(x)] 

M 

for each x in fa, b]. This gives us (7.79), as required. 

To show that T is a contraction operator we consider the difference 

_ w „ a , s , . f[x,?(x)]- f[x,f(x)] 

(7.80) T(cp)(x) ~ T(y)(x) ~ <f(x) - f(x) - — - 

By the mean-value theorem for derivatives we have 

f[x, (fix)} -f[x, yi(x)] - D,,f[x, z(x)}[(p(x) - y>(x)], 
where z(x) lies between cp(x) and y(x). Therefore (7.80) gives us 

(7.81) T(<p)(x) - T(y)(x) = [<p(x) - y(x)] (1 - 

The hypothesis (7.78) implies that 

< DJ[x, z(x)] _ m 

“ M - M 

Therefore (7.81) gives us the inequality 

(7.82) |T(<f>)(x) - T(f)(x )| < | 9 p(x) - f(x)\ ^1 - < a \\q> - ip\\, 

where a = 1 — m/M . Since 0 < m < M, we have 0 < a < 1. Inequality (7.82) is valid 
for every X in fa, b]. Hence T is a contraction operator. This completes the proof. 
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The next application of the fixed-point theorem establishes an existence theorem for the 
integral equation 

(7.83) <p{x) = fix) + X j t K(x, t)(p(t) dt . 

Here f is a given function, continuous on [a, b], X is a given constant, and A" is a given 
function defined and bounded on the square 

S = {(*, y) | a < x < b, a < y < b}. 

The function K is called the kernel of the integral equation. Let C be the linear space of 
continuous functions on [a, b]. We assume that the kernel K is such that the operator T 
given by 

T(<p){x) = fix) + l £' K(x, t)(pit) dt 


maps C into C. In other words, we assume that Tip) £ C whenever <f 6 C. A solution of 
the integral equation is any function f in C that satisfies (7.83). 


THEOREM 7.22. AN EXISTENCETHEOREMFOR INTEGRAL EQUATIONS. Ifi, UndeY the f0TegOfflg 

conditions, we have 


(7.84) \K(x,y)\ < M 

for all (x, v) in S, where A4 > 0, then for each X such that 


(7.85) 


1*1 < 


1 


Mib — a) 


there is one and only one function p in C that satisfies the integral equation (7.83). 

Proof. We shall prove that T is a contraction operator. Take any two functions p 1 and 
<p 2 in C and consider the difference 

Tifi)ix) - Tip 2 )ix ) = X Jj K(x, l)[<ih(t) - p 2 it)] dt. 

Using the inequality (7.84) we may write 

I Ti<Pi)ix) - Tip 2 )(x)| < \X\ Mib - a) - p 2 |j = a ||^ - p 2 \\ , 

where cj, — |A| M(b — a). Because of (7.85) we have 0 K y. < 1 , so 7’ is a contraction 
operator with contraction constant a, Therefore T has a unique fixed point <f in C. This 
function p satisfies (7.83). 
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8 

DIFFERENTIAL CALCULUS OF SCALAR AND 
VECTOR FIELDS 


8.1 Functions from R” to R”. Scalar and vector fields 

Part 1 of this volume dealt primarily with linear transformations 

T: V-y W 

front one linear space V into another linear space Vl / . In Pait 2 we drop the requirement 
that T be lineal' but restrict the spaces V and W to be finite-dimensional. Specifically, we 
shall consider functions with domain in n-space R" and with range in nt-space R". 

When both n and m are equal to 1, such a function is called a real-valued function of a 
real variable. When n = 1 and m > I it is called a vector-valued function of a real variable. 
Examples of such functions were studied extensively in Volume I. 

In this chapter we assume that n > 1 and m > 1 . When m = 1 the function is called a 
real-valued function of a vector variable or, more briefly, a scalar field. When m > 1 it is 
called a vector-valued function of a vector variable, or simply a vector field. 

This chapter extends the concepts of limit, continuity, and derivative to scalar and 
vector fields. Chapters 10 and 11 extend the concept of the integral. 

Notation: Scalars will be denoted by light-faced type, and vectors by bold-faced type. 

If / is a scalar field defined at a point x = (x x , . . . , x n ) in R", the notations f(x) and 
f(x 1 , . . ,, x,) are both used to denote the value of/at that particular point. If/is a vector 
field we write f(x) or f(x 1 , . . . , x,) for the function value at x. We shall use the inner 
product 

n 

x-y =l,x k y k 

k = 1 

and the corresponding norm ||jc|| = (x • jt)'A where x = (x ls . . . , x ) and y = 
(}’i > • • • , }’») ■ Points in R 2 are usually denoted by (x, y) instead of (.v,, x,); points in R 3 
by (X,y, $ instead(?^ivf, xs,, ^ 3 ). 

Scalar and vector fields defined on subsets of R 2 and R 3 occur frequently in the appli¬ 
cations of mathematics to science and engineering. For example, if at each point x of the 
atmosphere we assign a real number f(x) which represents the temperature at x, the function 
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f so defined is a scalar field. If we assign a vector which represents the wind velocity at 
that point, we obtain an example of a vector field. 

hi physical problems dealing with either scalar or vector fields it is important to know 
how the field changes as we move from one point to another. In the one-dimensional case 
the derivative is the mathematical tool used to study such changes. Derivative theory in 
the one-dimensional case deals with functions defined on open intervals. To extend the 
theory to R n we consider generalizations of open intervals called open sets. 

8.2 Open balls and open sets 

Let a be a given point in R’* and let r be a given positive number. The set of all points X 
in R n such that 

\\x - a|| < r 

is called an open n-ball of radius r and center a. We denote this set by B(a) or by B{a', r). 

The ball B{a\ r) consists of all points whose distance from a is less than r. In R 1 this is 
simply an open interval with center at a. In R 2 it is a circular disk, and in R 3 it is a spherical 
solid with center at U and radius r. 

definition of an interior point. Let S be a subset ofR n , and assume that a 6 S . Then 
a is called an interior point of S if there is an open n-ball with center at a, all of whose points 
belong to S. 


In other words, every interior point a of S can be surrounded by an n-ball B(a) such that 
B{a) c S. The set of all interior points of S is called the interior of S and is denoted by 
int S. An open set containing a point a is sometimes called a neighborhood of a. 

definition of an open set. A set S in R” is called open if all its points are interior points. 
In other words, S is open if and only if S = int S. 

EXAMPLES. In R 1 the simplest type of open set is an open interval. The union of two or 
more open intervals is also open. A closed interval [a, b] is not an open set because neither 
endpoint of the interval can be enclosed in a 1-ball lying within the given interval. 

The 2-ball S = B(0\ 1) shown in Figure 8.1 is an example of an open set in R 2 . Every 
point a of S is the center of a disk lying entirely in S. For some points the radius of this 
disk is very small. 

Some open sets in R 2 can be constructed by taking the Cartesian product of open sets in 
R 1 . If A 1 and A, are subsets of R 1 , their Cartesian product A, x A, is the set in R 2 defined 

b y 

A, X A-2 {(#i 5 # 2 ) j ^1 ^ d 2 E -^ 2 } • 

An example is shown in Figure 8.2. The sets A, and A 2 are intervals, and A, x A 2 is a 
rectangle. 

1 f A, and A, are open subsets of R 1 , then A 1 x A, will be an open subset of R 2 . To prove 
this, choose any point a = (a„ fl 2 ) in A, x A,. We must show that a is an interior point 
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Figure 8.1 The disk B(0; 1) is an open Figure 8.2 The Cartesian product of two 
set in R 2 . open intervals is an open rectangle. 


of A, x A,. Since A l and A% are open in R 1 there is a 1-ball B(a 1 ; r } ) in A 1 and a 1-ball 
B(a 2 ; r 2 ) in A,. Let r = min {r l , r 2 } . We can easily show that the 2-ball B(a; r) c 
A x x A,. In fact, if x = (xj, x 2 ) is any point of B(a; r) then ||x — a\\ < r, so |Xj — aj < r 1 
and \x 2 — a 2 \ < r 2 . Hence x x e B{a l ; rf) and x 2 e B(a 2 ; r 2 ) . Therefore x t e A, and 
x 2 eA 2 , so (Xj, x 2 ) eA 1 x A,. This proves that every point of B(a; r) is in A, x A 2 . 
Therefore every point of A, x A 2 is an interior point, so A, x A 2 is open. 

The reader should realize that an open subset of R 1 is no longer an open set when it is 
considered as a subset of R 2 , because a subset of R 1 cannot contain a 2-ball, 

definitions of exterior and boundary. A point x is said to be exterior to a set S in 

R" if there is an n-ball B(x) containing no points of S, The set of all points in R" exterior to S 
is culled the exterior of S and is denoted by ext S, A point which is neither exterior to S nor an 
interior point of S is called a boundary point of S. The set of all boundary points of S is called 
the boundary of S and is denoted by dS. 

These concepts are illustrated in Figure 8.1. The exterior of S is the set of all x with 
||x|| > 1. The boundary of S consists of all x with ||x|j = 1. 

8.3 Exercises 

1. Letf be a scalar field defined on a set S and let C be a given real number. The set of all points 
x in 5 such that fix) = c is called a level set off. (Geometric and physical problems dealing 
with level sets will be discussed later in this chapter.) For each of the following scalar fields. 

S is the whole space R". Make a sketch to describe the level sets corresponding to the given 
values of c. 

(a) fix, y) = x 2 + y 2 , c = 0,1,4,9. 

(b) f(x, y) = e xv , c = e~ 2 , e~*, 1, e, e 2 , e 3 . 

(c) f(x,y)= cos (x + y), c = - 1 , 04 , 1 ^ 2 , 1. 

(d )f(x,y,z)=x+y+z, c= -1,0,1. 

(e) f(x, y, z)= x 2 + 2y 2 +3 z 2 , c = 0, 6, 12. 

(f) fix, y, z) = sin (x 2 + y 2 + z 2 ), c = - 1 . 0,| N /2, 1 . 
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2. In each of the following cases, let S be the set of all points ( x , y) in the plane satisfying the 
given inequalities. Make a sketch showing the set S and explain, by a geometric argument, 
whether or not S is open. Indicate the boundary of S on your sketch. 

(a) x 2 + y 2 < 1 . (h) 1 < x < 2 and 3 < y < 4. 

(b) 3 * 2 + 2y 2 < 6. (i) 1 < x < 2 and y > 0 . 

(c) \x\ < 1 and |j| < 1 . (j) x >y. 

(d) x >0 and y > 0 . (k) x > y . 

(e) |*| ^ 1 and \y\ < 1 . ( 1 ) y > x 2 and [jc| < 2 . 

(f) x > 0 and y <0. (m) (* 2 + y 2 - 1)(4 - x 2 - y 2 ) > 0. 

(g) xy < 1 . (n) ( 2 x - x 2 - y 2 )(x 2 + v 2 - *) > 0 . 

3. In each of the following, let S be the set of all points (x, y, z) in 3-space satisfying the given 
inequalities and determine whether or not S is open. 

(a) z 2 -x 2 -y 2 - 1 >0. 

(b) |*| < 1 , |y| < 1 , and \z\ < 1 . 

(c) x + y + z < 1 . 

(d) |*| < 1 , |_y| < 1 , and \z\ < 1 . 

(e) x + y + z < 1 and *> 0 ,^> 0 ,z> 0 . 

(f) * 2 + 4 y 2 + 4z 2 - 2x + 1 6y +40 z + 113 <0. 

4. (a) If + is an open set in n-space and if * £ A, show that the set A — {x}, obtained by 
removing the point * from A, is open. 

(b) If A is an open interval on the real line and B is a closed subinterval of A, show that 
A — B is open.f 

(c) If A and 8 are open intervals on the real line, show that A U B and AflB are open. 

(d) If A is a closed interval on the real line, show that its complement (relative to the whole 
real line) is open. 

5. Prove the following properties of open sets in R": 

(a) The empty set 0 is open. 

(b) R" is open. 

(c) The union of any collection of open sets is open. 

(d) The intersection of a finite collection of open sets is open. 

(e) Give an example to show that the intersection of an infinite collection of open sets is not 
necessarily open. 

Closed sets. A set Sin R' ! is called dosed if its complement R" — S is open. The next three 
exercises discuss properties of closed sets. 


6 . In each of the following cases, let S be the set of all points (x, y) in R 2 satisfying the given 
conditions. Make a sketch showing the set Sand give a geometric argument to explain whether 
S is open, closed, both open and closed, or neither open nor closed. 


(a) * 2 + y l > 0 . 

(b) x 2 +y 2 < 0 . 

(c) x 2 + y 2 <, 1 

(d) 1 < 

(e) 1 < x 2 + y 2 <2 

(f) 1 < * 2 + y 2 £ 2 


x 2 + y 2 < 2 . 


(g) 1 ^* <2,3 <4. 

(h) l<*<2,3<y<4. 

(i) y = * 2 . 

(j) y > * 2 - 

(k) y > * 2 and |*| < 2. 

(l) y > * 2 and |*j < 2. 


7. (a) If A is a closed set in n-space and * is a point not in A, prove that A u {*} is also closed. 

(b) Prove that a closed interval [a, b] on the real line is a closed set. 

(c) If A and 8 are closed intervals on the real line, show that A U 8 and A ft B are closed. 


j If A and B are sets, the difference A — B (called the complement of B relative to A) is the set of all 
elements of A which are not in B. 




Limits and continuity 


247 


8 . Prove the following properties of closed sets in R". You may use the results of Exercise 5. 

(a) The empty set .0 is closed. 

(b) R n is closed. 

(c) The intersection of any collection of closed sets is closed. 

(d) The union of a finite number of closed sets is closed. 

(e) Give an example to show that the union of an infinite collection of closed sets is not 
necessarily closed. 

9. Let 5 be a subset of R' 1 . 

(a) Prove that both int S and ext S are open sets. 

(b) Prove that R" = (int S) U (ext S) U 35, a union of disjoint sets, and use this to deduce 

that the boundary 35 is always a closed set. 

10. Given a set S in R" and a point X with the property that every ball B(xj contains both interior 
points of S and points exterior to 5. Prove that x is a boundary point of S. Is the converse 
statement true? That is, does every boundary point of 5 necessarily have this property? 

11. Let 5 be a subset of R n . Prove that ext 5 = int(R" - S) . 

12. Prove that a set 5 in R n is closed if and only if 5 = (int S) U 35. 

8.4 Limits and continuity 

The concepts of limit and continuity are easily extended to scalar and vector fields. We 

shall formulate the definitions for vector fields; they apply also to scalar fields. 

We consider a function /: S —> R m , where S is a subset of R”. If a £ R” and b £ R"‘ we 
write 

(8.1) lim f(x) = b (or ,f(x) -> b as .y -> a) 

to mean that 

(8.2) lim II f(x) - b\ | = 0. 

II*—o||—0 


The limit symbol in equation (8.2) is the usual limit of elementary calculus. In this definition 
it is not required thatf be defined at the point a itself. 

If we write h = X — a. Equation (8.2) becomes 

lim ||/(« + h) — A|| = 0. 

Pll-o 

For points in R 2 we write (x, y) for x and (a, b ) for a and express the limit relation (8.1) as 
follows : 

lim f(x, y) = b. 

For points in R 3 we put x = (x, y, z) and fl = (a, b, c) and write 

lim f(x, y, z)= b , 

(x,y,z)-+(a,b,c) 

A function f is said to be continuous at a if f is defined at a and if 

lim f(x) =/(«). 

x—+a 

We say f is continuous on a set S iff is continuous at each point of S. 
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Since these definitions are straightforward extensions of those in the one-dimensional 
case, it is not surprising to learn that many familiar properties of limits and continuity can 
also be extended. For example, the usual theorems concerning limits and continuity of 
sums, products, and quotients also hold for scalar fields. For vector fields, quotients are 
not defined but we have the following theorem concerning sums, multiplication by scalars, 
inner products, and norms. 

theorem 8.1. If lim f(x) = b and lim g(x) = c, then we also have: 

X-f-Q X—rQ 

(a) lim [f(x) + g(x)] = b + c. 

x—^a 

(b) lim /.f(x) = lb for every scalar X. 

X-KJ 

(c) lim f(x) • g (x) = b' c . 

x~*a 

(d) lim \\f(x)\\ = ||*||. 


Proof. We prove only parts (c) and (d); proofs of (a) and (b) are left as exercises for 
the reader. 

To prove (c) we write 

f(x) • g(x) - b • c = [f(x) - b] • [g(x) -c]+ b. [g(x) - c] + c • lf(x) - b]. 

Now we use the triangle inequality and the Cauchy-Schwarz inequality to obtain 

0 < \\f(x)-g(x) -b>c\\< I/O) - *|| \\g(x) - c\\ + 11*11 \\g(x) - c|| + \\c\\ I/O) - *|| . 

Since ||/(jf) — *|| —> 0 and ||j»0) — c|| -> 0 as x —> a, this shows that ]/0) • g(x) — b ■ C |J —> 
0 as x —> a, which proves (c). 

Taking/(x) = g(x) in part (c) we fmd 

lim ||/0)|| 2 = ||*|| 2 , 

x-*a 

from which we obtain (d). 

EXAMPLE 1. Continuity and components of a vector field. If a vector field f has values in 
R m , each function value f(x) has m components and we can write 

fix) = (/lO). • • • , fm(x)) . 

The m scalar fields f\ , . . . ,f m are called components of the vector field fi We shall prove 
that f is continuous at a point if, and only if, each component f k is continuous at that point. 

Let e k denote the kth unit coordinate vector (all the components of e k are 0 except the 
kth, which is equal to I). T hen f k (x) is given by the dot product 


AO) =/0) • e k . 
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Therefore, part (c) of Theorem 8.1 shows that each point of continuity of/is also a point of 
continuity of f k . Moreover, since we have 


m 


fix) = 2 fk(x)e k , 

k =1 


repeated application of parts (a) and (b) of Theorem 8.1 shows that a point of continuity 
of all m components f x , . . . , f m is also a point of continuity off. 

example 2. Continuity of the identity function. The identity function, f(x) = X , is 
continuous everywhere in R”. Therefore its components are also continuous everywhere 
in R”. These are the tl scalar fields given by 


fl(x) = X 1 , f 2 (x) = *2, . . . ,f n (x) = x n . 

example 3. Continuity of linear transformations. Let/: R" —> R m be a linear transforma¬ 
tion. We will prove that f is continuous at each point a in R”. By lineality we have 

/(«+ h)=f(d)+f(h). 

Therefore, it suffices to prove that f(h ) -> 0 as h —► 0. Writing h in teims of its components 
we have h = h l e 1 + • • • + h n e n . Using lineality again we find f(h) = hjfie^ + ' • ' + 
hj\e n ). This shows that f(h) -> 0 as h —>• 0. 

example 4. Continuity of polynomials in n variables. A scalar field P defined on R n by a 
formula of the foim 


Vi Vn 

P(x) = l-.'l 

* 1=0 * n =0 

is called a polynomial in n variables x l , . . . , x n ■ A polynomial is continuous everywhere 
in R n because it is a finite sum of products of scalar fields continuous everywhere in R ,! - 
For example, a polynomial in two variables x and y, given by 

p(x, t) = 2 2 CjX y 

2=0 j=0 


is continuous at every point (x, y) in R 2 , 

EXAMPLE 5. Continuity of rational functions. A scalar field / given by / (x) = P(x)lQ(x) , 
where P and Q are polynomials in the components of x, is called a rational function. A 
rational function is continuous at each point where Q(x) ^ 0. 

Further examples of continuous function can be constructed with the help of the next 
theorem, which is concerned with continuity of composite functions. 
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theorem 8.2. Let f and g be functions such that the composite function f o g is defined at 
a, where 

(/«*)(*) = /[*(*)]. 

If g is continuous at a and if f is continuous at g(a), then the composition f ° g is continuous 
at a. 

Proof. Let y = f(x) and 6 = g(a). Then we have 

flg(x)]-f[g(a)]=f(y)-f(b). 

By hypothesis, y —*■ b as x —> a, so we have 

„ ]i m ll/M*)] -/[ff(«)]|| =, lim |[/0) - f{b)\\ = 0. 

II* —all—*0 ||j>-6||- 0 

Therefore lim f[g(x)] = f[g(a)\ , so / 0 g is continuous at a. 

example 6 . The foregoing theorem implies continuity of scalar fields h, where h(x, y) is 

given by formulas such as 

x+y 

sin ( x 2 y ), log (x 2 + /), x - - , log [cos (x” + y 2 )]. 

x + y 

These examples are continuous at all points at which the functions are defined. The first is 

continuous at all points in the plane, and the second at all points except the origin. The 
third is continuous at all points (x, y) at which x + y ^ 0, and the fourth at all points at 
which x 2 + y 2 is not an odd multiple of n/2. [The set of (x, y) such that x 2 + y 2 = nirjl, 
n=l,3,5,...,is a family of circles centered at the origin.] These examples show that 
the discontinuities of a function of two variables may consist of isolated points, entire 
curves, or families of curves. 

example 7. A function of two variables may be continuous in each variable separately 
and yet be discontinuous as a function of the two variables together. This is illustrated by 
the following example: 

fix, y) - 2 if (X, y) + (0,0), /(0,0) = o . 

x+y 

For points (x, y ) on the x-axis we have y = 0 and f(x, y) = f(x, 0) = 0, so the function 

has the constant value 0 everywhere on the x-axis. Therefore, if we put y = 0 and think of 

f as a function of x alone,/is continuous at x = 0. Similarly,/has the constant value 0 
at all points on the y-axis, so if we put x = 0 and think off as a function of y alone, / is 
continuous at y = 0. However, as a function of two variables,/is not continuous at the 
origin. In fact, at each point of the line y = x (except at the origin) the function has the 
constant value because f(x, x) = x 2 /( 2x 2 ) = \ since there are points on this line 
arbitrarily close to the origin and since / (0,0)^ J, the function is not continuous at (0, 0). 
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8.5 Exercises 

The exercises in this section are concerned with limits and continuity of scalar fields defined on 
subsets of the plane. 

1. In each of the following examples a scalar fieldfis defined by the given equation for all points 
(x, y) in the plane for which the expression on the right is defined. In each example determine 
the set of points (x, y) at whichfis continuous. 


(a) 

fix, y) = 

= X i + / - 

- 4 x y. 

(f) 

fix, y) = 

arcsin 

/ O O 





\J X + J 2 

(b) 

fix, y) = 

= log (x 2 + 

/)• 

(g) 

fix, y) = 

arctan 

X + y 

1 — xy' 


fix,y) - 

1 




X 


(c) 

= - COS X 2 . 


(h) 

fix, y) = 

/ 9 

= , 


y 



^x l + 

/ 

(d) 

fix,y ) = 

X 2 

= tan —. 

y 


(i) 

fix, y) = 

X<* 2 >. 


(e) 

fix, y) = 

y 

-- arctan -, 

X 


(j) 

fix, y) = 

arccos 

^Jxly ■ 


2. If lim fix, y) = L , and if the one-dimensional limits 

lim f{x,y) and lim/(x,j) 
ar—w—*-6 

both exist, prove that 


lim [lim f(x, y)l = lim [lim f(x, j)] = L, 

x-*a v~*b x~*a 


The two limits in this equation are called iterated limits; the exercise shows that the existence of 
the two-dimensional limit and of the two one-dimensional limits implies the existence and equality 
of the two iterated limits. (Th e converse is not always true. A counter example is given in 
Exercise 4.) 

3. Let f{x, y) = (x — y)j{x + y) if x + y #0. Show that 


lim [lim/(x, y)l = 1 but that lim [lim/(x, y)] = -1. 
e - o u - o a->0 


Use this result with Exercise 2 to deduce that fix, y) does not tend to a limit as (x, y) —► (0, 0). 

4. Let 


/(*> y> = 


x y 


x y + 


(X - yf 


whenever x y + (x - j) 2 * o. 


Show that 


lim [lim fix, y)] = lim [lim/(x, y)l = 0 
x->-0 j/->0 y-K) as—►O 


but that f(x, y) does not tend to a limit as (x, y) -> (0, 0). [Hint: Examinefon the line y = x ,] 
This example shows that the converse of Exercise 2 is not always true. 
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5. Let 

( I 

x sin - if V 5^ 0, 

/(*. y) = y 

(o i f y = 0. 

Show that/fx, y) -* 0 as (x, y) -> (0, 0) but that 

lim [lim fix, y)] ^ lim [lim f(x, y)] . 

v ~+o 'c-'+O x->0 v~+Q 

Explain why this does not contradict Exercise 2. 

6. If ( x, y) # (0, 0), let fix, y) = (x 2 — y 2 )l(x 2 + y 2 ) . Find the limit of fix, y) as (x, y) -y (0, 0) 

along the line y = mx. Is it possible to define yXO, 0) so as to makefcontinuous at (0, O)? 

7. Let fix, y) = 0 ify <0 or ify > x 2 and let fix, y) = 1 if 0 < y < x 2 , Show that fix, y) -> 0 

as ( x,y ) —y (0,0) along any straight line through the origin. Find a curve through the origin 
along which (except at the origin)^(jC, y) has the constant-value 1. Isfcontinuous at the origin? 

8. If f{x, y) = [sin (jc 2 + y 2 )]/(x 2 + y 2 ) when (x, y) # (0, 0) how must f( 0, 0) be defined so as 
to makefcontinuous at the origin? 

9. Letfbe a scalar field continuous at an interior point a of a set S in R”. If fid) 0, prove that 

there is an n-ball Bid) in whichfhas the same sign as fid). 

8.6 The derivative of a scalar field with respect to a vector 

This section introduces derivatives of scalar fields. Derivatives of vector fields are dis¬ 
cussed in Section 8.18. 

Let / be a scalar field defined on a set S in R”, and let a be an interior point of S. We 

wish to study how the field changes as we move from a to a nearby point. For example, 

suppose fid) is the temperature at a point a in a heated room with an open window. If we 
move toward the window the temperature will decrease, but if we move toward the heater 
it will increase, hi general, the manner in which a field changes will depend on the direction 
in which we move away from fl. 

Suppose we specify this direction by another vector y. That is, suppose we move from a 

toward another point a + y along the line segment joining a and a + j . Each point on this 

segment has the form a + hy, where h is a real number. An example is shown in Figure 

8.3. The distance from a to a + hy is ||Ay|| = \h\ ||_y|| . 

Since a is an interior point of S, there is an n-ball Bia ; r) lying entirely in S. If h is chosen 
so that \h\ ||j|| < r , the segment from a to a + hy will lie in S. (See Figure 8.4.) We keep 


+ hy 


;r) 

Figure 8.3 The point a + hy lies on the line FIGURE 8.4 The point a + hy lies in the 
through a parallel to y, n-ball Bia\ r) if \\hy\ < r. 
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h 0 but small enough to guarantee that a + hy £ S and we form the difference quotient 

(8 o, /(a + hy) ~f(a ) 

(8.3) h 

The numerator of this quotient tells us how much the function changes when we move 
from a to a + hy ■ The quotient itself is called the average rate of change off over the line 
segment joining a to a + hy We are interested in the behavior of this quotient as h —>■ 0. 
This leads us to the following definition. 


DEFINITION OF THE DERIVATIVE OF A SCALAR FIELD WITH RESPECT TO A VECTOR. G/Ve/7 a 

scalar field /: 5 ->■ R, where ScR". Let a be an interior point of S and let y be an arbitrary 
point in R”. The derivative off at a with respect toy is denoted by the symbolf '(a; y) and is 
defined by the equation 

(8.4) n = ii„ /(-w — m 

h->o n 

when the limit on the right exists. 

example 1. If y = O, the difference quotient (8.3) is 0 for every h 0, SO f'(a\ 0) 
always exists and equals 0. 

example2. Derivativeof a linear transformation. If f'.S— >-Ris linear, then f (a + hy) = 
/(«) + hf(y) and the difference quotient (8.3) is equal to /(}') for every h ^ 0. In this case, 
/'(«; y) always exists and is given by 


f'(a\y)=f(y) 

for every a in S and every y in R”. In other words, the derivative of a linear transformation 
with respect to y is equal to the value of the function at y. 

To study how f behaves on the line passing through a and a + y for y O we introduce 
the function 

g(0 = /(«+ *y) ■ 

The next theorem relates the derivatives g'(t) and f 1 ( 3 + ty\ y). 

theorem 8.3. Let g(t) = f(a + ty). If one of the derivatives g'(t) or f ‘(a+ty;y) 
exists then the other also exists and the two are equal, 

(8.5) g'(0 =/'(«+ ty; y). 

In particular, when t = 0 wehaveg'(0) — f '(a; y). 



254 


Differential calculus of scalar and vector fields 


Proof. Forming the difference quotient for g, we have 


g(t + h) - g(Q _ f(a + ty + hy) - f(a + ty) 

h h 


Letting h —>- 0 we obtain (8.5). 

example 3. Compute f ' (3,' j>) iff (x) - ||x || 2 for all * in R” 

Solution. We let g(t ) = f(a + ty) = (a + ty) ■ (a + ty) = a • a + 2ta ■ y + t 2 y ■ y. 

Therefore g’(t) = 2a ■ y + 2ty . y , so g’(0) =f ‘(a; Y) = 2a ■ y ■ 

A simple corollary of Theorem 8.3 is the mean-value theorem for scalar fields. 

THEOREM 8.4. MEAN-VALUE THEOREM FOR DERIVATIVES OF SCALAR FIELDS. Assume the 

derivative f (a + ty; y) exists for each t in the interval 0 < t < 1. Then for some real 6 in 
the open interval 0 < 0 < 1 we have 

f(a + Y) -/(«) =f\z\y), where z = a + dy. 

Proof. Let g(t) = f (a + ty) . Applying the one-dimensional mean-value theorem to g 
on the interval [0, 1] we have 

<?(!) — g(0) = g'(6) , where 0 < 6 < 1. 

Since g(l) - g(0) = f(a + j) -f(u) and g’(0) = / ‘(a + dy; y), this completes the proof. 


8.7 Directional derivatives and partial derivatives 

In the special case when y is a unit vector, that is, when || j|| = 1 .the distance between a 
and a + hy is \h\. In this case the difference quotient (8.3) represents the average rate of 
change of f per unit distance along the segment joining a to a + hy ; the derivative / ‘(a; y) 
is called a directional derivative. 


definition of directional and partial derivatives. If y is a unit vector, the derivative 
f ‘(a; y) is called the directional derivative off at a in the direction of y. In particular, if 
y - e k (the kth unit coordinate vector) the directional derivative f ‘(a; e k ) is called the partial 
derivative with respect to e k and is also denoted by the symbol D k f (a). Thus, 


DJ {a) =f\a;e k ). 


The following notations are also used for the partial derivative D k f (a): 


DJ(a 1 ,...,a n ), ~(a 1 ,. . . ,a n ), and f (a t ,... , a,), 

ox* 
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Sometimes the derivative f is written without the prime as f or even more simply 

as A- 

In R 2 the unit coordinate vectors are denoted by i and j. If a = (a, b) the partial derivatives 
f ‘(a; i) and f ‘(a; j) are also written as 

7 - (a, b ) and ^ (a, b ), 

dx dy 

respectively. In R 3 , if a = (u, b, c) the partial derivatives D l f{a), D.,f(a), and D 3 f(a) are 
also denoted by 


~ (a, b,c), ~~ (a, b, c), and 

dx ay 


j- (<*» b, c ). 
oz 


8.8 Partial, derivatives of higher order 

Partial differentiation produces new scalar fields D l f, . . . , D„f from a given scalar field 
/. The partial derivatives of D x f, . . . , D n f are called second-order partial derivatives off. 
For functions of two variables there are four second-order partial derivatives, which are 
written as follows: 


a 2 / 


HD a f) = 


1L 

dx dy ’ 


D 2 (DJ ) = 


5 2 / 

d\> dx 


d‘ l f 

D 2 (D 2 f) = f- 2 
dy 


Note that Z) 1 (Z) 2 /) means the paitial derivative of D> f with respect to the first variable. 
We sometimes use the notation D t jf for the second-order paitial derivative Di(Djf). For 
example, D 12 f = Di{D 2 f). In the &notation we indicate the order of derivatives by 
writing 

1L = A/3A 

dx dy dx \dyj 


This may or may not be equal to the other mixed partial derivative, 

d 2 f = d(df_\ 

dy dx dy\ dj 

In Section 8.23 we shall prove that the two mixed partials D^D^f) and D 2 (D l f) are equal 
at a point if one of them is continuous in a neighborhood of the point. Section 8.23 also 
contains an example in which Di(D>f ) ^ Z) 2 (Di f) at a point. 


8.9 Exercises 

1. A scalar field f is defined on R n by the equation f(x) = a . x, where a is a constant vector. 
Compute /'(at; y) for arbitrary x and y. 
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2. (a) Solve Exercise 1 when fix) = ||*|| 4 . 

(b) Take n = 2 in (a) and find all points (x, y) for which f (2/ + 3j; xi + yj) - 6. 

(c) Taken = 3 in (a) and find all points (x, y, z) for whichf(i + 2j + 3k; xi + yj + zk) = 0. 

3. Let T: R” -* R” be a given lineal' transformation. Compute the derivative fix', y) for the 
scalar field defined on R n by the equation fix) = x ■ T(x). 

In each of Exercises 4 through 9, compute all first-order partial derivatives of the given scalar field. 
The fields in Exercises 8 and 9 are defined on R”. 

4. f(x, y) = x 2 + y 2 sin (xy) . 7. f(x, y) = , x^/, 

* y 

5. f{x, y) = fix 1 + y 2 . 8 . f(x) = a . x , a fixed. 

X n n 

6 . f(x,y) = . , tx, y) ^ (0, 0). 9. /(r) = J J a u = a H . 

fix 2 + y 1 i =1 i=l 


In each of Exercises 10 through 17, compute all first-order partial derivatives. In each of Exercises 
10, 11, and 12 verify that the mixed partials Df D^f) and D 2 (D l f) are equal. 

10. f(x, y) = x 4 + y 4 — 4 x 2 y 2 . 14. fix, y) = arctan (y/x), x jt 0. 

11. fix, y) = log (x 2 + /), (x, y) ^ (0, 0). 15. fix, y) = arctan * xy ^ 1. 

1 

12 . f{x, y) = - cos x 2 , y ^ 0 . \6. fix, y) = x {y ’, x >o. 

13. fix,y) =tan(x 2 /j), y / 0. 17. f(x, y) = arccos fixfy, y^0. 

18. Let vir, t) = t n e~ r2 / ,4() . Find a value of the constant /j such that v satisfies the following 
equation : 


dv 

Ht 



19. Given z = u(x, y)e' lx ~ ,JV and 3 2 «/( 3.v dy) = 0. Find values of the constants a and b such that 

3 2 z 3 z dz 

3 xdy dx s y + Z 


20. (a) Assume that/ , (.r; >’) = 0 for every x in some n-ball B(a) and for every vector y. Use the 
mean-value theorem to prove thatfis constant on B(a). 

(b) Suppose that fix', y) = 0 for a fixed vector y and for every x in B(a). What can you 
conclude about f in this case? 

21. A set S in R" is called convex if for every pah' of points a and b in S the line segment from a 
to b is also in 5; in other words, ta + (1 — t)b 9 S for each t in the interval 0 < t < 1 . 

(a) Prove that every n-ball is convex. 

(b) If fix', y) = 0 for every * in an open convex set S and for every y in R", prove thatfis 
constant on S. 

22. (a) Prove that there is no scalar fieldfsuch that f id', y) > 0 for a fixed vector a and every 
nonzero vector y. 

(b) Give an example of a scalar field f such that fix; y) > 0 for a fixed vector y and eveiy 
vector x. 
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8.10 Directional derivatives and continuity 

In the one-dimensional theory, existence of the derivative of a function f at a point 
implies continuity at that point. This is easily proved by choosing an h ^ 0 and writing 


f(a + h) — f (a) = 


f(a + h) — f(a) , 


As h —> 0 the right side tends to the limit f(a) -0 = 0 and hence f(a + h) --f(a). This 
shows that the existence off (a) implies continuity off at a. 

Suppose we apply the same argument to a general scalar field. Assume the derivative 
f'(a; y) exists for some y. Then if h ^ 0 we can write 


/<«+ W -/(«) = 

h 

As h —> 0 the right side tends to the y) ■ 0 = 0 ■ hence the existence of /'(a; y) 

for a given y implies that 

lim f{a + hy ) = f(a) 

h~> 0 

for the same y. This means that/(x) —>-/(a) as x -+ a along a straight line through a having 

the direction y. Ify'(a; y) exists for every vector y t then f(x) — ► f(u) as X —► a along every 
line through a. This seems to suggest thatfis continuous at fl. Surprisingly enough, this 
conclusion need not be true. The next example describes a scalar field which has a direc¬ 
tional derivative in every direction at 0 but which is not continuous at 0 . 


example . Letfbe the scalar field defined on R 2 as follows: 

f(x>y) = irf -1 i f x*0, f( 0 ,y)= 0. 

x + y 

Let a = (0, 0) and let y = (a, b) be any vector. If a ?£ 0 and h ^6 0 we have 

f(g + hy) —f(g) _ f(hy) — f(Q) _ f(ha, hb) _ ab 2 

h h h a 2 + h 2 b l ’ 

Letting h —► 0 we find f ‘(0; y) = b 2 ja . If y = (0, b) we find, in a similar way, that 
f'(0; y) = 0. Therefore f(0; y) exists for all directions y. Also, f(x) —>■ 0 as x —> 0 
along any straight line through the origin. However, at each point of the parabola x = y 2 
(except at the origin) the fiinctionfhas the value Since such points exist arbitrarily close 
to the origin and since f (0) = 0, the function f is not continuous at 0. 

The foregoing example shows that the existence of all directional derivatives at a point 
fails to imply continuity at that point. For this reason, directional derivatives are a some¬ 
what unsatisfactory extension of the one-dimensional concept of derivative. A more suitable 
generalization exists which implies continuity and, at the same time, permits us to extend 
the principal theorems of one-dimensional derivative theory to the higher dimensional case. 
This is called the total derivative. 
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8.11 The total derivative 

We recall that in the one-dimensional case a function / with a derivative at a can be 
approximated near a by a linear Taylor polynomial. If/ ‘(a) exists we let E(a, h) denote the 
difference 


(8.6) 


h 




if h ^ 0, 


and we define E(a, 0) = 0. From ( 8 . 6 ) we obtain the formula 
f(a + h) =f(a) + f'(ri)h + hE(a,h), 

an equation which holds also for h = 0. This is the first-order Taylor formula for approxi¬ 
mating/fa + h)—f(a) by f ‘(a)h. The error committed is hE(a, h). From ( 8 . 6 ) we see 
that E(a, h) — > 0 as h —> 0. Therefore the error hE(a, h) is of smaller order than h for 
small h. 

This property of approximating a differentiable function by a linear function suggests a 
way of extending the concept of differentiability to the higher-dimensional case. 

Let f: S —> R be a scalar field defined on a set S in R”. Let a be an interior point of S, 
and let B(a; r) be an n-ball lying in S. Let t be a vector with [t'j < r, so that 
a + v e B(a ; r). 


definition OF A DIFFERENTIABLE SCALAR FIELD. We say that f is differentiable at a if there 
exists a linear transformation 


T a : R"-*R 


from R” to R, and a scalar function E(a, V) such that 

(8-7) / (a + v) = f (a) + T a (v) + II v || E(a, v), 

for |[ »[| < r , where E(a, v) —y 0 as || u|| —y 0. The linear transformation T 0 is called the total 
derivative off at a. 


Note: The total derivative T a is a linear transformation, not a number. The function 
value T a (v) is a real number; it is defined for every point v in R". The total derivative was 
introduced by W. H. Young in 1908 and by M. Frechet in 1911 in a more general context. 

Equation (8.7), which holds for |j u|| < r, is called a first-order Taylorformula forf (a + u). 
It gives a linear approximation, Tfu), to the difference f(a + v) -f(u). The error in the 
approximation is || u|| E(a, v ), a term which is of smaller order than || lt|| as f u|| —> 0 ; that is, 

E(a, v ) =o(||»||) as M -► 0. 

The next theorem shows that if the total derivative exists it is unique. It also tells us how 
to compute T u (y) for every y in R”. 
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theorem 8.5. Assume f is differentiable at a with total derivative T u . Then the derivative 
f'(a ; y) exists for every y in R" and we have 

(8.8) TJy) — f'(a;y). 

Moreover, f '(a; y) is a linear combination of the components ofy. In fact, ify - (}’i yj, 
we have 

(8.9) /'(«; y) =J, DJ(a)y k . 

k= 1 


Proof. Equation (8.8) holds trivially if y = 0 since both T,(0) — 0 andf’(a; 0) = 0. 
Therefore we can assume that y ^ 0. 

Since f is differentiable at a we have a Taylor formula, 

(8.10) /(« + v ) =/(a) + TJv) + || ti || E{a, v ) 

for ||p|| < r for some r > 0, where E(a, v) -> 0 as Iff 0. In this formula we take 
v = hy, where h ^ 0 and \h\ fy|j < r. Then ||®{| <r. Since T a is lineal- we have 
T a (v) = T a (hy) = hT a (y ) . Therefore (8.10) gives us 


( 8 . 11 ) 


f(a + hy) - / (a) 

h 


= T a (y) + 


I h) M 
h 


E(a, v) 


Since ||»|| -> 0 as h —>■ 0 and since jhj/h = ± 1, the right-hand member of (8.11) tends to the 
limit T,(y) as h —>- 0. Therefore the left-hand member tends to the same limit. This proves 
( 8 . 8 ). 

Now we use the linearity of T a to deduce (8.9). If y = (y 1} , y n ) we have y = 

iLr JA> hence 

TJy) = T a (iy k e\ = f y k TJe k ) = f yj'(a ; e k ) = J y k DJ{a ). 

\k=i j fc=i *=i 


8.12 The gradient of a scalar field 

The formula in Theorem 8.5, which expresses f(a; y) as a linear combination of the 
components of y, can be written as a dot product, 

n 

/'(a; k) = 1 D k f(a)y k = V/(«) • y, 

k =l 

where V/ (a) is the vector whose components are the partial derivatives off at a, 


Vf(a) = (D 1 f(o),...,D n f(a)). 


This is called the gradient off The gradient V/ is a vector field defined at each point a where 
the partial derivatives D i f{a),..., D n f(a ) exist. We also write grad f for Vf. The symbol 
V is pronounced “del.” 




260 


Differential calculus of scalar and vector fields 


The first-order Taylor formula (8.10) can now be written in the form 
(8.12) /(* + v) = /(«) + V/(«) -ll + ll v\\ E(a , v) , 

where E(a, v) —> 0 as v||i||| —> 0. In this form it resembles the one-dimensional Taylor 
formula, with the gradient vector V’(u) playing the role of the derivative/'(fl). 

From the Taylor formula we can easily prove that differentiability implies continuity. 

theorem 8.6. If a scalar field f is differentiable at a, then f is continuous at a. 

Proof. From (8.12) we have 

I/(« + v) - /(a)| = |V/(«) • v + ||n|| E(a, u)|. 

Applying the triangle inequality and the Cauchy-Schwarz inequality we find 
0 < I /(fl +v) - /(«) I < ||V/(fl)|[ IMI + Jr II \E(a, t>)| . 

This shows that f(a + v ) —►/(<!) as ||t>||— ► 0, so / is continuous at a. 



Figure 8.5 Geometric relation of the directional derivative to the gradient vector. 

When y is a unit vector the directional derivative/'(a; y) h‘ is a simple geometric relation 
to the gradient vector. Assume that V/(a) ^ 0 and let 6 denote the angle between y and 
V/(a). Then we have 

/'(«; jO = V/(«) ■ y = l|V/(a)|| HtII cos 6 = ||V/(«)|| cos d. 

This shows that the directional derivative is simply the component of the gradient vector 
in the direction of y. Figure 8.5 shows the vectors V/(a) and y attached to the point a. 
The derivative is largest when cos 0=1, that is, when y has the same direction as V/(a). 
In other words, at a given point a, the scalar field undergoes its maximum rate of change in 
the direction of the gradient vector; moreover, this maximum is equal to the length of the 
gradient vector. When V fa IS orthogonal to y, the directional derivative /'(a; y) is 0. 
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In 2-space the gradient vector is often written as 


dx 


By 


In 3-space the corresponding formula is 


V/O, y, z) = d J^ihAi + g /(x, y, z) . + Bf(x, y, z) ^ 
dx By dz 


8.13 A sufficient condition for differentiability 

t 

Iffis differentiable at a, then all partial derivatives Z),/(a),. . . , D n f(a) exist. However, 
the existence of all these partials does not necessarily imply that / is differentiable at a. 
A counter example is provided by the function 

f(x,y)=-^f- 4 if x#0, f(0,y)=0, 

x + y 

discussed in Section 8.10. For this function, both partial derivatives Djf(O) and Dff{0) 
exist but f is not continuous at 0, hence / cannot be differentiable at 0. 

The next theorem shows that the existence of continuous partial derivatives at a point 
implies differentiability at that point. 

THEOREM 8.7. A SUFFICIENT CONDITION FOR DIFFERENTIABILITY. Assume that thepartial 

derivatives Dff,D n f exist in somen-ball B(a) and are continuous at a. Then f is dif¬ 
ferentiable at a. 

Note: A scalar field satisfying the hypothesis of Theorem 8.7 is said to be continuously 
differentiable at cl 

Proof. The only candidate for T 0 {v) is V/ (a) • v . We will show that 

/ (« + »)- / (a) = V/ (a)'v + II »|| E(a, v), 

where E(a, v) —> 0 as || v || -> 0. This will prove the theorem. 

Let A = ||v||. Then v = Ah , where \\u\\ = 1. We keep A small enough so that a + v lies 
in the ball B(a) in which the partial derivatives Dff...., D n f exist. Expressing u in terms 
of its components we have 

u = «!<?! + • • • + u n e n , 

where e lt .... e n are the unit coordinate vectors. Now we write the difference / (a + v) — 
f(a) as a telescoping sum, 

(8.13) f{a + v) —f(a) = f(a + Ah) -/(«) =2{/(a + Ac*) - f(a + l-v k ^)} , 

k= 1 
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where r 0 . > ■ ■ • , v n are any vectors in R" such that v„ = 0 and v n = «, We choose these 

vectors so they satisfy the recurrence relation v k = v f; l + . That is, we take 

v 0 = 0 , v 1 = u 1 e l , v 2 = u 1 e 1 + u 2 e 2 , ..., v n = + . • • + u n e n . 

Then the kth term of the sum in (8.13) becomes 

/(a + AtV-r + hu k ef) - /(a + h k _ k ) = f(b k + lu k e k ) - f(b k ) ; 

where b k = a + ?.v k . The two points b k and b k + hu k e k differ only in their kth component. 
Therefore we can apply the mean-value theorem of differential calculus to write 

(8.14) f{b k + lu k e k ) - f(b k ) = lu k D k f(c k ), 

where C k lies on the line segment joining b k to b k + Xll k e k . Note that b k —>■ a and hence 
c k ->■ a as A -> 0. 

Using (8.14) in (8.13) we obtain 

n 

f(a + v) — f (a) = l^DJ(c k )u k . 

k =1 

But V/(fl) • v = 1 V’(u) . U = l D kf( a ) u k, so 

n 

f(a + r) - f(a) - V/(a) ■ v = { D k f(c k ) - D k f(a)}u k = ||»|| £(«, w), 

h =1 

where 

E(a, v) = 1 { O k f(c k ) - DJ( a )}u k . 

Since c k —► a as || tt|| —> 0, and since each partial derivative D k f is continuous at a, we see 
that E(a, v) —*■ 0 as |f »|| —*> 0. This completes the proof. 

8.14 Exercises 

1. Find the gradient vector at each point at which it exists for the scalar fields defined by the 
following equations : 

(a) f{x, y) = x 2 + y 2 sin ( xy ) . (d) /(x, y, z) = x 2 — y 2 + 2z 2 . 

(b) f(x, y) = e x cos y . (e) /(x, y, z) = log (x 2 + 2 y 2 - 3z 2 ). 

(c) /(x, y, z) = x 2 y i z i . (f) fix, y, z) = x v ’. 

2. Evaluate the directional derivatives of the following scalar fields for the points and directions 

given : 

(a) f{x, y, z) = x 2 + 2 y 2 + 3z 2 at (1, 1,0) in the direction of / -j + 2k. 

(b) fix, y, z) = (x/y)" at (1. 1, 1) in the direction of 2i +j — k. 

3. Find the points (x, y) and the directions for which the directional derivative of fix, y) = 

3x 2 + y 2 has its largest value, if (x, y) is restricted to be on the circle X 2 + y 2 = 1 ■ 

4. A differentiable scalar fieldfhas, at the point (1, 2), directional derivatives +2 in the direction 
toward (2, 2) and -2 in the direction toward (1. 1). Determine the gradient vector at (1, 2) 
and compute the directional derivative in the direction toward (4, 6). 

5. Find values of the constants a. b, and c such that the directional derivative of fix, y, z) = 
axy 2 + byz + cz 2 x 3 at the point (1,2,— 1) has a maximum value of 64 in a direction parallel 
to the z-axis. 
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6 . Given a scalar field differentiable at a point «in R 2 , Suppose that f '(a\ y) = I and f’(a; z) = 2, 
where y = 2i + 3j and z = ' + j. Make a sketch showing the set of all points (x, y) for which 
/'(a; xi + yj) = 6 . Also, calculate the gradient V’(a). 

7. Let f andg denote scalar fields that are differentiable on an open set S. Derive the following 
properties of the gradient: 

(a) grad / = 0 iff is constant on S. 

(b) grad (/ + g) = gradf + gradg . 

(c) grad (cf) = c gradfif c is a constant. 


(d) grad (fg) = f grad,? + g grad/. 

<e) grad - S^lSH* 
Og g 2 


at points at which g ^ 0 . 


8 . In R 3 let r(x, y, z) = xi + yj + zk, and let r(x, y, z) = ||r(x,^ > z)||. 

(a) Show that Vr(x, y, z) is a unit vector in the direction of r(x, y, z). 

(b) Show that V(r n ) = nr n ~ 2 r if n is a positive integer. [Hint: Use Exercise 7(d).J 

(c) Is the formula of part (b) valid when n is a negative integer or zero? 

(d) Find a scalar field / such that Vf = r . 

9. Assume f is differentiable at each point of an n-ball B(a). If / ‘(x; y) = 0 for n independent 
vectors , . . . , y n and for every x in B(a), prove that / is constant on B(a). 

10. Assume / is differentiable at each point of an n-ball B(a). 

(a) If V/ (x) = 0 for every x in B(u), prove that f is constant on B(a). 

(b) If/Ot) < f ( 3 ) for all x in B(u), prove that V/(a) = 0. 

11. Consider the following six statements about a scalar field f S -*■ R, where S £ R n and a is 
an interior point of S. 

(a) f is continuous at a. 

(b) f is differentiable at a. 

( C) f ‘(a; y) exists for every y in R n . 

(d) All the first-order partial derivatives off exist in a neighborhood of a and are continuous 
at a. 


(e) V/ (a) = 0. 

(f) f{x) = ||jc - «|| for all * in R". 


In a table like the one shown here, mark T 
in the appropriate square if the statement in 
row (x) always implies the statement in 
column (y). For example, if (a) always implies 
(b), mark T in the second square of the first 
row. The main diagonal has already been 
filled in for you. 



8.15 A chain rule for derivatives of scalar fields 


hi one-dimensional derivative theory, the chain rule enables us to compute the derivative 
of a composite function g(t) =f[r(t)] by the formula 

g'(t) = / mi • rn 
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This section provides an extension of the formula when f is replaced by a scalar field 
defined on a set in n-space and r is replaced by a vector-valued function of a real variable 
with values in the domain off. 

In a later section we further extend the formula to cover the case in which both f and r 
are vector fields. 

It is easy to conceive of examples in which the composition of a scalar field and a vector 
field might arise. For instance, suppose f(x) measures the temperature at a point x of a 
solid in 3-space, and suppose we wish to know how the temperature changes as the point * 
varies along a curve C lying in the solid. If the curve is described by a vector-valued 
function f defined on an interval [a, b], we can introduce a new function g by means of the 
formula 

g(0 = /M 01 1 f a <t <b. 

This composite function g expresses the temperature as a function of the parameter t, and 
its derivative g'(t) measures the rate of change of the temperature along the curve. The 
following extension of the chain rule enables us to compute the derivative g’(t) without 
determining g(t) explicitly. 


theorem 8.8. chain rule. Let f be a scalar field defined on an open set S in R”, and let 
r be a vector-valuedfunction which maps an interval J from R 1 into S. Define the composite 
function g = f 0 r on J by the equation 

g{t) = f[r{t)} if teJ. 

Let t be a point in J at which r’(t) exists and assume that f is differentiable at r(t). Then g’(t) 
exists and is equal to the dot product 

(8.15) g’(t) = V/(«) • r'(0, where a = r(t). 

Proof. Let a = r(t), where l is a point in / at which r’(t) exists. Since S is open there is 
an n-ball B(a ) lying in S. We take h ^ 0 but small enough so that r(t + h) ties in B(a), 
and we let y = r(t + h) — r(t). Note that y —> 0 as h —*■ 0. Now we have 

+ h) - g(t ) =f[r(t + h)\-f [r(t)\ = f(a + /)-/(«) 

Applying the first-order Taylor formula for / we have 

/(« + y)~ /(«) = v /(“) ~ y + 11/1! E(a,y), 

where E(a, y) —> 0 as ||_y|| —> 0. Since y = r(t + h) — r(t) this gives us 

g(t + h)~ g(t) = . .Kf + E(a y) 

b h h 


Letting /; —> 0 we obtain (8.15). 



A chain rule for derivatives of scalar fields 


265 


example 1. Directional derivative along a curve. When the function r describes a curve 
C, the derivative r ’ is the velocity vector (tangent to the curve) and the derivative g' in 
Equation (8.15) is the derivative off with respect to the velocity vector, assuming that 
r' ^ 0 . If T(t) is a unit vector in the direction of r’(t) (Tis the unit tangent vector), the dot 
product Vf [r(t)J • T(t) is called the directional derivative off along the curve C or in the 
direction of C. For a plane curve we can write 

T(t) = cos fit) i + cos fit) j, 

where a(t) and fit) are the angles made by the vector T(t) and the positive x- and y-axes; 
the directional derivative off along C becomes 

V/ [ r (t) ] >T(t) - D 1 f[r(t)\cos a(t) + D 2 f[r(t)\cosfit) ■ 


This formula is often written more briefly as 

V/ • T = — cos a + cos /?. 
dx dy 

Some authors write df/ds for the directional derivative V/ * T. Since the directional 
derivative along C is defined in terns of T, its value depends on the parametric representa¬ 
tion chosen for C. A change of the representation could reverse the direction of T; this, 
in turn, would reverse the sign of the directional derivative. 

example 2. Find the directional derivative of the scalar field fix, y) = x 2 — 3 xy along 
the parabola y = x 2 — x + 2 at the point (1,2). 

Solution. At an arbitrary point (x, y) the gradient vector is 

V/(x, y) = ~~ i + ■/ = (2x — 3y)i — 3xj. 
ox oy 

At the point (1,2) we have V/(l, 2 ) = -4i — 3j. The parabola can be represented 
parametrically by the vector equation r(t) = ti + (t 2 — t + 2)j. Therefore, r(l) = i + 2j. 
r’(t) = i + (2t — 1 )j. and r' (I ) = i + j . For this representation of C the unit tangent 
vector T(l) is (i + j)/V2 and the required directional derivative is V/(l ,2) • T(l) = — 7/V2. 

example 3. Let f be a nonconstant scalar field, differentiable everywhere in the plane, 
and let c be a constant. Assume the Cartesian equation / (x, y) = c describes a curve C 
having a tangent at each of its points. Prove that f has the following properties at each 
point of C: 

(a) The gradient vector V/ is normal to C. 

(b) The directional derivative off is zero along C. 

(c) The directional derivative off has its largest value in a direction normal to C. 
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Solution. If T is a unit tangent vector to C, the directional derivative off along C is the 
dot product Vf ■ T. This product is zero if V/ is perpendicular to T, and it has its largest 
value if V/ is parallel to T. Therefore both statements (b) and (c) are consequences of (a). 
To prove (a), consider any plane curve T with a vector equation of the form r(t) = 
X(t)i + Y(t)j and introduce the function g(t) = f [r(t)]. By the chain rule we have 
g’(t) = V/ [r(t)] . r’(t). When T = C, the function g has the constant value c so g’(t) = 0 
if r(t) 6 C. Since g' = SJfi- r , this shows that SJf is perpendicular to r’ on C; hence V/ 
is normal to C. 


8.16 Applications to geometry. Level sets. Tangent planes 

The chain rule can be used to deduce geometric properties of the gradient vector. Let / 
be a scalar field defined on a set S in R” and consider those points x in S for which f (x) has 
a constant value, say / (x) = c. Denote this set by L(c), so that 

L(c ) = {x | x e S and f(x) — c}. 

The set L(c) is called a level set off. In R 2 , L{c) is called a level curve; in R 3 it is called a 
level surface. 



Figure 8.6 The dotted curves are iso- 
thermals: / (x, y) = c. The gradient vector 
Vf points in the direction of the lines of flow. 


V/ 



Figure 8.7 The gradient vector V/~is normal 
to each curve T on the level surface 
fix, y, z ) = c. 


Families of level sets occur in many physical applications. For example, if f(x, y) 
represents temperature at (x, y), the level curves off (curves of constant temperature) are 
called isothermals. The flow of heat takes place in the direction of most rapid change in 
temperature. As was shown in Example 3 of the foregoing section, this direction is normal 
to the isothermals. Hence, in a thin flat sheet the flow of heat is along a family of curves 
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orthogonal to the isothermals. These are called the lines offlow, they are the orthogonal 
trajectories of the isothermals. Examples are shown in Figure 8.6. 

Now consider a scalar fieldfdifferentiable on an open set S in R 3 , and examine one of its 
level surfaces, L(c). Let a be a point on this surface, and consider a curve F which lies on 
the surface and passes through a, as suggested by Figure 8.7. We shall prove that the 
gradient vector V’(a) is normal to this curve at a. That is, we shall prove that V/(a) is 
perpendicular to the tangent vector of I’ at a. For this purpose we assume that T is 


V f a normal vector 


^Tangent plane 


■ Level surface L(c) 



Figure 8.8 The gradient vector Vf is normal to the tangent plane of a level surface 

fix, y, z) = c. 


described parametrically by a differentiable vector-valued function r defined on some interval 
J in R 1 . Since T lies on the level surface L(c), the function r satisfies the equation 

f[r(t)\ = c for all tinJ. 

If g(r) = f[r{t)\ for t in J, the chain mle states that 

g’(t) = V/[l*(0] • r'(t). 

Since g is constant on /, we have g’(t) = 0 on J. In particular, choosing t 1 so that g(t x ) = a 
we find that 

V/(a) 1 r'if) = 0 . 

In other words, the gradient off at a is perpendicular to the tangent vector /(t^, as 
asserted. 
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Now. we take a family of curves on the level surface L(c), all passing through the point 
a. According to the foregoing discussion, the tangent vector^ of all these curves are per¬ 
pendicular to the gradient vector V’(a). If V/(i )s not the zero vector, these tangent vectors 
determine a plane, and the gradient V’(a) is normal to this plane. (See Figure 8 . 8 .). This 
particular plane is called the tangent plane of the surface L{c ) at a. 

We know from Volume I that a plane through a with normal vector N consists of all 
points x in R 3 satisfying N • (x — a) = 0 . Therefore the tangent plane to the level surface 
L(c) at a consists of all x in R 3 satisfying 

V ’f(a ) ■ (jc — a) = 0. 

To obtain a Cartesian equation for this plane we express x, a, and V’(tr) in terms of their 
components. Writing x = (x, y, z), a = (jq ,y 1 , Zj) , and 

V/(«) = Dff(a)i + Dff(a)j + D 3 f(a)k , 

we obtain the Cartesian equation 

D,f(a)(x - xfi + D 2 f(a)(y - y } ) + D 3 f(a)(z- z x ) = 0. 

A similar discussion applies to scalar fields defined in R 2 , In Example 3 of the foregoing 
section we proved that the gradient vector V/(a) at a point a of a level curve is perpendicular 
to the tangent vector of the curve at a. Therefore the tangent line of the level curve L(c) at 
a point a = (jq , yf) has the Cartesian equation 

Dif(a)(x - tq) + D 2 f(a)(y— yfi = 0. 


8.17 Exercises 

1. In this exercise you may assume the existence and continuity of all derivatives under con¬ 
sideration. The equations u = fix, y) , x = X(t), y = Y(l) define u as a function of t, say 
u= F(t). 

(a) Use the chain rule to show that 

F'(t)= ¥X'(t)+ %Y'(t), 
ox 0y 

where dfidx and dflty are to be evaluated at [X(t), Y(r)]. 

(b) In a similar way, express the second derivative F”(t) in terms of derivatives off, X, and 
Y. Remember that the partial derivatives in the formula of part (a) are composite functions 
given by 

7(f)], ^ = D 2 f[X(t), 7(f)], 



2. Refer to Exercise 1 and compute F’(t) and F’(t) in terms of t for each of the following special 
cases : 

(a) f(x, y) = x 2 + y 2 , X(t) = t, Y(t) = t 2 . 

(b) f{x, y) = e xy cos (xy 2 ), X(t) = cos t , Y(t) = sin t. 

(c) f (x, y) = log [(1 + + e y2 )], X(t) = e, 7(f)* = e' f . 
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3. In each case, evaluate the directional derivative off for the points and directions specified: 

(a) f{x, y, z) = 3x —5 y + 2 Z at (2, 2, 1) in the direction of the outward normal to the sphere 
X 2 + y 2 + Z 2 = 9. 

(b) fix, y, z) = x 2 — y 2 at a general point of the surface x 2 + y 2 + z 2 = 4 in the direction 
of the outward normal at that point. 

(c) f(x, y, z) = x 1 + y 1 — z 2 at (3, 4, 5) along the curve of intersection of the two surfaces 

2x 2 + 2y 2 - z 2 =25 and x 2 + y 2 = z 2 . 

4. (a) Find a vector V(x, y, z) normal to the surface 

Z = -^/x 2 + J 2 + (x 2 + y 2 f A 


at a general point (x, y, z) of the surface, (x, y, z) ^ (0, 0, 0), 

(b) Find the cosine of the angle 0 between F(x, y, z) and the z-axis and determine the limit of 
cos 6 as (x, y, z) -> (0, 0, 0). 

5. The two equations e u cos v = x and e u sin v = y define u and v as functions of x and y, say 

U = t/(x, y) and v = K(x, y). Find explicit formulas for U(x, y) and V(x, y), valid for x > 0, 

and show that the gradient vectors V U (x, y) and V K(x, y) are perpendicular at each point 
(*>/)• _ 

6. Let fix, y) - J\xy\. 

(a) Verify that dfjdx and dfjdy are both zero at the origin. 

(b) Does the surface z = f{x, y) have a tangent plane at the origin? [Hitlt Consider the 

section of the surface made by the plane x = y .] 

7. If (x 0 , Ji 0 , z„) is a point on the surface z = xy , then the two lines z = y 0 x , y = y 0 and z = Xg y , 

x = X 0 intersect at (x 0 , _y 0 , Zg) and lie on the surface. Verify that the tangent plane to this 

surface at the point (x 0 , y 0 , z 0 ) contains these two lines. 

8. Find a Cartesian equation for the tangent plane to the surface xyz = q 3 at a general point 

(x 0 , y 0 , Zq). Show that the volume of the tetrahedron bounded by this plane and the three 

coordinate plane is 9a 3 /2. 

9. Find a pair of linear Cartesian equations for the line which is tangent to both the surfaces 

x 2 + y 2 + 2z 2 = 4 and z = <r t ~ v at the point (1,1, 1). 

10. Find a constant c such that at any point of intersection of the two spheres 

(x — c ) 2 + y 2 + z 2 = 3 and x 2 + (y — l) 2 + z 2 = 1 

the corresponding tangent planes will be perpendicular to each other. 

11. If r 1 and denote the distances from a point (x, y) on an ellipse to its foci, show that the 

equation hj + = constant (satisfied by these distances) implies the relation 

T V(r : + r 2 ) = 0, 

where T is the unit tangent to the curve. Interpret this result geometrically, thereby showing 
that the tangent makes equal angles with the lines joining (x, y) to the foci. 

12. If V/(x, y, z) is always parallel to xi + yj + zk, show thatfmust assume equal values at the 
points (0, 0, a) and (0, 0, -a). 

8.18 Derivatives of vector fields 

Derivative theory for vector fields is a straightforward extension of that for scalar fields. 
Let f\ S —> R m be a vector field defined on a subset S of R n . If a is an interior point of S 
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and if y is any vector in R” we define the derivative y) by the formula 


/'(a; y) = lim 

h-> 0 


/(« + hy) - /(a) 


whenever the limit exists. The derivativef(a; y) is a vector in R m . 

Let f k denote the kth component off. We note that the derivative f id', y) exists if and 
only if/*(a; y) exists for each k = \, 2, , m, in which case we have 

m 

f'{a ; j) = (f{(a ; y), .,. , f' m (a ; y)) = I /*(«; y)e k , 

1:=1 


where e k is the kth unit coordinate vector. 

We say that f is differentiable at an interior point a if there is a linear transformation 

T a : R‘—>R m 

such that 

(8.16) f(a + v)= f(a ) + T a (v) + || v H E{a, v ) , 

where E(a, a) — >■ 0 as V —*■ 0. The first-order Taylor fomiula (8.16) is to hdd for all V 
with II* II < r for some r > 0. The term E{a, v) is a vector in R m . The linear trans¬ 
formation T u is called the total derivative off at a. 

For scalar fields we proved that T a (y) is the dot product of the gradient vector V/(a) 
withy. For vector fields we will prove that Tfiy) is a vector whose kth component is the dot 
product V/ t .(a) . J . 

theorem 8.9. Assume f is differentiable at a with total derivative T a . Then the derivative 
f ‘(a; y) exists for every a in R", and we have 

(8-17) T a (y ) =f'(a;j) . 

Moreover, iff - (j\ ,..., f m ) and ifv - (>'i,..., v„), we have 

m 

(8-18) Uy) =2V/,(a)'Y e.fiVffafy, .... V/ m (a)• y) , 

k = 1 

Proof. We argue as in the scalar case. Ifj= 0, then f (u \ j) = Oand T,(0) = 0. 
Therefore we can assume that y ^ 0. Taking v = hy in the Taylor formula (8.16) we have 

f(a + hy) -f(u) = Tffiy) + \\hy\\ E(a, v) = hTfj) + \h\ |[y|| E(a, v). 

Dividing by h and letting h —> 0 we obtain (8.17). 

To prove (8.18) we simply note that 


/'(« ;t) =1 f'iSfl ;t) e k = 2 v ffa) ■ ye k . 
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Equation (8.18) can also be written more simply as a matrix product, 

TJy) = Df(a)y , 

where Of (a) is the m x ti matrix whose kth row is Vf k (a), and where y is regarded as an 
n x 1 column matrix. The matrix Df (a) is called the Jacobian matrix off at a. Its kj entry 
is the partial derivative Dff k (a). Thus, we have 

Dfffa) DJfa) D n f l (a) ~ 

Difz(a) D 2 f 2 (a) ■ • • D n f 2 ( a) 

Df{a) = 

Dffffa) DJJa) ••• D n fja)_ 

The Jacobian matrix Df(a) is defined at each point where the mn partial derivatives 
DJ k (a) exist. 

The total derivative T a is also written as / ‘(a). The derivative f’(a) is a linear trans¬ 
formation; the Jacobian Df(a) is a matrix representation for this transformation. 

The first-order Taylor formula takes the form 

(8.19) f(a + v) -f(a) +f '(«)(«’) + II‘’ll E ( a > «’)> 

where E(a, v) -> 0 as v —> 0. This resembles the one-dimensional Taylor formula. To 
compute the components of the vector / '(a)( d) we can use the matrix product Df(a)v or 
formula (8.18) of Theorem 8.9. 

8.19 Differentiability implies continuity 

theorem 8.10. If a vector field f is differentiable at a, then f is continuous at a. 

Proof. As in the scalar case, we use the Taylor formula to prove this theorem. If we let 
V --> 0 in (8.19) the error term j? iff E(a, t) -» 0. The linear part / ‘(a)(u) also tends to 0 
because lineal' transformations are continuous at 0. This completes the proof. 

At this point it is convenient to derive an inequality which will be used in the proof of 
the chain rule in the next section. The inequality concerns a vector field / differentiable at 
a; it states that 

m 

(8.20) ll/'(«)0)|| < M/a) ||»||, where M/a) = 2 H V /a-(«)I1 • 

k=l 

To prove this we use Equation (8.18) along with the triangle inequality and the Cauchy- 
Schwarz inequality to obtain 

m mm 

-ve k <2 I Y4(a) • i>| <; 2 ||VA(a)|| IMI. 

fc=1 fc=l k—1 
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8.20 The chain rule for derivatives of vector fields 

theorem 8 . 11 . chain rule. Let f and g be vector fields such that the composition 
h = f og is defined in a neighborhood of a point a. Assume that g is differentiable at a, with 
total derivative g'(a). Let b = g(a) and assume that f is differentiable at b, with total 
derivative f '(b). Then h is differentiable at a, and the total derivative h’(a) is given by 

h'(d)=f'(b)°g\a), 

the composition of the linear transformations f ‘(b) and g'(a). 

Proof We consider the difference h(a + y) — h(a) for small ||j ||, and show that we have 
a first-order Taylor formula. From the definition of h we have 

(8.21) h(a + y) - h(a) = f [g(a + j’)] - f [g(a)\ = f(b + v) - f(b ), 

where u = g(a + y) — g(a). The Taylor formula for g(a + y) gives us 

(8.22) v = g'(a)(y)+ \\y\\ E g (a, y), where E g (a,y)^0 as y- 0. 

The Taylor formula for f (b + v) gives us 

(8.23) £ (b + v) - f(b) = f \b)(v) + || v n E f (b , v ) , 

where Efib, ii) —> 0 as v —► 0. Using (8.22) in (8.23) we obtain 

(8.24) f(b + v ) -f(b) =f\b)g'(a)(y ) +f '(*)(llTl|£g(«^)) + Ilf \\E f (b,v) 

= fW(«)(y)+11^11 E(a,y), 

where E(a, O) = 0 and 

(8.25) E(a. y)= f \b)(E g (a, y)) + ^ E/b, v) i f y * O. 

IItII 

To complete the proof we need to show that E(a, y) —*■ 0 as y —> 0. 

The first temi on the right of (8.25) tends to 0 as y —> 0 because E g (a,y) —► 0 as y —► 0 

and linear transformations are continuous at 0. 

In the second term on the right of (8.25) the factor Efib, v) —> 0 because V —> 0 as 

y — >■ 0. The quotient ||t)||/||_y|| remains bounded because, by (8.22) and (8.20) we have 

lit-II <M g (a)\\y\\ + lbII \\E g (a,y)\\. 

Therefore both terms on the right of (8.25) tend to 0 as y —► O , so E(a, y) —> 0. 

Thus, from (8.24) and (8.21) we obtain the Taylor formula 


h(a + y)— h(a) = f '(b)g'(a)(y) + \\y\E(a,y), 
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where E(a, j) -* 0 as y —y 0. This proves that h is differentiable at a and that the total 
derivative h'(a) is equal to the composition/ '(h) o g’(u). 


8.21 Matrix form of the chain rule 

Let h = f o g , where g is differentiable at a andfis differentiable at b = g(u). The chain 
mle states that 

h’(a) = f(b) o g ’(u). 

We can express the chain mle in terms of the Jacobian matrices Dh(a), Df(b), and Dg(a) 
which represent the linear transformations h’(a), f’(b), and g'(u), respectively. Since 
composition of linear transformations corresponds to multiplication of their matrices, we 
obtain 

(8.26) Dh(a) — Df(b) Dg(a) , where b = g(u). 

This is called the matrix form of the chain rule. It can also be written as a set of scalar 
equations by expressing each matrix in terms of its entries. 

Suppose that a e R s , 6 = g(u) e R" , and f(b) £ R m , Then h(u) £ R m and we can write 

8 = tel. • • • .£«)> /= (fi, • • • ,/*), h = (h„ , . . , h,). 

Then Dh{u) is an m x p matrix, Df(b) is an m x n matrix, and Dg(a) is an n x p matrix, 
given by 

Dh(a) = [DMa))™;*! - W) = IMCi - 

The matrix equation (8.26) is equivalent to mp scalar equations, 

Djhj(a) = 2 D k f(b)D jg k (a) , for / = 1, 2,. . . , m and j — 1, 2, ... ,p. 

4-1 

These equations express the partial derivatives of the components of h in terms of the 
partial derivatives of the components off and g. 

example 1. Extended chain rule for scalar fields. Suppose f is a scalar field (m = 1). 
Then h is also a scalar field and there are p equations in the chain mle, one for each of the 
partial derivatives of h : 

DM*) = i DJ(b)D jgk (a ), for j = 1, 2, . . . , p. 

k = l 

The special case/ = 1 was already considered in Section 8.15. In this case we get only one 
equation, 

h\a)= f DJ(b)g k (a). 

fc= 1 
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Now take p = 2 and n = 2 . Write a = (s, f) and b = (x, }) . Then the components x 
and y are related to s and t by the equations 

x = gi(s,t), y = g 2 {s, t). 

The chain rule gives a pair of equations for the partial derivatives of h\ 

D x h{s, t) - DJ(x, y) t ) + D,f(x, y) D x g 2 {s, t ), 

D 2 h(s, t ) = DJ(x, y) D 2 gi(s, t ) + D 2 f(x, y) D 2 g 2 (s, t ). 

In the &notation, this pah' of equations is usually written as 


dh_Qf_dx_ df_dy dff = ffdx dfdy 
ds dx ds dy ds ’ at dx dt dy dt 

example 2. Polar coordinates. The temperature of a thin plate is described by a scalar 
field/, the temperature at (x, y) being/(x, y). Polar coordinates x = r cos 6, y - r sin 0 
are introduced, and the temperature becomes a function of r and 0 determined by the 
equation 

cp{r, Q) - f{r cos B,r sin 0) . 

Express the partial derivatives dtp/dr and dy/dd in temis of the partial derivatives dfjdx 
and df/dy. 

Solution. We use the chain rule as expressed in Equation (8.27), writing (r, 0 ) instead of 
(s, t), and (p instead of h. The equations 


r COS 6 , y = r sin 0 


give us 


^ = cos0, ^ = sin0, ~= — r sin 0 , ^ = r cos 0. 

T dr dr 30 dO 


Substituting these formulas in (8.27) we obtain 

dtp df df . dw df df 

(8.28) —= — COS 0 + ~ sin 0, — = — r — sin 0 + r cos 0. 

dr dx dy dO dx dy 

These are the required formulas for dcpjdr and dcpjdO. 


EXAMPLE 3. Second-order partial derivatives. Refer to Example 2 and express the second- 
order partial derivative d 2 <p/dd 2 in terms of partial derivatives off. 


Solution. We begin with the formula for dtp/dQ in (8.28) and differentiate with respect 
to 0, treating r as a constant. There are two terms on the right, each of which must be 
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differentiated as a product. Thus we have 


d 2 cp 


(8.29) 


_ df 9(si 

se 2 ~ r ax ae 


= — r cos 0 — — r sin 0 
dx 


H°)_ rsine ±M\ t ,§£S(cos5) + „ se l/?A 

*6 ana*/ ae dd\dyj 

a / a/\ . .3/ a / a/\ 

aalax/ ay a0\ay/ 


To compute the derivatives of dfjdx and df/dy with respect to 0 we must keep in mind that, 
as functions of r and 0, dfjdx and dfjdy are composite functions given by 


K = 

dx 


D f{r cos fj,r sin 0) 


and 


— = D 2 f (r cos 0, r sin 0). 
dy 


Therefore, then derivatives with respect to 0 must be determined by use of the chain mle. 
We again use (8.27), withfreplaced by Df, to obtain 

.a ^ = dJDJ) ax .+ d(Dj) dy = df ( _ rsin + df 


so 


dx dd 

Similarly, using (8.27) withfreplaced by Df, I Ne find 

.9 t%\ = ‘W> h + CIO../J iy _ 9 ! / 


8j » dx‘ <-r sin ^ T fti <,cose> ' 


0 


d 2 f 


dd\dy, 


dx dO dy d0-dxdy ( - rSin6) + d/ (rCOSd) - 


When these formulas are used in (8.29) we obtain 

av a/ 9 n K?y 2 . ^ a 2 / 

—- = — r cos 0 — + r“ sin 2 0 —■ — 2 sm 0 cos 0 -—— 
dd 2 dx dx 2 dy dx 

df 2 df , 2 3 2 f 

— r sin 0 -- r sin 0 cos 0 r—— + r COS 0 — . 

dy dx dy dy 2 

This is the required foimula for d 2 <pjd0 2 , Analogous formulas for the second-order partial 
derivatives d 2 fldr 2 , d 2 <pj(dr dd), and d 2 <pj(dd dr) are requested in Exercise 5 of the next 
section. 


8.22 Exercises 

In these exercises you may assume differentiability of all functions under consideration. 

1. The substitution t = g(x, y) converts F(t) into f (x, y), where f(x, y) = F[g(x, y)] . 

(a) Show that 

df Sg df dp- 

“ d T,‘ F » x -y' n Ty- 

(b) Consider the special case F(t) = £ sln *, g(x, y) = cos (x 2 + y 2 ). Compute dfjdx and 
dfjdy by use of the formulas in part (a). To check your result, determine f (x, y) explicitly in 
temis of x and y and compute dfj dx and dfj dy directly from f. 
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2. The substitution U = (x — y)l 2, v = (x + y)j2 changes/ (u, v) into F{x, y). Use an appropriate 
form of the chain rule to express the partial derivatives 3F/ dx and 3F/ 3 ] y in terms of the partial 
derivatives 3// 3 u and 3fj dv. 

3. The equations U =f(x, y), x = X(s, t), y = f) define U as a function of s and t, say 
U = F(s, t). 

(a) Use an appropriate form of the chain rule to express the partial derivatives 3F/3.S and 

dF/dt in terms of df/dx, df/dy, 3X13s, 3X/3t, 3F/3i, 3Y/3t. 

(b) If 3 2 //( 3x 3y) = 3 2 fl(3y axj, show that 

3 2 F _ 3j 3 2 x d Y/ a _i\ 2 2 — — -^— 027 d2 f( dY ^[ 

3s 2 3x 3s 2 3.x 2 \ 3i/ 3s 8s 3x 3y 3y 3s 2 + 3_y 2 \ 3s J ' 

(c) Find similar formulas for the partial derivatives 3 2 F/( 3s at) and 3 2 F/ 3 1 2 . 

4. Solve Exercise 3 in each of the following special cases: 

(a) x(s, t) = s + t, y<>, t) = St. 

(b )X{s,t)=st, Y(s,t) = slt. 

(c) X(s,t) = (5-0/2, Y(s,t)= (s + 0/2. 

5. The introduction of polar coordinates changes f(x, y) into cp(r, 6), where x = r cos 6 and 
y = /■ sin 6. Express the second-order partial derivatives 3 2 <pl3r 2 , 3 2 y>/( 3r 36), and 3 2 ip/( 36 dr) 
in terms of the partial derivatives off. You may use the formulas derived in Example 2 of 
Section 8.21. 

6. The equations It = f(x, y, z), x = X(r, s, t) , y = Y(r, s, t), and z = Z(r, s, t)^ define U as a 
function ofr, s, and t, say U = F(r, s, t) . Use an appropriate form of the chain rule to express 
the partial derivatives 3Fj 3r, 3Fj as, and 3F/ 3 1 in terms of partial derivatives off, X, Y. and Z. 

7. Solve Exercise 6 in each of the following special cases: 

(a) X(r,S, t) = r + S + t, Y(r, s,t) = r — 2s + 3 1, Z(r, s, t) = 2r + s — t. 

(b) X(r, s, t) = r 2 + s 2 + t 2 , Y(r, s, t) = r 2 — s 2 - t 2 , Z(r, s, t) = r 2 — s 2 + t 2 . 

8. The equations u = f (x, y, z), x = X{s, t), y = Y(s, t) , z = Z{s, t) define u as a function of 
S and t, say U = F(s, t) . Use an appropriate form of the chain rule to express the partial de¬ 
rivatives 3F/ 3s and 3Fj 3 1 in terms of partial derivatives off, X, Y. and Z. 

9. Solve Exercise 8 in each of the following special cases: 

(a) t) = s 2 + t 2 , Y(s, t) = s 2 —t 2 , Z{s, t) = 2st. 

(b) X(s , t) = S + t, l/s, t) = S — t, Z(s, t) = st. 

10. The equations It = f (x, y ), x = X(r, s, t), y = Y(r, s, t) define u as a function of r, s, and t, 

say u = F(r, s, t). Use an appropriate form of the chain rule to express the partial derivatives 

3F/ 3r, 3FJ as. and 3F/3/ in terms of partial derivatives off. X, and Y. 

11. Solve Exercise 10 in each of the following special cases: 

(a) X(r, S, t) =r +5, Y{r, s, t) = t. 

(b) X(r,s,t) = r + s + t, Y(r, s,t) = r 2 + i 2 + t 2 . 

(c) X(r, s, t) = r/s, Y(r, s, t) = sjt. 

12. Let h(x)= /[g(x)] , where g = (gl , g n ) is a vector field differentiable at a, and f is a 

scalar field differentiable at b = g{a). Use the chain rule to show that the gradient of h can 
be expressed as a linear combination of the gradient vectors of the components of g, as 
follows : 


V/t(fl) = | D k f ( b)Vg k (a) . 

ifc=l 


13. (a) If f(x, y, z) = xi + yj + zk , prove that the Jacobian matrix Df(x, y, z) is the identity 
matrix of order 3. 
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(b) Find all differentiable vector fieldsf: R 3 -*• R 3 for which the Jacobian matrix Df(x, y, z) 
is the identity matrix of order 3. 

(c) Find all differentiable vector fieldsf: R 3 -> R 3 for which the Jacobian matrix is a diagonal 
matrix of the form diag (p(x), q{y), r(z)), wherep, q , and r are given continuous functions. 

14. Let f: R 2 -> R 2 and g: R 3 -> R 2 be two vector fields defined as follows: 

f(x, y) = e x+2v i + sin (y + 2x)j, 
g(u, v, w) = (u + 2v 2 + 3w 3 ) i + (2v - u 2 )j. 

(a) Compute each of the Jacobian matrices Df(x, }’) and Dg(u, V, w). 

(b) Compute the composition h(u, v, w) = f[g(u, v, w)]. 

(c) Compute the Jacobian matrix Dh( 1, — 1, 1). 

15. Let /: R 3 ->• R 2 and g: R 3 -► R 3 be two vector fields defined as follows: 

f(x,y,z) = (x 2 +y + z)i + ( 2 x +y + z 2 )j, 
g{u, v, fi) = uv' 2 w 2 i + w 2 sin v j + u 2 e v k, 

(a) Compute each of the Jacobian matrices Df(x, z) and Dg(u, v, w). 

(b) Compute the composition h(u, u, w) = /[g(», v, w)]. 

(c) Compute the Jacobian matrix Dh(u, 0, w). 


k8.23 Sufficient conditions for the equality of mixed partial derivatives 

Iffis a real-valued function of two variables, the two mixed partial derivatives D l of 
and D 2l f are not necessarily equal. By D 1 of we mean = d 2 fj(dx dy) , and by 

Au/we mean A(A/) = Sffdy ax), For example, if/is defined by the equations 

f(x, y) = xy ^— — for (x, y ) ^ (0, 0), /( 0, 0) = 0 , 

x + y 

it is easy to prove that A,i/(0, 0 ) = — I and D i 2 /(0, 0) = 1. This may be seen as follows: 
The definition of D 21 f(0, 0) states that 


(8.30) 

Now we have 


ZW(0, 01 = ^ A/CO, Wl 

A:-* 0 k 


DM o) = 

/!-► o h 


and, if (x, y) 5 ^ (0, 0) , we find 


A/(x, y) = 


y(x 4 + 4x 2 y 2 — y 4 ) 


(x 2 + y 2 ) 2 

Therefore, if fc ^ 0 we have /),/ (0, k) = —k^jk* = -k and hence 


A m k ) - DJI 0, 0) 

k 





278 


Differential calculus of scalar and vectorjelds 


Using this in (8.30) we find that D 2 if(0, 0) = -1 . A similar argument shows that 

D 1: 2 /(0, 0) = 1, and hence Z\i/(0» 0) ^ Z>i >2 /(0, 0). 

In the example just treated the two mixed partials Z) 12 / and D 21 f are not both con¬ 
tinuous at the origin. It can be shown that the two mixed partials are equal at a point 
(a, b ) if at least one of them is continuous in a neighborhood of the point. We shall prove 
first that they are equal if both are continuous. More precisely, we have the following 
theorem. 

THEOREM 8.12. A SUFFICIENT CONDITION FOR EQUALITY OF MIXED PARTIAL DERIVATIVES. 

Assumef is a scalar field such that the partial derivatives D 1 f, D 2 f, D 12 f, and D 21 f exist on 
an open set S. If (a, b) is a point in S at which both D 12 f and D 21 f are continuous, we have 

(8.31) Di J{a, b ) = D itl f(a, b) , 

Proof. Choose nonzero h and k such that the rectangle R(h, k) with vertices (a, b ), 
(a + h, b), (a + h, b + k), and (a, b + k) lies in S. (An example is shown in Figure 8.9.) 

(a, b + k) (a + h,b+ k) 


■ 

+ 

+ 

_ 


(a- h ) (a + h, b) 

Figure 8.9 A(h, k) is a combination of values off at the vertices. 

Consider the expression 

A {h, k ) =/(a + h,b + k) — f(a + h, b) - f(a, b + k) +f(a, b ). 

This is a combination of the values off at the vertices of R{h, k) , taken with the algebraic 
signs indicated in Figure 8.9. We shall express A(/l, k) in terms of D 2 if and also in terms 
of O wl f 

We consider a new function G of one variable defined by the equation 

G(x) =f(x, b + k) —fix, b) 

for all x between a and a + h . (Geometrically, we are considering the values off at those 
points at which an arbitrary vertical line cuts the horizontal edges of R{h, k).) Then we 
have 


(8.32) 


A(h, k) = G (a + h) — G(a). 
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Applying the one-dimensional mean-value theorem to the right-hand member of (8.32) we 
obtain G(a + h) — G(a) = hG'(xf), where lies between a and a + h. Since G'(x) = 
DJ{x, b + k) — Dfi(x, b), Equation (8.32) becomes 

(8.33) A (h, k ) = hlDJix j, b + k) — Dffi ( Xl , b )]. 

Applying the mean-value theorem to the right-hand member of (8.33) we obtain 

(8.34) A{h, k) = hkD^ffix^yf), 

where jq lies between b and b + k. The point (jq, yf) lies somewhere in the rectangle 
R(h,k). 

Applying the same procedure to the function H(y) = f(a + h, y) — f(a, y) we find a 
second expression for A (h, k), namely, 

(8.35) A(/i, k) - hkD 12 f(x 2 ,y 2 ), 

where (jc 2 , j 2 ) also lies in R(h, k) . Equating the two expressions for A(h, k) and cancelling 
hk we obtain 

Di. 2 f(x 1 ,y 1 )= D 21 f(x 2 ,y 2 ), 

Now we let (h, k) -> (0,0) and use the continuity of D 12 f and D 21 f to obtain (8.31). 

The foregoing argument can be modified to prove a stronger version of Theorem 8.12. 

theorem 8.13. Letfbe a scalar field such that the partial derivatives Dffi D 2 f, and D 2 ,if 
exist on an open set S containing (a, b). Assume further that D. 21 f is continuous on S. Then 
the derivative D L/l f (a, b) exists and we have 


Di.tf (fl, b)=D 2il f (a, b). 

Proof. We define A(/i, k) as in the proof of Theorem 8.12. The part of the proof leading 
to Equation (8.34) is still valid, giving us 


(8.36) 


A (h, k ) 
hk 


»Ti) 


for some (jq, yf) in the rectangle R(h, k). The rest of the proof is not applicable since it 
requires the existence of the derivative D 12 f(a, b), which we now wish to prove. 

The definition of D l2 f{a, b) states that 


£>i {a, b ) = lim 
o 


DJja + h,b) - DJ(a, b) 
h 


(8.37) 
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We are to prove that this limit exists and has the value D 21 f (a, b). 
Dff we have 


and 


D 2 f(a,b) = Iim 


_ b + k) — f(a, b) 


From the definition of 


D 2 f(a + h, b) = lim 

k-> 0 


f(a + h, b + k) — f(a + h, b) 
k 


Therefore the difference quotient in (8.37) can be written as 


Dnf(a + h,b)~ DJ(a, b ) _ ^ A(/i, k) 
h k-+ o hk 


Using (8.36) we can rewrite this as 


(8.38) 


DJ(a + h, b) ~ P 2 f(a, b ) 
h 


= lim £> 2 ,i/( x i . Ti) ■ 

k -*0 


To complete the proof we must show that 

(8.39) lim lim D 2 , 1 f(x 1 ,y 1 )} =D 2tl f(a,b). 

h -*0 Lfc -*0 1 

When k -> 0, the point y\—>b, but the behavior of as a function of k is unknown. 
If we knew that x x approached some limit, say x, as k -> 0, we could use the continuity of 
Au / to deduce that 

lim D 2 J( Xl , yi ) = D 2 J(x, b ). 

fc-*o 

Since the limit jc would have to lie in the interval a < i< a + h . we could then let h—»0 
and deduce (8.39). However, the fact that 3 depends on k in an unknown fashion makes a 
slightly more involved argument necessary. 

Because of Equation (8.38) we know that the following limit exists: 

iim D^fix^yJ. 

k-> 0 

Let us denote this limit by F(h). To complete the proof we must show that 

lim F(h) = D 21 f(a, b) . 

h-10 

For this purpose we appeal to the definition of continuity of D 21 f at (a, b). 

Let e be a given positive number. Continuity of D 2 l f at (a, b) means that there is an 
open disk N with center (a, b) and radius d, say, such that 


I D 2 ,if(x,y) — D 21 f(a, b)\ < j whenever (x, y)eN- 


(8.40) 
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If we choose h and k so that |/j| < (5/2 and |it| < (5/2, the entire rectangle shown in Figure 
8.9 will he in the neighborhood N and, specifically, the point (x l5 /j) will be in N. Therefore 
(8.40) is valid when (x, y) = (x„ y j) and we can write 

(8-41) 0 < \D 2i J(x 1 ,y 1 ) - D 21 f(a, b)\ < ~ . 

Now keep h fixed and let k — >- 0. The term D 2 l f(X\, _>’i) approaches F(h) and the other 
terms in (8.41) are independent of k. Therefore we have 

0 < \F(h) - D t 'J(a,b)\ < < e, 

provided that 0 < \h\ < d/2. But this is precisely the meaning of the statement 

lim F(h) = D 2 J(a, b) 
ft- 0 

and, as we have already remarked, this completes the proof. 

Note: It should be observed that the theorem is also valid if the roles of the two 
derivatives D lt2 / and Z) 2>1 / are interchanged. 


8.24 Miscellaneous exercises 

1. Find a scalar field f satisfying both the following conditions: 

(a) The partial derivatives D t f( 0, 0) and Z) 2 /(0, 0) exist and are zero. 

(b) The directional derivative at the origin in the direction of the vector i + j exists and has 
the value 3. Explain why such an / cannot be differentiable at (0, 0). 

2. Let / be defined as follows : 


f(x,y) =y 



if ( [x,y ) 5^ (0, 0), /(0,0) = 0. 


Compute the following partial derivatives, when they exist: D l f (0, 0). D„f (0, 0), D 2 x f (0, 0), 

A .,2 / ( 0 , 0 ). 


3. Let / (x, y) = -j 


xf 


; if (x, y) jt (0, 0) , and define / (0, 0) = 0. 


X “ + jr 

(a) Prove that the derivative / ‘(0; a) exists for every vector a and compute its value in terms 
of the components of a. 

(b) Determine whether or not / is continuous at the origin. 


4. Define / (x, y) = J 0 V l! ' e~* 2 dt for x > 0, y > 0. Compute djj dx in terms of x and y. 

5. Assume that the equations u = f (x, y) . x = X(t), y = Y(t) define u as a function of t, say 
U = F(t). Compute the third derivative F”‘(t) in terms of derivatives off, X, and Y. 

6. The change of variables x = u + v , y = uv 2 transforms f (x, y ) into g(u, v). Compute the 
value of d 2 gl(dv au) at the point at which u = 1, v = 1 , given that 


af _ B 2 f_ d 2 f_ a 2 / 0 2 / 

By Bx 2 By 2 dx dy By Bx 


at that point. 
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1. The change of variables x = UV, y = J(« 2 — v 2 ) transforms f(x, y) to g(lt, v). 

(a) Calculate dgj du. dgjdv, and d 2 gj(du dv) in terms of partial derivatives of f. (You may 
assume equality of mixed partials.) 

(b) If |j ^f{x, j)|| 2 = 2 f° r a H x and y, determine constants a and b such that 



8. Two functions F and G of one variable and a function z of two variables are related by the 
equation 

[F(x) + G(y)f e z[x ’ y) = 2F\x)G'(y) 

whenever F(x) + G(y) ^ 0. Show that the mixed partial derivative D 2 iZ(x, y) is never zero. 
(You may assume the existence and continuity of all derivatives encountered.) 

9. A scalar field j is bounded and continuous on a rectangle R = [a, b] x [c. d] . A new scalar 

field g is defined on R as follows : 

g{u, v) = J* c * [_[“/(*> y ) dx \ d y ■ 

(a) It can be shown that for each fixed It in [a, b] the function A defined on [c, d] by the 

equation A(y) = y) dx is continuous on [c, d]. Use this fact to prove that dgj dv exists 

and is continuous on the open rectangle S = (3, b) x (c, d) (the interior of R), 

(b) Assume that 

*]■'•>’« /;[}>■ 


for all (u, v) in R. Prove that g is differentiable on S and that the mixed partial derivatives 
D\ 2 gi u , i: ) an d D% \g(u, v) exist and are equal to f(u, v) at each point of S. 

10. Refer to Exercise 9. Suppose U and v are expressed parametrically as follows: u = A(t), 
v = B(t) ; and let q>{t) = g[A(t), B{t)]. 

(a) Determine q’(t) in terms off. A’, and B’. 

(b) Compute p)‘(t) in terms of t when f(x, y) = e :r r " and Aft) = B(t) = t 2 . (Assume R lies 
in the first quadrant.) 

11. lff(x,y, z) = (r x A) . (r x B), where r = xi + yj + zk and A and B are constant vectors, 
show that Vf(x,y,z) = B x (r x A) +A x (r x B). 

12. Let r = xi + yj + zk and let r = ||r|| . If A and B are constant vectors, show that: 


1 A ■ r 
( a ) A ' X ~ =-• 


0 r 


(b) B ■ V 


M?))- 


3 A rB r A B 


13. Find the set of all points (a, b, c) in 3-Space for which the two spheres (x — a) 2 + (y — b) 2 + 
(z — c) 2 = 1 and X 2 + y 2 + z 2 = 1 intersect orthogonally. (Their tangent planes should be 
perpendicular at each point of intersection.) 

14. A cylinder whose equation is y =/(x) is tangent to the surface z 2 + 2xz + y = 0 at all 
points common to the two surfaces. Find fix). 
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9.1 Partial differential equations 


The theorems of differential calculus developed in Chapter 8 have a wide variety of 
applications. This chapter illustrates their use in some examples related to partial differen¬ 
tial equations, implicit functions, and extremum problems. We begin with some elemen¬ 
tary remarks concerning partial differential equations. 

An equation involving a scalar fieldfand its partial derivatives is called a partial differen¬ 
tial equation. Two simple examples in which / is a function of two variables are the first- 
order equation 


(9.1) 


d/(x, y) 

dx 


and the second-order equation 


/q ~ d 2 f(x, y) + d 2 f(x, y) _ 

( J By* 

Each of these is a homogeneous linear partial differential equation. That is, each has the 
form L(f) = 0, where L is a linear differential operator involving one or more partial 
derivatives. Equation (9.2) is called the two-dimensional Laplace equation. 

Some of the theory of lineal' ordinary differential equations can be extended to partial 
differential equations. For example, it is easy to verify that for each of Equations (9.1) 
and (9.2) the set of solutions is a lineal' space. However, there is an important difference 
between ordinary and partial linear differential equations that should be realized at the 
outset. We illustrate this difference by comparing the partial differential equation (9.1) 
with the ordinary differential equation 

(9.3) I'IX) = 5, 

The most general function satisfying (9.3) is / (x) = C, where C is an arbitrary constant: 
In other words, the solution-space of (9.3) is one-dimensional. But the most general 
function satisfying (9.1) is 


fix, y) = giy ), 
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where g is any function of y. Since g is arbitrary we can easily obtain an infinite set of 
independent solutions. For example, we can take g(y) = e cv and let c vary over all real 
numbers. Thus, the solution-space of (9.1) is inznite-dimensional. 

In some respects this example is typical of what happens in general. Somewhere in the 

process of solving a first-order partial differential equation, an integration is required to 

remove each partial derivative. At this step an arbitrary function is introduced in the 

solution. This results in an infinite-dimensional solution space. 

In many problems involving partial differential equations it is necessary to select from the 

wealth of solutions a particular solution satisfying one or more auxiliary conditions. As 

might be expected, the nature of these conditions has a profound effect on the existence or 
uniqueness of solutions. A systematic study of such problems will not be attempted in this 
book. Instead, we will treat some special cases to illustrate the ideas introducedinChapter8. 


9.2 A first-order partial differential equation with constant coefficients 

Consider the first-order partial differential equation 


(9.4) 


3 d/(*. y) + 2 3f(x, y)_ Q 
dx dy 


All the solutions of this equation can be found by geometric considerations. We express the 
left member as a dot product, and write the equation in the form 


(3/ + 2j) • V/ (x, y) = 0. 

This tells us that the gradient vector V/ (x, y) is orthogonal to the vector 3i + 2 j at each 

point (x, y). But we also know that V/(x, y) is orthogonal to the level curves of f. Hence 

these level curves must be straight tines parallel to 31 + 2 j. In other words, the level curves 

off are the lines 

2x — 3y = c. 


Therefore /( x, )’) is constant when 2x -* 3_>' is constant. This suggests that 

(9.5) fix, y) = g(2x - 3 y) 

for some function g. 

Now we verify that, for each differentiable function g, the scalar fieldf defined by (9.5) 
does, indeed, satisfy (9.4). Using the chain mle to compute the partial derivatives off we 
find 

% = 2g'(2x -3 y), &-= — 3g'(2x - 3y) , 

ox dy 

3 -F + 2 if = 6g '( 2x ~ 3 >'J ~ 6 8 (2x - 3y) = 0. 
ox dy 


Therefore, f satisfies (9.4). 
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Conversely, we can show that every differentiablefwhich satisfies (9.4) must necessarily 
have the form (9.5) for some g. To do this, we introduce a linear change of variables, 

(9 6) x = An + Bv, y = Cu + Dv. 


This transforms f(x, y) into a function of u and v, say 

h(u, v) — f(Au + Bv, Cu -f Dv) . 

We shall choose the constants A, B, C, D so that h satisfies the simpler equation 


(9.7) 


dh(u, v ) 


du 


'= 0 . 


Then we shall solve this equation and show that / has the required form. 

Using the chain rule we find 

ah _ dj_ dx dfi _^dy_ 

du dx du dy du dx dy 

Since / satisfies (9.4) we have df/dy = — (3/2)(3//3x) , so the equation for dhjdu becomes 

d A = V( A -l c \. 


du dx \ 

Therefore, h will satisfy (9.7) if we choose A = C. Taking A = 3 and C = 2 we find 

(9.8) x = 3 m + Bv, y = 2u + Dv. 


For this choice of A and C, the function h satisfies (9.7), so h(u, r) is a function of V alone, 
say 

h(u, v) = g(v) 

for some function g. To express r in temrs of x and y we eliminate [/ from (9.8) and obtain 

2x — 3v = (2 B — 3 D)v. Now we choose B and D to make 2B — 3D = 1, say B — 2, 
0 = 1. For this choice the transformation (9.6) is nonsingular; we have i = 2x — 3 y, 
and hence 

f(x, y) = h(u, v) = g(c) = g(2x - 3>’). 

This shows that every differentiable solutionfof (9.4) has the fomr (9.5). 

Exactly the same type of argument proves the following theorem for first-order equations 
with constant coefficients. 


theorem 9.1. Let g he differentiable on R 1 , and let f be the scalar field defined on R 2 by 
the equation 


(9.9) 


/(*> }’) = g(bx - ay). 
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where a and b are constants, not both zero. Then f satisfies thejrst-order partial differential 
equation 


(9.10) 


0 8Ki2) + ( , 

dx 


df(x, y) 
dy 


everywhere in R 2 . Conversely, every differentiable solution of (9.10) necessarily has the form 
(9.9) for some g- 


9.3 Exercises 


In this set of exercises you may assume differentiability of all functions under consideration. 

1. Determine that solution of the partial differential equation 


f/Wy) 

dx 


+ 3 


3 f(x,y) 

dy 


which satisfies the condition f(x, 0) = sin x for all x. 

2. Determine that solution of the partial differential equation 


tylx, y) 7 a /(*> y) 

ax dy 


which satisfies the conditions f( 0, 0) = 0 and D^f(x, 0) = e x for all x. 

3. (a) If u(x, y) =f(xy) , prove that It satisfies the partial differential equation 


du du 

dx ^ dy 


0 . 


Find a solution such that ll(x, x) = X^e* 2 for all x. 

(b) If v[x, y) = f(xjy) for y A 0, prove that V satisfies the partial-differential equation 


dv dv 


Find a solution such that v(l, 1) = 2 and D x v(x, 1/x) = 1/x for all x ^ 0. 
4- Hg{u, v) satisfies the partial differential equation 


d-g(u, v) 
du dv 


prove that g(ll, v) = <pi(li) + <p.i(v), where y 1 («) is a function of U alone and tpff) is a function 
of v alone. 

5. Assume f satisfies the partial differential equation 

dH d 2 f d 2 f 

— -2 — - -3 — = 0 

dx 2 dx dy dy 2 

Introduce the linear change of variables, x = Au + Bv, y — Cu + Dv, where A, B, C, D 
are constant, and let g(u, v) = f(Au + Bv , Cu + Dv) . Compute nonzero integer values of 
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A, B, C, D such thatg satisfies d 2 gf du Sv) = 0. Solve this equation forg and thereby deter¬ 
mine f. (Assume equality of the mixed partials.) 

6. A function U is defined by an equation of the form 

u(x,y) = X yf(^y 

Show that u satisfies a partial differential equation of the form 

dll du 
X T x ~ y Ty = 

and find G(x , y). 

1. The substitution x = e s , y = e f convertsf(x, y) into g(s, t), where g(s, t) = f(e s , e*). If y" is 
known to satisfy the partial differential equation 


dfi „ dff df , df . 
If +X Tx +y dy~ Q ' 


show that g satisfies the partial-differential equation 


d Jl ,^g _ n 

+ dt* ~ 


8. Let fbe a scalar field that is differentiable on an open set Sin R". We say that f is homogeneous 
of degree p over S if 

f(tx) = tfiix) 

for every t > 0 and every x in S for which tx £ S. For a homogeneous scalar field of degreep 
show that we have 

X . V/( x) = p f (x) for each x in S . 

This is known as Euler’s theorem for homogeneous functions. If x = x,) it can be 

expressed as 

df df 

X ^ + "' +Xn^ i = P f{x 1 ,...,X n ). 

[Hint: For fixed x, define g(t) = f(tx) and compute^'(1).] 

9. Prove the converse of Euler’s theorem. That is. if f satisfies x V f (x) = p f (x) for all x in an 
open set S, then f must be homogeneous of degree p over S. [Hint: For fixed x, define 
g(t) =f{tx) — t‘f(x) and compute g’(t).] 

10. Prove the following extension of Euler’s theorem for homogeneous functions of degree p in 
the 2-dimensional case. (Assume equality of the mixed partials.) 
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9.4 The one-dimensional wave equation 

Imagine a string of infinite length stretched along the x-axis and allowed to vibrate in the 
Jj’-plane. We denote by y = fix, t) the vertical displacement of the string at the point X 
at time t. We assume that, at time t = 0, the string is displaced along a prescribed curve, 
y = F(x). An example is shown in Figure 9.1(a). Figures 9.1(b) and (c) show possible 
displacement curves for later values oft. We regard the displace men t/(jc, f) as an unknown 
function of x and t to be determined. A mathematical model for this problem (suggested 
by physical considerations which we shall not discuss here) is the partial differential equation 

dff_ 2 dff_ 

df C dx 2 ’ 

where c is a positive constant depending on the physical characteristics of the string. This 
equation is called the one-dimensional wave equation. We will solve this equation subject to 
certain auxiliary conditions. 



(a) f = 0 (b) t = 1 (c) f = 1 


Figure 9.1 The displacement curve y = f(x, t ) shown for various values of t. 


Since the initial displacement is the prescribed curve y = P(x), we seek a solution 
satisfying the condition 


f{x, 0) = F{x). 


We also assume that dy/dt, the velocity of the vertical displacement, is prescribed at time 
( = 0, say 

Dffix, 0)= Gix ), 


where G is a given function. It seems reasonable to expect that this information should 
suffice to determine the subsequent motion of the string. We will show that, indeed, this is 
hue by determining the functionfm terms of F and G. The solution is expressed in a form 
given by Jean d’Alembert (1717-1783), a French mathematician and philosopher. 


theorem 9.2. D ALEMBERT S solution of the wave equation. Let Fand G be given 
functions such that G is differentiable and F is twice differentiable on R 1 . Then the function f 
given by the formula 


/(*. 0 = F{x + c,) + f(t - c,) + 1 ‘ + 'W> ds 

2 2 c I*--et 


(9.11) 
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satisfies the one-dimensional wave equation 

(9.12) 

and the initial conditions 

(9.13) f{x, 0) = F(x) , D 2 f(x, 0) = G(x). 

Conversely, any function / with equal mixed partials which satisfies (9.12) and (9.13) neces- 
sari/y has the form (9.11). 

Proof. It is a straightforward exercise to verify that the function / given by (9.11) 
satisfies the wave equation and the given initial conditions. This verification is left to the 
reader. We shall prove the converse. 

One way to proceed is to assume thatfis a solution of the wave equation, introduce a 
linear change of variables, 

X — Au + Bv, t = Cu + D v, 

which transforms f(x, t ) into a function of u and v, say 

g(u, v) = f(Au + Bv, Cu + Dv) , 

and choose the constants A, B, C, D so that g satisfies the simpler equation 



Bit dv 


Solving this equation for g we find that g(u, v) = (pfu) -j- <j9 2 (r), where cpfili) is a function 
of U alone and (ffl) is a function of v alone. The constants A, B, C, D can be chosen so 
that U = x + ct , v = x — ct , from which we obtain 

(9.14) f(x, t) = (px(x + ct ) + tp 2 (x — ct). 

Then we use the initial conditions (9.13) to determine the functions <p l and <p^ in terms of 
the given functions F and G. 

We will obtain (9.14) by another method which makes use of Theorem 9.1 and avoids the 
change of variables. First we rewrite the wave equation in the form 

(9.15) L 1 (L 2 /) = 0, 

where L x and L 2 are the first-order linear differential operators given by 

r a 9 r a , a 

dt dx dt dx 

Letf be a solution of (9.15) and let 


ay =c 2 a*/ 

dr dx 2 


u(x, t) = L 2 f(x, t ). 
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Equation (9.15) states that U satisfies the first-order equation L^ll) = 0. Hence, by 
Theorem 9.1 we have 

u(x, t ) = <p(x + ct) 

for some function cp. Let 0 be any primitive of <p, say 0 ( y) = J® cp(s) ds, and let 

v (x,t) = Y c ®(x + ct ) . 

We will show that L 2 (v) = L,(f). We have 

— = — <&'(x + Ct) and — = - 0'(x + Ct) , 
ax 2c ' dt 2 n 

SO 

3 V $1) 

LoV = — + c — = + ct) - w(x + ct) = u(x, t) = L 2 f. 

dt ox 

In other words, the difference / — v satisfies the first-order equation 

w- v) = 0. 

By Theorem 9.1 we must have f(x, t ) — v(x, t) = ip(x — ct) for some function y. There¬ 
fore 

f(x, t ) = v(x, t) + ip(x — ct) = — 0(x + ct) + ip(x — ct) . 

2c 

This proves (9.14) with <p 1 = — $ and <p 2 = y. 

Now we use the initial conditions (9.13) to determine the functions <p x and (p 2 in terms of 
the given functions F and G. The relation f(x, 0) = F(x) implies 

(9.16) <p x (x) + tpt(x) = F(x). 

The other initial condition, D 2 f(x, 0) = G(x), implies 

(9.17) C(p[(x) — C(p' 2 (x) = G(x). 

Differentiating (9.16) we obtain 

(9.18) <p[(x) + cp' 2 (x) = F'(x) . 

Solving (9.17) and (9.18) for ip'(x) and <p' 2 (x) we find 

<p[(x) = i F'(x) + ± G(x), = i F’(x) - ~ G(x). 

2 2 c 2 2 c 
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Integrating these relations we get 


<Pi(x) - <f M = I (X) - m + yJg(s) ds, 


cp-lx) - <p. 2 ( 0) = 


F(x) - F( 0) _ ± 

2 2c J, 


G(s) ds. 


In the first equation we replace x by x + ct; in the second equation we replace x by 
X — ct. Then we add the two resulting equations and use the fact that + r/: 2 (0) = 

F( 0) to obtain 


f(x, t) = (pfx + ct) + <p 2 (x — ct) — + ct ) F( x c 0 + _L 

2 2c J 

This completes the proof. 

example . Assume the initial displacement is given by the formula 


F< s > 


ds. 


F(x) = 


1 + cos 7 TX for — 1 < x < 1. 

9 for |x[ > 1. 



1 

y = f(x, 2) 



-4 -3 -2 - I 0 I 
(b) / = 2 


2 3 4 


Figure 9.2 A solution of the wave equation shown for t = 0 and 1 = 2. 


The graph of F is shown in Figures 9.1(a) and 9.2(a). Suppose that the initial velocity 
G(x) = 0 for all x. Then the resulting solution of the wave equation is given by the formula 

f(x, t) = FO^-^Fix^al 

Figures 9.1 and 9.2 show the curve y = f(x, t) for various values of t. The figures illustrate 
that the solution of the wave equation is a combination of two standing waves, one traveling 
to the right, the other to the left, each with speed c. 

Further examples illustrating the use of the chain mle in the study of partial differential 
equations are given in the next set of exercises. 
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9.5 Exercises 

In this set of exercises you may assume differentiability of all functions under consideration. 

1, If k is a positive constant and^(x, /) = \xjyjkt, let 

f(x, t) = j'° (XJ) e du. 

d f - 3 f , 

(a) Show that — = g 9“ —- and T =e o'"F' 

dx Sx of d L 

(b) Show thatfsatisfies the partial differential equation 

B 2 f df 

k — n = — (the heat equation). 

ox* ot 

2. Consider a scalar fieldfdefined in R 2 such that f(x, y) depends only on the distance r of (x, y) 
from the origin, say fix, y) = g(r), where r = (x 2 + V 2 ) 1 ^ . 

(a) Prove that for (x, y) *(0,0) we have 


ay 

dx 2 


ay l 

+ —4 = - 9’(r) + 9"(r). 

°y r 


(b) Now assume further thatfsatisfies Laplace’s equation, 


ay ay 
— h —- = o 
ax 2 a/ 2 ’ 


for all (x, y) *(0,0). Use part (a) to prove that f (x, y) — a log (x 2 + y 2 ) + b for (x, j) * 
(0. 0) , where a and b are constants. 

3. Repeat Exercise 2 for the n-dimensional case, where n > 3. That is, assume that f(x) = 
fix±, . . . , x,) =g(r), where r = ||x|| . Show that 


ay 

ax 2 


S 2 / n ~ X -MX -M 

+ ’" + w = —fW + f W 
r 


for x / 0. If f satisfies the n-dimensional Laplace equation, 


ay 

ax 2 


+ 


+ 


ay 


= 0, 


for all x * 0, deduce that f(x) = a ||x|| 2 " -(- b for x ^ 0, where a, b are constants. 
Note: The linear operator V 2 defined by the equation 


vy = 



ay 


is called the n-dimensional Lapiacian. 
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4. Two-dimensional Laplacian in polar coordinates. The introduction of polar coordinates x = 
r cos 6, y = r sin 0, converts f(x, y) into g{r, 8). Verify the following formulas: 

(a) || V/(, cos 0, r sin 0)|| 2 =( JJ + 

tl , i_j? 

3jc 2 Sy 2 3r 2 r 2 dd 2 r dr 

5. Three-dimensional Laplacian in spherical coordinates. The introduction of spherical coordinates 

x = p cos 8 sin <P , y = p sin 6 sin tp, z = p COS <p, 

transforms f{x, y, z) to F(p , 0, <p). This exercise shows how to express the Laplacian V 2 f in 
terms of partial derivatives of F. 

(a) First introduce polar coordinates x = r cos 0 ,y = r sin d to transformf (x, y, z) to g{r, d, z). 
Use Exercise 4 to show that 

dr 2 r 2 dd 2 r dr dz 2 ' 


(b) Now transform g(r, 6, z) to F(p, 0, <p ) by taking z = p cos rp , r = p sin tp. Note that, 
except for a change in notation, this transformation is the same as that used in part (a). Deduce 
that 


3 2 F 2dF \_<PF cos <p_ 
dp 2 ^ p dp p 2 drp 2 + p 2 sin <p dtp 


dF 

+ 


1 d 2 F 


p 2 sin tp dd 2 ’ 


6, This exercise shows how Legendre’s differential equation arises when we seek solutions of 
Laplace’s equation having a special form. Letfbe a scalar field satisfying the three-dimensional 
Laplaceequation, \ 2 f = 0. Introduce spherical coordinates as in Exercise 5 and let F(p, 6, <p) = 
f(x,y,z). 

(a) Suppose we seek solutions f of Laplace’s equation such that F(p, 0, <p ) is independent of d 
and has the special form F(p, d, <p) = p n G(<p) • Show that f satisfies Laplace’s equation if G 
satisfies the second-order equation 

d 2 G dG 

-y-s + cot <P - -h n(n + 1)G = 0. 

d<p 2 dtp 

(b) The change of variable x = cos tp {tp = arccos X, -1 < X < 1) transforms G(tp) to g(x). 
Show that g satisfies the Legendre equation 

d 2 ? dg 

1. Two-dimensional wave equation. A thin flexible membrane is stretched over the xy-plane and 
allowed to vibrate. Let z = f(x, V, t) denote the vertical displacement of the membrane at the 
point (x, y) at time t. Physical considerations suggest that f satisfies the two-dimensional wave 
equation. 
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where c is a positive constant depending on the physical characteristics of the membrane. This 
exercise reveals a connection between this equation and Bessel’s differential equation. 

(a) Introduce polar coordinates x = r cos 6, y = r sin 9, and let Fir, 6, t ) = f(r cos 0, r sin d, t) . 
Iffsatisfies the wave equation show that F satisfies the equation 

d 2 F _ „ / d 2 F 1 d £ F 1 3/A 
dt 2 C \ dr 2 r 2 30 2 ^ r dr) ' 

(b) If Fir, 6, t) is independent of 0, say F(r, 6, t) = <p(r, t) the equation in (a) simplifies to 

3 2 <p 2 / 3 2 <p 1 3<p\ 

3 1 2 \ dr' 2 r dr) 

Now let <f be a solution such that <p(r, t) factors into a function of r times a function of t, say 
<p(r, t) = R(r)T(t) . Show that each of the functions R and T satisfies an ordinary linear differ¬ 
ential equation of second order. 

(c) If the function T in part (b) is periodic with period 2w/c, show that R satisfies the Bessel 
equation r 2 R" + rR' + r 2 R - 0. 


9.6 Derivatives of functions defined implicitly 

Some surfaces in 3-space are described by Cartesian equations of the form 

F(x, y, z) = 0. 

An equation like this is said to provide an implicit representation of the surface. For 
example, the equation X 2 + y 2 + z 2 — 1 = 0 represents the surface of a unit sphere with 
center at the origin. Sometimes it is possible to solve the equation F(x, y, z) = 0 for one 
of the variables in terms of the other fwo, say for z in terms of x and y. This leads to one or 
more equations of the form 

2 =f(x,y), 


For the sphere we have two solutions, 

z = V l — x 2 — y 2 and z = —Vl — x 2 — y 2 , 

one representing the upper hemisphere, the other the lower hemisphere. 

hi the general case it may not be an easy matter to obtain an explicit formula for z in 
temis of x and y. For example, there is no easy method for solving for z in the equation 
y 2 + xz + z 2 — e z — 4 = 0. Nevertheless, a judicious use of the chain rule makes it 
possible to deduce various properties of the partial derivatives df/dx and dfjdy without an 
explicit knowledge of f{x, y). The procedure is described in this section. 

We assume that there is a function f(x, y) such that 

(9.19) F[x, y,f{x, y)\ = 0 

for all (x, y) in some open set S, although we may not have explicit formulas for calculating 
f{x, y). We describe this by saying that the equation F(x,y, z) - 0 defines z implicitly as a 
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function of x and V, and we write 


z =f(x,y). 


Now we introduce an auxiliary function g defined on S as follows: 

g{x, y) =F[x, y,f(x,y)]. 

Equation (9.19) states that g(x, v) = 0 on S; hence the partial derivatives dgjdx and 
dg/dy are also 0 on S. But we can also compute these partial derivatives by the chain rule. 
To do this we write 

g(x, y) = F[Wj(x, y), u 2 (x, y), u 3 (x, >-)], 


where u x (x, y) = x, u 2 (x , y) = y, and w 3 (x, y) = f(x, y) . The chain rule gives us the 
formulas 


h 

dx 


F d Jh 

dx 


, du 2 

dx 


. du 3 

dx 


i A 

dx ’ dx 


du x 


and 

h. 

= DjF — 

+ D 2 F ^ + 

d 3 f 

du 3 


dy 

dy 

dv 


dy 

evaluated at 

(x, y,f{x, 

y)). Since we 

have 


du 3 

J1 

and 

^ = 0, 



dx 

dx ’ 


dx 




the first of the foregoing equations becomes 




D,F+D :i F^ = 0, 

dx 


Solving this for dfjdx we obtain 

(9.20) 


dj_ _ _ DiFjx, y,f(x, y)] 
dx D 3 F[x , y, f{x, y)] 


at those points at which D Z F [x, y, f(x, y)] ^ 0. By a similar argument we obtain a corre¬ 
sponding formula for dfjdy: 


(g 21) dj_ _ . D 2 F[x, y,f(x,y )] 

dy D 3 F[x, y,f(x,y)] 

at those points at which D 3 F[x, y,f(x, y)] ^ 0. These fomiulas are usually written more 
briefly as follows: 

df _ dF/dx _df _ dF/dy 
dx dF/dz ’ dy dFIdz 

example. Assume that the equation y 2 + xz + z 2 — e z — c = 0 defines z as a function 
of x and y , say z = /(x, y). Find a value of the constant c such that /(0, e) = 2, and 
compute the partial derivatives df/dx and dfjdy at the point (x, y) = (0, e) . 
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Solution. When x = 0 , y = e, and z = 2, the equation becomes e 2 + 4 — e 2 — c = 0, 
and this is satisfied by c =4. Let F(x, y, z) = y 2 + xz + z 2 — e z — 4. From (9.20) 
and (9.21) we have 


df _ df __ 2y 

dx x + 2z — e z ’ dy x + 2z — e z ' 

When x = 0, y = e, and z = 2 we find 3//3x = 2/(e 2 — 4) and dfjdy = 2e/(e 2 — 4). 
Note that we were able to compute the partial derivatives df/dx and dfjdy using only the 
value of f(x, y) at the single point (0, e). 

The foregoing discussion can be extended to functions of more than two variables. 

theorem 9.3. Let F be a scalar field differentiable on an open set Tin R". Assume that 
the equation 

F(x 1 , x,) = 0 

dejines x n implicitly as a differentiable function of x it ■ ■ ■ > x n- 1 > sa y 

x n = f(x i, i > i j X n _i), 

for allpoints (x 2 , . . . , x,,^) in some open set S in R" _1 . Then for each k = 1, 2, . . . , n — 1, 
the partial derivative D k f is given by the formula 

(9.22) DJ = - M 

DnF 

at those points at which D n F ^ 0. The partial derivatives D k F and D n F which appear in 

(9.22) are to be evaluated at the point (xy, x 2 ,. . . , x n _ x , /(x t , . . . , x,^)). 

The proof is a direct extension of the argument used to derive Equations (9.20) and 
(9.21) and is left to the reader. 

The discussion can be generalized in another way. Suppose we have two surfaces with 
the following implicit representations : 

(9.23) F(x, y,z)= 0, G(x,y, z) = o . 

If these surfaces intersect along a curve C, it may be possible to obtain a parametric 
representation of C by solving the two equations in (9.23) simultaneously for two of the 
variables in temis of the third, say for x and y in terms of z. Let us suppose that it is 
possible to solve for x and y and that solutions are given by the equations 

x = X(z), Y = Y(z) 

for all z in some open interval (a, b). Then when x and y are replaced by X(z) and Y(z), 
respectively, the two equations in (9.23) are identically satisfied. That is, we can write 
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F\X (z), Y(z), z] = 0 and G [X (z), Y(z), z] = 0 for all z in (a, b). Again, by using the 
chain rule, we can compute the derivatives X’(z) and Y’(z) without an explicit knowledge of 
X(z) and Y(z). To do this we introduce new functions / and g by means of the equations 

m = F[X(z), Y (z), z] and g(z) = Q [X(z), Y(z), z ]. 

Then f(z) = g(z) = 0 for every z in (a, b ) and hence the derivatives f(z) and g’(z) are 
also zero on (a, b). By the chain mle these derivatives are given by the formula 


m = P- x\ Z ) 

ox 


-fc — V(z) +fi, 

dy dz 


g'(z) = X'(z) + f- 

dx oy 


Y’(z) + — . 


dG 

dz 


Since /'(z) and g’(z) are both zero we can determine X’(z) and Y’(z) by solving the follow¬ 
ing pair of simultaneous linear equations: 


Ux'(z) + Y'(z) = - dF 


dy 


dz 


dG 

dx 


X'(z) + 



dG 

dz 


At those points at which the determinant of the system is not zero, these equations have a 
unique solution which can be expressed as follows, using Cramer’s mle: 


dF 

dF 


dF 

dF. 

dz 

dy 


dx 

dz 

dG 

d£ 


dG 

dG 

dz 

dy 

, Y'(Z) = - 

dx 

dz 

dF 

dE 

dF 

dF 

dx 

dy 


dx 

dy 

dG 

dG 


dG 

dG 

dx 

dy 


a* 

dy 


The determinants which appeal' in (9.24) are determinants of Jacobian matrices and are 
called Jacobian determinants. A special notation is often used to denote Jacobian deter¬ 
minants. We write 

VdA . df£ 

dx x dx o dx n 


= det 

d(xt ,...,x n ) 


dfn df n df n 

_dx ! dx,, dx n . 
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In this notation, the formulas in (9.24) can be expressed more briefly in the form 


(9.25) 


d(F, G)[d(y, z) = d(F, G)/d(z, x) 

d(F, G)/d(x, y) ’ Z d(F, G)/d{x, y )' 


(The minus sign has been incorporated into the numerators by interchanging the columns.) 

The method can be extended to treat more general situations in which m equations in n 
valuables are given, where n > m and we solve for m of the valuables in terms of the 
remaining n — m variables. The partial derivatives of the new functions so defined can be 
expressed as quotients of Jacobian determinants, generalizing (9.25). An example with 
m = 2 and n = 4 is described in Exercise 3 of Section 9.8. 


9.7 W orked examples 

In this section we illustrate some of the concepts of the foregoing section by solving 
various types of problems dealing with functions defined implicitly. 

example 1. Assume that the equation g(x. y) = 0 determines y as a differentiable 
function of x, say y = Y(x) for all x in some open interval (a, b). Express the derivative 
Y’(x) in terns of the partial derivatives of g. 


Solution. Let G(x) = g[x, Y(x)] for x in (a, b). Then the equation g(x, y) = 0 implies 
G(x) = 0 in (a, b). By the chain rule we have 


from which we obtain 


G'M = e f ■ 1 + Y'(X), 

ox dy 


(9.26) 


rw = - 

Sfjdy 


at those points x in (a, b ) at which dgjdy ?£ 0. The partial derivatives dg/dx and dg/dy 
are given by the formulas dg/dx = D x g[x, Y(x)] and dg/dy = D^g[x, Y(x)]. 


EXAMPLE 2. When y is eliminated from the two equations z = f(x, y) and g(x, y) = 0, 
the result can be expressed in the form z = h(x). Express the derivative h’(x) in terns of 
the partial derivatives off and g. 


Solution. Let us assume that the equation g(x, y) = 0 may be solved for y in terms of 
x and that a solution is given by y = Y(x) for all x in some open interval (a, b). Then 
the function It is given by the formula 


h(x) = f[x, L(x)] if x e (a, b). 


Applying the chain mle we have 

h’(x) = ~ + ^ Y’(x). 
dx dy 
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Using Equation (9.26) of Example 1 we obtain the formula 


h '(x) - 


dg df _ df dg 
dy dx dy dx 
dg 
dy 


The partial derivatives on the right are to be evaluated at the point (x, Y(x)). Note that 
the numerator can also be expressed as a Jacobian determinant, giving us 


h\x) = 


d(f, g)ld(x, y ) 
dg/dy 

2 — M 2 and y = uv define u and v as functions 


EXAMPLE 3. The two equations 2x = v 
of x and y. Find fomrulas for du/dx, du/dy, dv/dx, dv/dy. 

Solution. If we hold y fixed and differentiate the two equations in question with respect 
to x, remembering that u and v are functions of x and y, we obtain 


~ - dv . du 

2 = 2v - - 2u — 

dx dx 


, n dv du 

and 0 = h — + v — 

dx dx 


Solving these simultaneously for du/dx and dv/dx we find 


du 

dx 


u 2 + t / 2 


and 


dv _ v 
dx ~ u 2 + u 2 


On the other hand, if we hold x fixed and differentiate the two given equations with respect 
to y we obtain the equations 


0_2„|5-2„|2 
dy dy 

Solving these simultaneously we find 

du _ V 

dy u 2 + t; 2 


and 


and 


, dv du 

l = u T> + ZW 


dv _ u 
dy u 2 + v 2 


EXAMPLE 4. Let U be defined as a function of x and y by means of the equation 

M = F(x + u,yu). 

Find du/dx and du/dy in temrs of the partial derivatives of F. 

Solution. Suppose that u = g(x, y) for all (x, y) in some open set S. Substituting 
g(x, y) for u in the original equation we must have 


(9.27) 


£(*>/)= F[u r [x,y), u 2 (x, j)], 
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where u 1 (x, y) = x + g(x, y) and u 2 (x, y) = y g(x, y ). Now we hold y fixed and differ¬ 
entiate both sides of (9.27) with respect to x, using the chain rule on the right, to obtain 


(9.28) 


h 

dx 


D X F ^ + D,F 


du 2 

dx 


But dujdx = 1 + dgjdx, and du 2 jdx = y dg/dx. Hence (9.28) becomes 



Solving this equation for dgjdx (and writing dujdx for dg/dx ) we obtain 

du _ —DjF_ 

dx D X F + y D 2 F — 2 

In a si mil ar way we find 

h = DlF d f + D.F p = D,F d -S + D,F/ y ii + g(x , . 

dy dy oy dy \ dy J 

This leads to the equation 

du __ -g(x, y) D 2 F 

dy D X F + y D 2 F — 2 

The partial derivatives Dff and D„F are to be evaluated at the point (x + g(x, y), y g(x, y)). 

example 5. When u is eliminated from the two equations x = u + v and y = uu 2 , we 
get an equation of the form F(x, y, v) = 0 which defines v implicitly as a function of x 
and y, say v s= h(x, y) . Prove that 


dh _ h(x, y) 
dx 3h(x, y) — 2x 

and find a similar formula for dhjdy. 

Solution. Eliminating u from the two given equations, we obtain the relation 


xv 2 — v 3 — y = 0. 

Let F be the function defined by the equation 

F(x, y, v) = xv 2 — v a ■ y . 

The discussion in Section 9.6 is now applicable and we can write 


(9.29) 


dh _ dFjdx 
dx dFjdv 


dh _ dFjdy 
dy dFjdv 


and 
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But dFjdx = v 2 , dF/dv = 2xv — 3v 2 , and dF/dy = — 1. Hence the equations in (9.29) 
become 

dh _ _ v 2 _ r _ h(x, y) 

dx 2xv — 3i> 2 = 2x — 3v 3h(x, y) — 2x 

and 

dh = - 1 _1_ 

dy 2xv — 3v 2 = 2xh(x, y) — 3h 2 (x, y) 

EXAMPLE 6. The equation F(x, y, z) = 0 defines z implicitly as a function of x and y, 
say z = f(x,y). Assuming that d 2 Fj(dx dz) = d 2 F/(dz dx), show that 



where the partial derivatives on the right are to be evaluated at (x, y,f(x, y)). 
Solution. By Equation (9.20) of Section 9.6 we have 


(9.31) 


df dF/dx 

a x-~ i @ % * 


We must remember that this quotient really means 

DiF[x, y,f(x, y)] 

D 3 F[x,y,/(x, y)] 

Let us introduce G(x,y ) = D 1 F[x,y,f{x,y )] and H(x,y) = D 3 F[x,y,f(x,y)]. Our 
object is to evaluate the partial derivative with respect to x of the quotient 

df_ = _ G(x, y) 
dx H(x, y) ’ 

holding y fixed. The rule for differentiating quotients gives us 


(9.32) 


d 2l 

dx 2 


„ dG dH 

dx _ dx_ 

H 2 


Since G and H are composite functions, we use the chain rule to compute the partial 
derivatives dGjdx and dH'jdx. For dG/dx we have 


^ = D.iD.F) • 1 + D 2 (D t F) • 0 + D S (D X F) • ^ 
ox ox 

_ (FF + d 2 F df_ 
dx 2 dz dx dx ' 
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Similarly, we find 

“ = D^DJF). 1 + D 2 (D 3 F) ■ 0 + D 3 (D 3 F). f 
dx ox 

= _ffF_ ffF3t_ 

dx dz dz 2 dx 

Substituting these in (9.32) and replacing dfjdx by the quotient in (9.31) we obtain the 
formula in (9.30). 


9.8 Exercises 

In the exercises in this section you may assume the existence and continuity of all derivatives 
under consideration. 

1. The two equations x + y = uv and xy = u — v determine x and y implicitly as functions of 

ll and v, say x = X(u, v) and y = Y(u, v). Show that dX/du = (xv — 1)1 (x — y) if x ^ y , 

and find similar formulas for dXj dv, d Y/au, d Yjdv. 

2. The two equations x + y = uv and xy = u — v determine x and v as functions of u and y, 

say x = X(u, y) and v = V(u, y). Show that dX/du = (u + y)/( 1 + yu) if 1 + yu # 0, and 

find similar formulas for dXj dy, dVj au, d Vj dy. 

3. The two equations F(x, y, u, v) = 0 and G(x, y, u. v) = 0 determine x and y imphcitly as 
functions of u and v, say x = X(u, v) and y = Y(u, v). Show that 

U_ _ d(F, G)j d(y, u) 
du ~ d(F, G)l 8(x, y) 

at points at which the Jacobian d(F, G)l d(x, y) # 0, and find similar formulas for the partial 
derivatives dXI dv, a Yjdu, and d Yjdv. 

4. The intersection of the two surfaces given by the Cartesian equations 2x 2 + 3 y 2 — z 2 = 25 
and x 2 + f = z 2 contains a curve C passing through the point P = (y/l, 3,4). These 
equations may be solved for x and y in terms of z to give a parametric representation of C 
with z as parameter. 

(a) Find a unit tangent vector T to C at the point' P without using an explicit knowledge of 
the parametric representation. 

(b) Check the result in part (a) by determining a parametric representation of C with z as 
parameter. 

5. The three equations F(u, v) = 0, U = xy, and v = yjx 2 + z 2 define a surface in xyz-space. 
Find a normal vector to this surface at the point x = 1, y = 1, z = ffi if it is known that 
Dffil, 2) = 1 and D z F(l, 2) = 2. 

6 . The three equations 

x 2 - y cos (uv) + z 2 = 0, 
x 2 + y 2 - sin (uv) + 2z 2 = 2, 
xy -sinucosv + z = 0, 

define x, y, and z as functions of U and v. Compute the partial derivatives dxj du and dx[ dv at 
thepointx = y = 1, u = irjl, v = 0, z =0. 




Maxima, minima, and saddle points 


303 


7. The equation f(yjx, z/x) = 0 defines z implicitly as a function of x and y, say z = g(x, y). 
Show that 



+ y d fy = 8 {x ’y ) 


at those points at which D 2 f[yjx, g(x, y)/x] is not zero. 

8. Let F be a real-valued function of two real variables and assume that the partial derivatives 
D X F and D 2 F are never zero. Let u be another real-valued function of two real variables such 
that the partial derivatives Suj dx and 3 uj 3 y are related by the equation F( duj ax, 3«/ 3 y) = 0. 
Prove that a constant n exists such that 

jPuPu _ / 3 2 u V 

dx 2 3 y 2 \ dx dyj ’ | 


and find n. Assume that d 2 u/( ax dy) = 3 2 «/( dy ax). 

9. The equation x 4- z + (y + z) 2 = 6 defines z implicitly as a function of x and y, say 
z —f(x, y) . Compute the partial derivatives djjdx, dfjdy, and 3 2 //( dx dy) in terms of x, 
y, and z. 

10. The equation sin (x + y) + sin (y + z) = 1 defines z implicitly as a function of x and y, say 
z =/(x, y) . Compute the second derivative D, 2 /in terms of x, y, and z. 

11. The equation F(x + y + z , x 2 + y 2 + z 2 ) = 0 defines z implicitly as a function of x and y, 
say z = f(x, y) . Determine the partial derivatives dfj dx and 3 fj dy in terms of x, y, z and the 
partial derivatives D X F and D 2 F. 

12. Letfandg be functions of one real variable and define F(x, y) = f[x + g(y)]. Find formulas 
for all the partial derivatives of Fof first and second order, expressed in terms of the derivatives 
off and g. Verify the relation 

3 F d 2 F dF d 2 F 
ax dx dy ~ dy dx 2 ’ 


9.9 Maxima, minima, and saddle points 

A surface that is described explicitly by an equation of the form z = f {x, y) can be 
thought of as a level surface of the scalar field F defined by the equation 


F(x, y, z) : /(x, y) - z , 

Iffis differentiable, the gradient of this field is given by the vector 

ox dy 

A linear equation for the tangent plane at a point P x = (Xj, }’i , Z x ) can be written in the fomi 


z - z-L = A(x - x x ) + B(y - y x ) , 

where 

A = D 1 f(x l ,y l ) and B = D 2 f(x x , y x ). 

When both coefficients A and B are zero, the point P x is called a stationary point of the 
surface and the point (x 1 , yd) is called a stationary point or a criticalpoint of the function f. 



304 


Applications of differential calculus 


The tangent plane is horizontal at a stationary point. The stationary points of a surface are 
usually classified into three categories : maxima, minima, and saddle points. If the surface 
is thought of as a mountain landscape, these categories correspond, respectively, to 
mountain tops, bottoms of valleys, and mountain passes. 

The concepts of maxima, minima, and saddle points can be introduced for arbitrary scalar 
fields defined on subsets of R”. 


definition. A scalar field f is said to have an absolute maximum at a point a of a set S 
in R" if 

(9.33) /(*)</(«) 

for all x in S. The number f (a) is called the absolute maximum value off on S. The function f 
is said to have a relative maximum at a if the inequality in (9.33) is satisjiedfor every x in 
some n-ball B(a) lying in S. 


In other words, a relative maximum at a is the absolute maximum in some neighborhood 
of a. The terms absolute minimum and relative minimum are defined in an analogous 
fashion, using the inequality opposite to that in (9.33). The adjectives global and local are 
sometimes used in place of absolute and relative* respectively. 


d efi n mo n . A number which is either a relative maximum or a relative minimum off is 
called an extremum off. 


Iff has an externum at an interior point a and is differentiable there, then all first-order 
partial derivatives Dfi'(a),. . ., D n f(a ) must be zero. In other words, Vf(a) = 0. (This 
is easily proved by holding each component fixed and reducing the problem to the one¬ 
dimensional case.) In the case n = 2, this means that there is a horizontal tangent plane 
to the surface z = f(x, y) at the point (a, f (a)). On the other hand, it is easy to find examples 
in which the vanishing of all partial derivatives at a does not necessarily imply an externum 
at a. This occurs at the so-called saddlepoints which are defined as follows. 


definition. Assume f is differentiable at a. If V/ (a) = 0 the point a is called a stationary 
point of f A stationary point is called a saddle point if every n-ball B(a) contains points * 
such that f (x) < f(aj and other points such that f (x) > f (a). 


The situation is somewhat analogous to the one-dimensional case in which stationary 
points of a function are classified as maxima, minima, and points of inflection. The 
following examples illustrate several types of stationary points. In each case the stationary 
point in question is at the origin. 

EXAMPLE 1. Relative maximum, z = f (x, y) = 2 — x 2 — y 2 . This surface is a parabo¬ 
loid of revolution. In the vicinity of the origin it has the shape shown in Figure 9.3(a). Its 
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Example 1. Relative maximum at the origin. 



Example 2. Relative minimum at the origin. 
Figure 9.3 Examples 1 and 2. 


level curves are circles, some of which are shown in Figure 9.3(b). Since f(x, y) = 
2 — ( x 2 + y 2 ) < 2 = f(0, 0) for all (x, y), it follows thatfnot only has a relative maximum 
at (0,0) but also an absolute maximum there. Both partial derivatives dfjdx and dfjdy 
vanish at the origin. 

example 2. Relative minimum. 2 = f{x, y) = x 2 + y 2 . This example, another parabo¬ 
loid of revolution, is essentially the same as Example 1, except that there is a minimum at 
the origin rather than a maximum. The appearance of the surface near the origin is 
illustrated in Figure 9.3(c) and some of the level curves are shown in Figure 9.3(b). 
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example 3. Saddle point, z = fix, y) = xy. This surface is a hyperbolic paraboloid. 
Near the origin the surface is saddle shaped, as shown in Figure 9.4(a). Both partial 
derivatives df jdx and dfjdy are zero at the origin but there is neither a relative maximum 
nor a relative minimum there. In fact, for points (x, f) in the first or third quadrants, 
x and y have the same sign, giving us f(x, y) > 0 = /(0> 0) , whereas for points in the 
second and fourth quadrants x and y have opposite signs, giving us f (x, y) < 0 = f (0, 0). 
Therefore, in every neighborhood of the origin there are points at which the function is 
less than/(0, 0) and points at which the function exceeds/(0, Q), so the origin is a saddle 


y 



(a) z = Xy (b) Level curves: XV = C 

Figure 9.4 Example 3. Saddle point at the origin. 

point. The presence of the saddle point is also revealed by Figure 9.4(b), which shows 
some of the level curves near (0, 0). These are hyperbolas having the x- and y-axes as 
asymptotes. 

example 4. Saddle point, z = f(x, y) = x 3 — 3 xy 2 . Near the origin, this surface has 
the appearance of a mountain pass in the vicinity of three peaks. This surface, sometimes 
referred to as a “monkey saddle,” is shown in Figure 9.5(a). Some of the level curves 
are illustrated in Figure 9.5(b). It is clear that there is a saddle point at the origin. 

example 5. Relative minimum, z = fix , y) = x 2 y 2 . This surface has the appearance of 
a valley surrounded by four mountains, as suggested by Figure 9.6(a). There is an absolute 
minimum at the origin, since fix, y) >/(0, 0) for all (x, y). The level curves [shown in 
Figure 9.6(b)] are hyperbolas having the x- and y-axes as asymptotes. Note that these level 
curves are similar to those in Example 3. In this case, however, the function assumes only 
nonnegative values on all its level curves. 

example 6. Relative maximum, z = fix, j) = 1 — x 2 . In this case the surface is a 
cylinder with generators parallel to the y-axis, as shown in Figure 9.7(a). Cross sections 
cut by planes parallel to the x-axis are parabolas. There is obviously an absolute maximum 
at the origin because f(x, y) = 1 — x 2 < 1 = /(0, 0) for all (x, y). The level curves foim a 
family of parallel straight lines as shown in Figure 9.7(b). 
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9.10 Second-order Taylor formula for scalar fields 

If a differentiable scalar field / has a stationary point at a, the nature of the stationary 
point is determined by the algebraic sign of the difference f (x) -f(a) for x near a. If 
X = a + y , we have the first-order Taylor formula 

f(a + >0 - /(«) = Y/'(«) 1 y + \\y II E(a, y) , where E(a, y) ->■ 0 as y -* 0. 

At a stationary point, V/(«) = 0 and the Taylor formula becomes 

/(« + y) - /(a) = lb II E(a, y ). 


To determine the algebraic sign of f(a + y) — f(a )we need more information about the 
error term \\y II E(a, y). The next theorem shows that if / has continuous second-order 
partial derivatives at a, the error term is equal to a quadratic form, 


n n 

- 2 2 

^ «=i i 

plus a term of smaller order than ||y II 2 - The coefficients of the quadratic form are the 
second-order partial derivatives D,jf = D^Dff) , evaluated at a. The n x n matrix of 
second-order derivatives D {j f(x) is called the Hessian matrix? and is denoted by H(x). 
Thus, we have 

H(x) = [D W /(*)E,-1 

whenever the derivatives exist. The quadratic form can be written more simply in matrix 
notation as follows: 

1 I D l J(a)y l y j = yH(a )y\ 

1=1 3=1 

where y = (Ti > • • • > V„) i s considered as a 1 x n row matrix, and y l is its transpose, an 
nxl column matrix. When the partial derivatives D tj f are continuous we have D ti f = 
D af and the matrix H (u) is symmetric. 

Taylor’s formula, giving a quadratic approximation to f(a + y) — f(u), now takes the 
following form. 

theorem 9.4. second-order taylor formula for scalar fields. Let f be a scalar 
field with continuous second-order partial derivatives Dtff in an n-ball B(u). Then for all 
y /nR" such that a + y eB(u) we have 

(9.34) /(a + y) - /(a) = V/(a) • y+ ^ yH{a+ cy)y l , where 0 < c < 1 


f Named for Ludwig Otto Hesse (1811-1874), a German mathematician who made many contributions to 
the theory of surfaces. 
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This can also be written in the form 

(9.35) /(« + y) -/(«) - V/(«) j ±yH(a)j? + M 2 E 2 («,y), 
where E 2 (a, y) -> 0 as y ->■ 0. 

Proof. Keep y fixed and define g(u) for real u by the equation 

g(u) = f(a + uy) for — 1 < u < 1. 

Then/(a + y) —f (a) = g(l) — g(0). We will prove the theorem by applying the second- 
order Taylor formula to g on the interval [0,1]. We obtain 

(9.36) g(l) - g(0) = g'(0) + 1 g"(c), where 0 < c < 1. 

Here we have used Lagrange’s form of the remainder (see Section 7.7 of Volume I). 

Since g is a composite function given by g(u) = f[r(u)] , where r(u) = a + uy, we can 
compute its derivative by the chain rule. We have r’(u) = y so the chain rule gives us 

g'(u) = V/[r(H)]. r'(u) = V/[r(«)] -y = £ 5,/[r(«)]y,, 

3==1 

provided r(u) g B(u). In particular, g’(0) = V/(a) ■ y . Using the chain rule once more 
we find 

g"(«) = i Wi DJ[r(u)}y\ yi = i i D„/[r(«)]jW = yH[r(u)]y'. 

i=l \j=l / i=l j=l 

Hence g”(c) = yH(a + cy)y\ so Equation (9.36) becomes (9.34). 

To prove (9.35) we define E 2 (a, y) by the equation 

(9.37) ||y|| 2 E 2 {a,y) = ~y{H(a + cy) - H(a)}y‘ if y ^ 0, 
and let E 2 (a, 0) = 0. Then Equation (9.34) takes the form 

f(a + y) -f(u) = v/(a) • y + yH(a)y* + ||y|| 2 E 2 (a,y). 

To complete the proof we need to show that £ 2 (a, y) -> 0 as y -> 0. 

From (9.37) we find that 

IITil 2 1 £ 2 («= k)l = - 2 y {D iS f(a + cy) - D i J(a)}y i y j 

i =1 j=l 

< 21 °^ a +<*> - jvooi w a ■ 

i-i j=i 
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Dividing by ||y || 2 we obtain the inequality 


•i rc ^ n ^ 

|£ 2 («> y)\ < - 2 21 D uf(fl + cy) - D u m I 

z i =l i=r 

for y ^ 0. Since each second-order partial derivative D i5 f is continuous at a, we have 
Dufia + cy) -> D u f(d) as Y -* O , so Efa, y) —> 0 as y —► 0. This completes the proof. 


9.11 The nature of a stationary point determined by the eigenvalues of the Hessian matrix 

At a stationary point we have V’(a) = 0, so the Taylor formula in Equation (9.35) 
becomes 

/(« + >’) -/(«) = iyHiaW + j[y || 2 Efa, y), 

Since the en'or term ||y|| 2 E % {a, y) tends to zero faster than ||y|| 2 , it seems reasonable to 
expect that for small y the algebraic sign of f(a + y) -f(a) is the same as that of the 
quadratic form yH(a)y 1 ', hence the nature of the stationary point should be determined by 
the algebraic sign of the quadratic fomi. This section is devoted to a proof of this fact. 

First we give a connection between the algebraic sign of a quadratic form and its eigen¬ 
values. 


THEOREM 9.5. Let A = [a tj ] bean n xn realsymmetric matrix, and let 

n n 

Q(y) = yAy 1 = XI a^yj 3 -. 

2 = 1 j=l 

Then we have: 

(a) Q(y) > 0 for ally 7^0 if and only if all the eigenvalues of A are positive. 

(b) Q(y) < 0 for ally ^ 0 if and only if all the eigenvalues of A are negative. 

Note: In case (a), the quadratic form is calledpositive definite; in case (b) it is called 

negative definite. 

Proof. According to Theorem 5.11 there is an orthogonal matrix C that reduces the 
quadratic form y^4y 4 to a diagonal form. That is 

n 

(9.38) Q(y) = yAy t = X 

i =1 

where JC = (jc x , . . . , X n ) is the row matrix X = yC, and , . . . , are the eigenvalues of 
A . The eigenvalues are real since A is symmetric. 

If all the eigenvalues are positive, Equation (9.38) shows that Q(y) > 0 whenever 
X 5 ^ 0. But since x = yC we have y = xC _1 , so x 0 if and only if y ^ 0. Therefore 

Q(y) > 0 for all y 5 ^ 0 . 

Conversely, if Q(y) > 0 for all y ^ 0 we can choose y so that X = yC is the kth co¬ 
ordinate vector e k . For this y. Equation (9.38) gives us Q(y) = l k , so each /. k > 0. This 
proves part (a). The proof of (b) is entirely analogous. 
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The next theorem describes the nature of a stationary point in terms of the algebraic 
sign of the quadratic form 

theorem 9.6. Let f be a scalar field with continuous second-order partial derivatives 
D tj f in an n-ball B(a), and let H(a) denote the Hessian matrix at a stationary point a. Then 
we have: 

(a) If dll the eigenvalues of H(a) are positive, f has a relative minimum at a. 

(b) If all the eigenvalues of H(a) are negative, f has a relative maximum at a. 

(c) If H(a) has both positive and negative eigenvalues, then f has a saddle point at a. 

Proof. Let Q(y) = yH{a)y t . The Taylor formula gives us 
(939) f(a + y)-f (a) = \Q{y) + ||j> || 2 Efa, y), 

where E 2 {a, y) —► 0 as J —> 0. We will prove that there is a positive number x such that, if 
0 c j||>|| < r, the algebraic sign off {a + j) -f(u) is the same as that of Q(y). 

Assume first that all the eigenvalues A x , . . . , A„ of H(a) are positive. Let h be the 
smallest eigenvalue. If U < ll, the n numbers 

K a„-« 

are also positive. These numbers are the eigenvalues of the real symmetric matrix H(a) — 
ul, where I is the n x n identity matrix. By Theorem 9.5, the quadratic form 
y[H(a) - ul]y* is positive definite, and hence y\H(a) — ul\y l > 0 for all y ^6 0. There¬ 
fore 

yH(a)y* > y(ul )y* - u ||t || 2 
for all real u < h . Taking u = \h we obtain the inequality 

Q(y) > \h Ibll 3 

for all y 56 0. Since Efa, y) —► 0 as y —*■ O, there is a positive number r such that 
\E 2 {a, j)| < \h whenever 0 < < r. For such y we have 

0<||.V|| 2 \E t (a,y)\ < \h Jy||« < \Q(y), 

and Taylor’s formula (9.39) shows that 

f (a + y)- f {a) >\Q{y) -ILHH^OljOIX). 

Therefore f has a relative minimum at a, which proves part (a). To prove (b) we can use a 
similar argument, or simply apply part (a) to — f. 

To prove (c), let I, and A 2 be two eigenvalues of H(a) of opposite signs. Let h = 
min |A 2 |}. Then for each real u satisfying -h < u < h the numbers 


A x — M and A 2 — u 
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are eigenvalues of opposite sign for the matrix H (a) — ul. Therefore, if U 6 ( —h, h) , the 
quadratic form y[H(a) — ul]y i takes both positive and negative values in eveiy neighbor¬ 
hood of y = 0. Choose r > 0 as above so that | Efa, y)| < \h whenever 0 < ||y|| < r. 
Then, arguing as above, we see that for such y the algebraic sign of f(a + y) -f(a) is the 
same as that of 0(y). Since both positive and negative values occur as >' —► O , f has a 
saddle point at a. This completes the proof. 

Note: If all the eigenvalues of H(a) are zero, Theorem 9.6 gives no information 
concerning the stationary point. Tests involving higher order derivatives can be used to 
treat such examples, but we shall not discuss them here. 


9.12 Second-derivative test for extrema of functions of two variables 

In the case n = 2 the nature of the stationary point can also be determined by the 
algebraic sign of the second derivative D l l f(a) and the determinant of the Hessian matrix. 


theorem 9.7. Let a be a stationary point of a scalar fieldf (x„ y 2 ) with continuous second- 
order partial derivatives in a 2-ball B(u). Let 


and let 


A = D 11 f(a), B = D lj2 f(a), 


C = D 2 2 f(a), 


A = det H{a) = det 


'A 

B 


B~ 

C 


AC- B 2 . 


Then we have: 

(a) If A < 0 , f has a saddle point at a. 

(b) If A > 0 and A > 0 , f has a relative minimum at a. 

(c) If A > 0 and A < 0, / has a relative maximum at a. 

(d) If A = 0, the test is inconclusive. 


Proof. In this case the characteristic equation det [XI — H(u)] = 0 is a quadratic 
equation. 


X 2 - (A + C)X + A = 0. 


The eigenvalues X x , A 2 are related to the coefficients by the equations 


X x + X 2 = A + C, A x /l 2 - A. 

If A < 0 the eigenvalues have opposite signs, so f has a saddle point at a, which proves (a). 
If A > 0, the eigenvalues have the same sign. In this case AC > B 2 > 0, so A and C have 

the same sign. This sign must be that of X 1 and since A + C = Xi + X 2 . This proves 

(b) and (c). 

To prove (d) we refer to Examples 4 and 5 of Section 9.9. In both these examples we have 
A = 0 at the origin, hi Example 4 the origin is a saddle point, and in Example 5 it is a 

relative minimum. 




Exercises 


313 


Even when Theorem 9.7 is applicable it may not be the simplest way to determine the 
nature of a stationary point. For example, when f(x, }’) — e 1 ' rjl ' x ' yi , where g(x, y) = 
x 2 + 2 + COS 2 y — 1 2 COS y , the test is applicable, but the computations are lengthy. In this 
case we may express g(x, y) as a sum of squares by writing g(x, y) = 1 + x 2 + (1 — cos y ) 2 . 
We see at once that/ has relative maxima at the points at which x 2 — 0 and (1 — cos y) 2 = 
0. These are the points (0, 2mr), when n is any integer. 


9.13 Exercises 

In Exercises 1 through 15, locate and classify the stationary points (if any) of the surfaces having 
the Cartesian equations given. 

1. z = x 2 + (y — l) 2 . 7. z = x 3 — 3;cy 2 + y 3 . 

2. z = x 2 -(y- l) 2 . 8. z = x 2 /(6 - x - y). 

3. z = 1 + x 2 — y 2 . 9. z = x 2 + y s — 3xy. 

4. z = (x — y + l) 2 . 10. z = sin x cosh y . 

5. z — 2x 2 — xy — 3 y 2 — lx + ly. 11. z = e 2 x+Sy (Sx 2 — 6 xy + 3 y 2 ). 

6 . z = x 2 - xy + y 2 - 2x + y . 12. z = (5x + ly _ 25)e~ ix2+xy+yi) . 

13. z =sinxsinysin(x + y), 0 <x< 7 r, 0 <y<,Tr. 

14. z ~ x - 2y + log sjx 2 + y 2 + 3 arctan- x > 0. 

15. z = (x 2 + y2>-<* 2 +« 2 >. 

16. Let f(x, y) = 3x 4 — 4 x 2 y + y 2 . Show that on every line y =: mx the function has a minimum 
at (0, 0), but that there is no relative minimum in any two-dimensional neighborhood of the 
origin. Make a sketch indicating the set of points (x, y) at which f(x, y) > 0 and the set at 
whichffx, y) < 0. 

17. Let f(x, y) = (3 - x)(3 - y)(x + y - 3). 

(a) Make a sketch indicating the set of points (x, y) at which / (x, y) > 0. 

(b) Find all points (x, y) in the plane at which D x f (x, y) = D 2 f (x, y) = 0. [Hint: D^fix, yl 

has (3 — y) as a factor.] 

(c) Which of the stationary points are relative maxima.7 Which are relative minima? Which 
are neither? Give reasons for your answers. 

(d) Does / have an absolute minimum or an absolute maximum on the whole plane? Give 
reasons for your answers. 

18. Determine all the relative and absolute extreme values and the saddle points for the function 

f(x, y) = xyi l — x 2 — y 2 ) on the square 0 < x ^ 1 , 0 < y < 1 • 

19. Determine constants a and b such fhat fhe integral 


{ax + b -fix)}" dx 

Jo 


will be as small as possible if (a) / (x) = x 2 ; (b) f (x) = (jc 2 + l)" 1 . 

20. Let f(x, y) = Ax 2 + IBxy + Cy 2 + 2 Dx + 2 Ey + F. where A > 0 and B 2 < AC. 

(a) Prove that a point ix l , yf) exists at which f has a minimum [Hint: Transform the quad¬ 
ratic part to a sum of squares.] 

(b) Prove that fix 1 ,y 1 ) = Dx i + Ey. + Fat this minimum 

(c) Show that 

A B D 

/(W./i) = AC / B i B C E . 
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21. Method of least squares. Given n distinct numbers x^, . . . , x n and n further numbers y lt . . . , 
y n (not necessarily distinct), it is generally impossible to find a straight line fix) = ax + b 
which passes through all the points (Xj, yd, that is, such that/(x,) = y i for each /, However, 
we can try a linear function which makes the “total square error” 


£(«, 6) =£[/(*,)-ja 2 


t=l 


a minimum. Determine values of a and b which do this. 

22. Extend the method of least squares to 3-space. That is, find a lineal' function f(x,y) = ax + 
by + c which minimizes the total square error 


E(a, b, c) = ^ Ifixi, yd - zj 2 , 

i =1 

where (x t , yd are n given distinct points and z lt ... , z n are n given real numbers. 
23. Let Zj,.. . , Z n be n distinct points in m-space. If x 6 R m , define 


fix) = 2 II* -ZfcU 2 . 


k =1 


Prove thatfhas a minimum at the point a = 


1 ^ 

- 2 Zj. (the centroid). 


24. Let « be a stationary point of a scalar fieldfwith continuous second-order partial derivatives 
in an n-ball B(a). Prove thatfhas a saddle point at a if at least two of the diagonal entries 
of the Hessian matrix H(a) have opposite signs. 

25. Verify that the scalar field/(x, y, z) = x 4 + j 4 + z 4 — 4 xyz has a stationary point at (f, 1,1), 
and determine the nature of this stationary point by computing the eigenvalues of its Hessian 
matrix. 


9.14 Extrema with constraints. Lagrange’s multipliers 

We begin this section with two examples of extremum problems with constraints. 

example 1. Given a surface S not passing through the origin, determine those points of 
S which are nearest to the origin. 

example 2. If fix,y, z) denotes the temperature at (x, y, z), determine the maximum 
and minimum values of the temperature on a given curve C in 3-space. 

Both these examples are special cases of the following general problem: Determine the 
extreme values of a scalar field f i) when * is restricted to lie in a given subset of the domain 

off- 

In Example 1 the scalar field to be minimized is the distance function, 

fix, y, Z) = (x 2 + y 2 + z 2 )' A ; 
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the constraining subset is the given surface S. In Example 2 the constraining subset is the 
given curve C. 

Constrained extremum problems are often very difficult; no general method is known 
for attacking them in their fullest generality. Special methods are available when the 
constraining subset has a fairly simple structure, for instance, if it is a surface as in Example 
1. or a curve as in Example 2. This section discusses the method of Lagrange’s multipliers 
for solving such problems. First we describe the method in its general form, and then we 
give geometric arguments to show why it works in the two examples mentioned above. 

The method of Lagrange's multipliers, if a scalar field f(x 1 , . . . , x,) has a relative 
extremum when it is subject to m constraints, say 

(9.40) £iOi, •••,*») = 0, . . . , gJ Xl , . . . , X n ) = 0, 

where m < n , then there exist m scalars . . . , A m such that 

(9.41) V/= ^ Vg x + • ‘ ' + Vg m 
at each extremum point. 

To determine the extremum points in practice we consider the system of n + m equations 

obtained by taking the m constraint equations in (9.40) along with the n scalar equations 

determined by the vector relation (9.41). These equations are to be solved (if possible) for 
the n + m unknowns Xl , . . . , x n and , I,. The points (x ±, . . . , x n ) at which 

relative extrema occur are found among the solutions to these equations. 

The scalars , . . . ,X m which are introduced to help us solve this type of problem are 
called Lagrange's multipliers. One multiplier is introduced for each constraint. The scalar 
field f and the constraint functions gi > g m are assumed to be differentiable. The 

method is valid if the number of constraints, m, is less than the number of variables, n, and 
if not all the Jacobian determinants of the constraint functions with respect to m of the 
variables X 1 , . . . , x n arc zero at the extreme value in question. The proof of the validity of 
the method is an important result in advanced calculus and will not be discussed here. 

(See Chapter 7 of the author's Mathematical Analysis, Adldison-Wesley, Reading, Mass., 
1957.) Instead we give geometric arguments to show why the method works in the two 

examples described at the beginning of this section. 

Geometric solution of Example 1. We wish to determine: those points on a given surface 
S which are nearest to the origin. A point (x, y, z) in 3-space lies at a distance r from the 
origin if and only if it lies on the sphere 

+ y 2 + z 2 = r 2 . 

This sphere is a level surface of the function f (x, y, z) = ( x 2 + y 2 + z 2 ) 1 ^ which is being 
minimized. If we start with r = 0 and let r increase until the corresponding level surface 
first touches the given surface S, each point of contact will be a point of S nearest to the 
origin. 
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To determine the coordinates of the contact points we assume that S is described by a 
Cartesian equation g(x, y, z) = 0. If S has a tangent plane at a point of contact, this plane 
must also be tangent to the contacting level surface. Therefore the gradient vector of the 
surface g(x, y, z) = 0 must be parallel to the gradient vector of the contacting level surface 
f(x,y, z) = T. Hence there is a constant X such that 

Vf(x,y, z) = X Vg{x,y, z) 

at each contact point. This is the vector equation (9.41) provided by Lagrange’s method 
when there is one constraint. 

Geometric solution to Example 2. We seek the extreme values of a temperature function 
f(x, y, z) on a given curve C. If we regard the curve C as the intersection of two surfaces, 

say 

gi(x, y,z)= 0 and g 2 (x,y, z) = 0, 

we have an extremum problem with two constraints. The two gradient vectors Wg x and 
V* a are normals to these surfaces, hence they are also normal to C, the curve of inter¬ 
section. (See Figure 9.8.) We show next that the gradient vector V/ of the temperature 



Figure 9.8 The vectors Vg lt Vy 2 , and Vf Figure 9.9 The gradient vector Vf lies in a 
shown lying in the same plane. plane normal to C. 

function is also normal to C at each relative extremum on C. This implies that V/lies in the 
same plane as Vg x and V£ 2 ; hence if \g 1 and Vg 2 are independent we can express V f as a 
linear combination of and Vg 2 , say 


V = Wg\ + ■ 


This is the vector equation (9.41) provided by Lagrange's method when there are two 
constraints. 
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To show that V/ is normal to C at an extremum we imagine C as being described by a 
vector-valued function aft), where t varies over an interval [a, b\. On the curve C the 
temperature becomes a function oft, say <p(t ) = f [aft)]. If <f has a relative extremum at an 

interior point t 1 of [a, b] we must have cp'ft j) = 0. On the other hand, the chain rule tells 

us that cp'ft) is given by the dot product 

cp'ft) = V/ [aft)]. a’ft). 

This dot product is zero at t l , hence V/ is perpendicular to Ct , () . But cx'ft^) is tangent to C, 
so V/ [a^)] lies in the plane normal to C, as shown in Figure 9.9. 

The two gradient vectors Vgj and Vg 2 are independent if a.nd only if their cross product is 

nonzero. The cross product is given by 

i j k 

V e x Ve = -— — — = d(g i . ga) ■ + d(g, , g 2 ) . + 9(g t , g 2 ) 
dx dy dz dfy, z) d(z, x) d(x, y) 

3ga hy. h* 

dx dy dz 

Therefore, independence of and \g 2 means that not all three of the Jacobian deter¬ 

minants on the right are zero. As remarked earlier, Lagrange’s method is applicable 
whenever this condition is satisfied. 

If Vgj and Vg 2 are dependent the method may fail. For example, suppose we try to apply 
Lagrange’s method to find the extreme values of f(x, V. z) = x 2 + y 2 on the curve of 
intersection of the two surfaces £,(.x, y, z) = 0 and g 2 (x, y, z) — 0, where gi(x, )\ z) = z 
and gi(x, y, z) = z 2 — (v — 1)“. The two surfaces, a plane and a cylinder, intersect along 
the straight line C shown in Figure 9.10. The problem obviously has a solution, because 



Figure 9.10 An example where Lagrange's method is not applicable. 
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fix, y, z) represents the distance of the point (x, y, z) from the z-axis and this distance is a 
minimum on C when the point is at (0, 1, 0). However, at this point the gradient vectors 
are = k , Vg 2 = O , and Of = 2 j , and it is clear that there are no scalars f and / 2 that 
satisfy Equation (9.41). 


9.15 Exercises 

1. Find the extreme values of z = xy subject to the condition x + y = 1. 

2. Find the maximum and minimum distances from the origin to the curve 5x 2 + 6 xy + 5 y 2 = 8. 

3. Assume a and b are fixed positive numbers. 

(a) Find the extreme values of z = x/a + y/b subject to the condition x 2 + y 2 = 1 ■ 

(b) Find the extreme values of z = x 2 + y 2 subject to the condition x/a + y/b = 1 . 

In each case, interpret the problem geometrically. 

4. Find the extreme values of z = cos 2 x + cos 2 y subject to the side condition x — y = n/4, 

5. Find the extreme values of the scalar field f(x, y, z) = x — 2y + 2z on the sphere x 2 + y 2 + 

z 2 = 1. 

6. Find the points of the surface z 2 — xy = 1 nearest to the origin. 

7. Find the shortest distance from the point (1, 0) to the parabola y 2 = 4x. 

8. Find the points on the curve of intersection of the two surfaces 

X 2 — xy + y 2 — z 2 = 1 and x 2 + y 2 = 1 


which are nearest to the origin. 

9. If a, b, and c are positive numbers, find the maximum value off (x, y, z) = x a y b z c subject to 
the side condition x + y + z = 1 . 

10. Find the minimum volume bounded by the planes x = 0, y = 0, z = 0, and a plane which 
is tangent to the ellipsoid 


x 2 y 2 

a 2 + b 2 



at a point in the octant x > 0 ,y > 0, z >0. 

11. Find the maximum of log x + logy + 3 log z on that portion of the sphere x 2 + y 2 + z 2 = 5r 2 
where x>0,y> 0,z> 0. Use the result to prove that for real positive numbers a. b, c 
we have 

, „ „ ..(a + b + c\ 6 

abc^2l{ -— J. 

12. Given the conic section Ax 2 + 2 Bxy + Cy 2 = 1, where A > 0 and B 2 < AC. Let m and M 
denote the distances from the origin to the nearest and furthest points of the conic. Show that 

A + C + \J (A- C) 2 + 4 B 2 
M 2(AC - B 2 ) 

and find a companion formula for m 2 . 

13. Use the method of Lagrange’s multipliers to fmd the greatest and least distances of a point 
on the ellipse x 2 + 4 y 2 = 4 from the straight line x + y = 4. 

14. The cross section of a trough is an isosceles trapezoid. If the trough is made by bending up 
the sides of a strip of metal c inches wide, what should be the angle of inclination of the sides 
and the width across the bottom if the cross-sectional area is to be a maximum? 
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9.16 The extreme-value theorem for continuous scalar fields 

The extreme-value theorem for real-valued functions continuous on a closed and bounded 
interval can be extended to scalar fields. We consider scalar fields continuous on a closed 
n-dimensional interval. Such an interval is defined as the Cartesian product of n one- 
dimensional closed intervals. If a = (a„ . . . , a,) and 6 = (b 1 . , b n ) we write 

[u, b\ — [ttj j hf\ X * ' ■ X [n n . Z? n ] {(w; • • * 5 %n) | W ^ \P -\> ^i] > • • • > x n \a n , ^ n ]} • 

For example, when n = 2 the Cartesian product [a, b\ is a rectangle. 

The proof of the extreme-value theorem parallels the proof given in Volume I for the 
1-dinrensional case. First we prove that continuity offimplies boundedness, then we prove 
thatfactually attains its maximum and minimum values somewhere in [a, b]. 

THEOREM 9.8. BOUNDEDNESS THEOREM FOR CONTINUOUS SCALAR FIELDS. If fiS 3 SCC/lOC 

field continuous at each point of a closed interval [a, b] in R”, then f is bounded on [a, b]. 

That is, there is a number C > 0 such that |/(jc) <Cfor all x in [a, b]. 

Proof. We argue by contradiction, using the method of successive bisection. Figure 
9.11 illustrates the method for the case n = 2. 

Assumefis unbounded on [a, b]. Let / (1) = [a, b] and let l['' = [a„ b k ] . so that 

/ (1) = Z' 1 ' x ■ ■ ■ 

Bisect each one-dimensional interval to fomi two subintervals, a left half and a 

right half . Now consider all possible Cartesian products of the fomi 



figure 9.11 Illustrating the method of successive bisection in the plane. 
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where each / = I or 2. There are exactly 2” such products. Each product is an n-dimen- 
sional subinterval of [a, b], and their union is equal to [a, h\. The functionfis unbounded 
in at least one of these subintervals (if it were bounded in each of them it would also be 
bounded on [a, b]). One of these we denote by / (2) which we express as 

/ (2) = /< 2) X X /‘„ 2 \ 

where each If is one of the one-dimensional subintervals of If, of length \(b k — a k ). 

We now proceed with / ,2 > as we did with / (1) , bisecting each one-dimensional component 
interval If and arriving at an n-dimensional interval / (3) in which / is unbounded. We 
continue the process, obtaining an infinite set of n-dimensional intervals 

/m,/<2). with c /<“>, 


in each of which / is unbounded. The /nth interval / m) can be expressed in the form 


jirn) _ j (m) 


x • 


X / 


<m) 

n 


Since each one-dimensional interval / 1: is obtained by m — i successive bisections of 
[a,, b k \, if we write If ] = [a k m) , b k m) \ we have 


(9.42) 


i(m) 

bk 



for k = ],2 , ,n. 


For each fixed k, the supremum of all left endpoints af } (m = 1,2, . ■ ) must therefore be 
equal to the infimum of all right endpoints b k m) (m = 1,2, . . . ), and their common value 
we denote by t k . The point t = , . . . , lies in [a, b]. By continuity off at t there is an 

n-ball D(t ; r) in which we have 

I f( x ) — f(t) I <1 for all x in B(t ; r) n [a, h] . 

This inequality implies 

| f(x )| <1 + | f{t )| for all a: in B{t\ r) n [a, b], 

so / is bounded on the set B(t', r) n [a, b\ . But this set contains the entire interval / ,m) 
when m is large enough so that each of the n numbers in (9.42) is less than rj\Jn. Therefore 
for such m the function f is bounded on / <m) , contradicting the fact that f is unbounded on 
/(™), This contradiction completes the proof. 

If / is bounded on [a, b], the set of all function values J(x) is a set of real numbers 
bounded above and below. Therefore this set has a supremum and an infimum which we 
denote by sup f and inf/, respectively. That is, we write 


sup/ = sup {fix) x 6 [a, b]}, 


inf/ = inf {f(x) xe[a,b}\. 
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Now we prove that a continuous function takes on both values infF and supfsomewhere 
in La, b]. 

theorem 9.9 EXTREME-VALUE theorem FOR CONTINUOUS SCALAR fields. Iff is con¬ 
tinuous on a closed interval [a, b] in R", then there exist points c and d in [a, b] such that 

/(c) = sup/ and f(d) = inff. 

Proof. It suffices to prove that f attains its supremum in [a, b]. The result for the 
infimum then follows as a consequence because the infimum off is the supremum of ■ f . 

Let M = sup f . We shall assume that there is no x in [a, b] for which f (x) = M and 
obtain a contradiction. Let g(x) = M — fix). Then g(x) > 0 for all x in [a, b] so the 
reciprocal 1/g is continuous on [a, hj. By the boundedness theorem, 1/g is bounded on 
[a, b], say l/g(x) < C for all x in [a, b], where C > 0. This implies M -f(x) > 1/C, so 
that f(x) < A4 — 1/C for all x in [a, b]. This contradicts the fact that M is the least upper 
bound off on [a, b]. Hence f(x) = M for at least one x in [a, b]. 


9.17 The small-span theorem for continuous scalar Helds (uniform continuity) 

Let f be continuous on a bounded closed interval [a, b] in R'*, and let M( f ) and ITl( f ) 
denote, respectively, the maximum and minimum values off on [a, hj. The difference 

M (/) - m(f) 

is called the span off on [a, b]. As in the one-dimensional case we have a small-span 
theorem for continuous functions which tells us that the interval [a, b] can be partitioned so 
that the span off in each subinterval is arbitrarily small. 

Write [a, b] = [a„ bf x . . . x [a„ />„], and let P k be a partition of the interval 
fa,, b k \. That is, P k is a set of points 

P k = {x 0 ,x 1 ,...,x r _ 1 ,x r } 

such that a k = x 0 < x 1 < • ■ . < X T _ 1 < X r = b„ The Cartesian product 

P = P 1 x < > < x P n 

is called a partition of the interval [a, b]. The small-span theorem, also called the theorem 

on uniform continuity, now takes the following form. 

theorem 9.10. Let f be a scalar field continuous on a closed interval [a, b] in R n . Then 

f or every ef> 0 there is a partition of [a, b] into a finite number of subintervals such that the 
span o f f in every subintercal i s less than e. 

Proof. The proof is entirely analogous to the one-dimensional case so we only outline 
the principal steps. We argue by contradiction, using the method of successive bisection. 
We assume the theorem is false; that is, we assume that for some e 0 the interval [a, b] 
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cannot be partitioned into a finite number of subintervals in each of which the span off is 
less than e 0 . By successive bisection we obtain an infinite set of subintervals 7 (1) , 7 (2) , . . . , 
in each of which the span off is at least e 0 . By considering the least upper bound of the 
leftmost endpoints of the component intervals of 7 (1) , 7 <2) , ... we obtain a point t in [a. A] 
lying in all these intervals. By continuity off at t there is an n-ball B(t', /') such that the span 
off is less than £e 0 in B(t; r) C\ [a, A]. But, when m is sufficiently large, the interval /< m ) 
lies in the set B(t ; r) H [a, b] , so the span off is no larger than fe 0 in contradicting the 

fact that the span off is at least e 0 in 7 <m) , 
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10.1 Introduction 

In Volume I we discussed the integral f(x) dx. first for real-valued functions defined 
and bounded on finite intervals, and then for unbounded functions and infinite intervals. 
The concept was later extended to vector-valued functions and, in Chapter 7 of Volume II, 
to matrix functions. 

This chapter extends the notion of integral in another direction. The interval [a, Z>] is 
replaced by a curve in n-space described by a vector-valued function a, and the integrand 
is a vector fieldfdefined and bounded on this curve. The resulting integral is called a line 
integral, a curvilinear integral, or a contour integral, and is denoted by | f < da or by some 
similar symbol. The dot is used purposely to suggest an inner product of two vectors. The 
curve is called a path of integration. 

Line integrals are of fundamental importance in both pure and applied mathematics. 
They occur in connection with work, potential energy, heat flow, change in entropy, 
circulation of a fluid, and other physical situations in which the behavior of a vector or 
scalar field is studied along a curve. 


10.2 Paths and line integrals 

Before defining line integrals we recall the definition of curve given in Volume 1. Let a 
be a vector-valued function defined on a finite closed interval J = [a, h] As t runs through 
/, the function values aft) trace out a set of points in n-space called the graph of the function. 
If a is continuous on J the graph is called a curve; more specifically, the curve described 

by a. 

In our study of curves in Volume I we found that different functions can trace out the 
same curve in different ways, for example, in different directions or with different velocities. 
In the study of line integrals we are concerned not only with the set of points on a curve but 
with the actual manner in which the curve is traced out, that is, with the function a itself. 
Such a function will be called a continuous path. 


definition. Let J = [a, b] be a finite closed interval in R 1 , A function a: J — > R" which 
is continuous on J is called a continuous path in n-space. The path is called smooth if the 
derivative a’ exists and is continuous in the open interval (a, b). The path is called piecewise 
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smooth if the interval [a, b] can be partitioned into a finite number of subintervals in each of 
which the path is smooth. 


Figure 10.1 shows the graph of a piecewise smooth path. In this example the curve has a 
tangent line at all but a finite number of its points. These exceptional points subdivide the 
curve into arcs, along each of which the tangent line turns continuously. 



Figure 10.1 The graph of a piecewise smooth path in the plane. 


definition OF line integral. Let a be a piecewise smooth path in n-space defined on an 
interval [a, b], and let f be a vector field defined and bounded on the graph of a. The line 
integral of f along a is denoted by the symbol if ■ da and is defined by the equation 

(10.1) jf-da = £/[«(»)] • dt, 

whenever the integral on the right exists , either as a proper or improper integral. 

Note: In most examples that occur in practice the dot product/[a(tj] • a'(/)is bounded 
on fa, b\ and continuous except possibly at a finite number of points, in which case the 
integral exists as a proper integral. 

10.3 Other notations for line integrals 

If C denotes the graph of a, the line integral f f- da is also written as Jc / • da and is 
called the integral off along C. 

If a = a(a) and b = a(b) denote the end points of C, the line integral is sometimes 
written as for as f • da and is called the line integral off from a to A along a. When 

the notation / is used it should be kept in mind that the integral depends not only on the 
end points a and b but also on the path a joining them. 

When a = b the path is said to be closed. The symbol | is often used to indicate integra¬ 
tion along a closed path. 

When / and a are expressed in terms of their components, say 

/= (/i, .. . ,/J and a= (oti,. . . , aj, 
the integral on the right of (10.1) becomes a sum of integrals, 

2 P/,[a(0K(0 dt. 

In this case the line integral is also written as § fi da, + • • • + f n da,. 
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In the two-dimensional case the path a is usually described by a pair of parametric 
equations, 

X = <Xi(0 ; y = j 

and the line integral | c /' da is written as J c j\ dx +fidy , or as j' c j\(x,y) dx + f,{x, y) d y . 
In the three-dimensional case we use three parametric equations, 

x=x 1 (t), y = a 2 (/) , z = a 3 (?) 

and write the line integral f' da as $ c ^ dx + f 2 dy + / a dz , or as 

\ c A(x,y,z)dx +f 2 (x,y,z)dy + f 3 (x, y, z) dz , 

example. Let f be a two-dimensional vector field given by 

fix, y) = Jy I + (x 3 + y)j 

for all (x, y) withy > 0. Calculate the line integral of/from (0, 0) to (1, 1) along each of 
the following paths : 

(a) the line with parametric equations X = t , y = t , 0 < t < 1; 

(b) the path with parametric equations x = t 2 , y = 1 . 

Solution. For the path in part (a) we take a(t) = ti + tj. Then a’(t) = i + j and 
/[«(*)] — \ t i + (? 3 + t)j. Therefore the dot product of /[<*(/)] and a’(t) is equal to 
\f t + t 3 + t and we fi nd 

rn.v r 1 17 

/• da = I (Ji + f 3 + t) dt - — . 

J (o.o) Jo 12 

For the path in part (b) we take a(t) = t 2 i + t 3 j. Then aft) = 2ti + 3t 2 j and 
/[«(?)] = t 3/ H + (/ fi + t 3 )j. Therefore 

/[<*(/)] • aft) = 2t^ + 3f 8 + 3l 5 , 
so 

f ’ /■ da - [ (2t°~ + 3 1 8 + 3 1 5 ) dt = ^1 

Jo 42 

This example shows that the integral from one point to another may depend on the path 
joining the two points. 

Now let us carry out the calculation for part (b) once more, using the same curve but 
with a different parametric representation. The same curve can be described by the 
function 

(3(/) = ti + t 3 -j, where 0 < 1 < 1 . 
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This leads to the relation 

/[p(0] ■ P'(0 = (t % i + (f 3 + t % )j) • a Ht lA j) = t s/i + \r A + If 2 , 

the integral of which from 0 to 1 is 59/42, as before. This calculation illustrates that the 
value of the integral is independent of the parametric representation used to describe the 
curve. This is a general property of line integrals which is proved in the next section. 


10.4 Basic properties of line integrals 

Since line integrals are defined in terms of ordinary integrals, it is not surprising to find 
that they share many of the properties of ordinary integrals. For example, they have a 
linearity property with respect to the integrand. 

| (af+ bg) ■ da = a j /• da + b j g • da, 
and an additiveproperty with respect to the path of integration: 

\ c f-d«= \ Cj f'da+\ r J-da, 

where the two curves Cj and C 2 make up the curve C. That is, C is described by a function 
a defined on an interval [a, b], and the curves Cj and C 2 are those traced out by aft) as t 
varies over subintervals [a, c] and. [c, hj, respectively, for some c satisfying a < c < b. 
The proofs of these properties follow immediately from the definition of the line integral; 
they are left as exercises for the reader. 

Next we examine the behavior of line integrals under a change of parameter. Let a be a 
continuous path defined on an interval [a, b], let u be a real-valued function that is differen¬ 
tiable, with u never zero on an interval [c, d], and such that the range of U is [a, b]. Then 
the function (3 defined on [c, d] by the equation 

(3(0 = «[«(?)] 

is a continuous path having the same graph as a. Two paths a and (3 so related are called 
equivalent. They are said to provide different parametric representations of the same curve. 
The function u is said to define a change of parameter. 

Let C denote the common graph of two equivalent paths a and (3. If the derivative of u 

is always positive on [c, d] the function u is increasing and we say that the two paths a and (3 

trace out C in the same direction. If the derivative of u is always negative we say that a 

and p trace out C in opposite directions. In the first case the function U is said to be 

orientation-preserving; in the second case u is said to be orientation-reversing. An example 
is shown in Figure 10.2. 

The next theorem shows that a line integral remains unchanged under a change of param¬ 
eter that preserves orientation; it reverses its sign if the change of parameter reverses 
orientation. We assume both intergals J/’ da and J/- d p exist. 




Basic properties of fine integrals 


327 


u 



Figure 10.2 A change of parameter defined by it = hit). In (a), the function h 
preserves orientation. In (b), the function h reverses the orientation. 

THEOREM 10.1. BEHAVIOR OF A LINE INTEGRAL UNDER A CHANGE OF PARAMETER. Let 

a and p be equivalent piecewise smooth paths. Then we have 

Sc f ' da = L f ' d P 

if a and (1 trace out C in the same direction; and 

i c f- d «= ~\ c f' d P 

if a and (3 trace out C in opposite directions. 

Proof, It suffices to prove the theorem for smooth paths; then we invoke 
the additive property with respect to the path of integration to deduce the result for piece- 
wise smooth paths. 

The proof is a simple application of the chain rule. The paths a and (3 are related by an 
equation of the form |3(f) = a[«(?)], where U is defined on an interval [c, d] and a is defined 
on an interval [a, b]. From the chain rule we have 

P'(0 = u'[u(t)]a'(t). 

Therefore we find 

f c f dp = \j tpco]. m dt = J e 7(«[H(oi) ■ «'[«(ok(o dt. 

In the last integral we introduce the substitution v = u(t), dv = u’(t) dt to obtain 
| c /• dp = /““’/(«(«')) ■ a ’ (v > dv = ± f"f(a(v)). a’(v) dv = ±/ c f da, 
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where the + sign is used if a = u(c ) and b = u(d), and the — sign is used if a = u(d) and 
b = u(c). The first case occurs if a and p trace out C in the same direction, the second if 
they trace out C in opposite directions. 


10.5 Exercises 


hi each of Exercises 1 through 8 calculate the line integral of the vector field / along the path 
described. 


1. fix,y) = (x i — 2 xy)i + (_v 2 — 2 xy)j, from (—1, 1) to (1, 1) along the parabola y = x 2 , 

2. f(x,y) = (2 a - y)i + xj, along the path described by alt) = alt — sin t)i + a(l — cos t)j, 

0 < t < In. 

3. f[x, y, :) = (y 2 — z 2 )/ + 2yzj — x 2 k , along the path described by a(t) = ti + t 2 j + t 3 k , 

o < / <; i. 

4. fix, y) = (x 2 + y 2 )i + lx 2 —y )j, from (0, 0) to (2,0) along the curve y = 1 — |1 — x\ . 

5. fix, y) = (x + y)i + (x — y)j, once around the ellipse b 2 x 2 + a 2 y 2 = a 2 b 2 in a counterclock¬ 

wise direction. 

6. fix,y, z) = 2 xyi + lx 2 + z)j + yk, from (1. 0, 2) to (3, 4, 1) along a fine segment. 

7. f(x, y, z) = xi + yj + (xz — y)k , from (0, 0, 0) to (1,2, 4) along a line segment. 

8. fix, y, z) = xi + yj + ixz — y)k, along the path described by a(t) = t 2 i + 2 tj + 4 t 3 k, 

0 <t 


In each of Exercises 9 through 12, compute the value of the given fine integral. 


9. ] c (x 2 — 2 xy) dx + (y" — 2xy) dy , where C is a path from (—2, 4) to (1, 1) along the parabola 
y = x 2 . 

(x + y)dx — (x - y) dy 
C x 2 + y 2 

clockwise direction. 

r dx + dy 

i —--— , where C is the square with vertices (1, 0). (0, 1). (— 1 , 0), and (0, —1), traversed 

J c \x\ + \y\ 


10 


11 


-j; 


, where C is the circle x 2 + y 2 « a 2 , traversed once in a counter- 


once in a counterclockwise direction. 

12. j c: y dx + zdy + xdz, where 

(a) C is the curve of intersection of the two surfaces x + y = 2 and x 2 + y 2 + z 2 = 2(x + y) . 
The curve is to be traversed once in a direction that appeals clockwise when viewed from the 
origin. 

(b) C is the intersection of the two surfaces z = xy and x 2 + y 2 = 1, traversed once in a 
direction that appeals counterclockwise when viewed from high above the xy-plane. 


10.6 The concept of work as a line intregal 

Consider a particle which moves along a curve under the action of a force field/. If the 

curve is the graph of a piecewise smooth path a, the work done by f is defined to be the line 

integral j f • da. The following examples illustrate some fundamental properties of work. 

example 1. Work done by a constantforce. If f is a constant force, say f = c, it can be 
shown that the work done by f in moving a particle from a point o to a point b along any 
piecewise smooth path joining a and b is c • (b — a), the dot product of the force and the 
displacement vector b — a. We shall prove this in a special case. 

We let a = (a x , . . . , a n ) be a path joining a and b, say ala) = a and alb) = b, and we 
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write c = (c,, . . . , c,). Assume a’ is continuous on [a, b]. Then the work done by f Ls 
equal to 


r n fb n 

f da= 2 c /c «i(0 dt = ^,c k [a. k (b) — a,(a)] = c . [a(b) — a(a) ] = c . (b — a). 

*=1 a *=i 

For this force field the work depends only on the end points a and b and not on the curve 
joining them. Not all force fields have this property. Those which do are called conservative. 
The example on p. 325 is a nonconservative force field. In a later section we shall determine 
all conservative force fields. 


example 2. The principle of work and energy. A particle of mass m moves along a curve 
under the action of a force field f. If the speed of the particle at time t is v(t), its kinetic 
energy is defined to be \mv i (i). Prove that the change in kinetic energy in any time interval 
is equal to the work done by f during this time interval. 

Solution. Let r(t) denote the position of the particle at time t. The work done by f 
during a time interval [a, b] is f • dr . We wish to prove that 

Cr(b) 

Jr(a) f' dr = \b) - \mv 2 (a). 

From Newton’s second law of motion we have 


f WO] = tnr"(t) = mu’(t), 

where v(t) denotes the velocity vector at time t. The speed is the length of the velocity 
vector, v(t) = ||»(0II • Therefore 

f [r(t)] ' r’(t) = f [r(t)] . u(t) = mu’(t) • u(t) = im j- (u(t) • u(t)) = jm — (v 2 (t)) 

dt dt 

Integrating from a to b we obtain 




[r(t)] • r’(t) dt = \mv\t) 


b 

a 


= l mv 2 (b) — \mv\a). 


as required. 

10.7 Line integrals with respect to arc length 

Let a be a path with a’ continuous on an interval [a, b]. The graph of a is a rectifiable 
curve. In Volume I we proved that the corresponding arc-length function S is given by the 
integral 

s(t) =j a || «*'(«) II du . 

The derivative of arc length is given by 

*'(0 = II *'(011 • 
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Let (p be a scalar field defined and bounded on C, the graph of a. The line integral of 99 
with respect to arc length along C is denoted by the symbol q) ds and is defined by the 
equation 

J c <P ds = £ (f[a(i)]s'(t) (It, 

whenever the integral on the right exists. 

Now consider a scalar field <p given by 9 [a(?)] = f[a.(ff\ ■ T(t) , the dot product of a 
vector fieldfdefined on C and the unit tangent vector T(t) = (dctjds) . In this case the line 
integral j' c (p ds is the same as the line integral J c f • da because 

/[«(*)] . a’(t) = /[«(<)] • t 5 T = /[<X(0] • = V[«(0]S'(0 . 

ds at 

When f denotes a velocity field, the dot product f ■ T is the tangential component of 
velocity, and the line integral J q f ’ T ds is called the flow integral off along C. When C is a 
closed curve the flow integral is called the circulation off along C. These terms are commonly 
used in the theory of fluid flow. 


10.8 Further applications of line integrals 

Line integrals with respect to arc length also occur in problems concerned with mass 
distribution along a curve. For example, think of a curve C in 3-space as a wire made of a 
thin material of varying density. Assume the density is described by a scalar field cp, where 
tp(x, y, Z) is the mass per unit length at the point (x, y, z) of C. Then the total mass M of 
the wire is defined to be the line integral of (p with respect to arc length: 

M =L y ’ z ) ds ' 

The center of mass of the wire is defined to be the point (Jc, y, z ) whose coordinates are 
1 determined by the equations 

xM = J c xcp{x, y, z) ds, yM = j c y<p{x, y, z) ds, zM = J z<p(x, y, z ) ds. 

A wire of constant density is called uniform, hi this case the center of mass is also called the 
centroid. 

example 1. Compute the mass M of one coil of a spring having the shape of the helix 
whose vector equation is 

a(f) = a cos t i + a sin t j + btk 

if the density at (x, y, z) is x 2 + y 2 + z 2 . 

Solution. The integral for A4 is 

M = (x 2 + y 2 + z 2 ) ds = (a” cos 2 1 + a % sin 2 1 + b“t 2 )s'{t) dt . 
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Since s’(t) = ||a'(f)|| and a’(f) = -a sin t i + a COS tj -f bk, we have s’(t) = Va 2 + b 2 
and hence 

M = \j a 2 + b 2 J (s' + b 2 f~) dt = Va 2 + b 2 ^ lira 2 + - n 3 b 2 ^j . 

In this example the z-coordinate f of the center of mass is given by 

SM = f z(x 2 + y 2 + z"> t/s = Va 2 + b 2 P* bl(a 2 + b 2 ! 2 ) dt 
= bVa 2 + b 2 (277 V + 477 4 b 2 ). 

The coordinates x and y are requested in Exercise 15 of Section 10.9. 

Line integrals can be used to define the moment of inertia of a wire with respect to an 
axis. If $(jc, y, z) represents the perpendicular distance from a point (x, y, z) of C to an 
axis L, the moment of inertia I L is defined to be the line integral 

I L = J c 6%x, y, z)<p(x, y, z) ds, 

where c f(x, y, z) is the density at (x, y, z). The moments of inertia about the coordinate 
axes are denoted by I„ /„ and /,. 

example 2. Compute the moment of inertia l 2 of the spiing coil in Example 1. 

Solution. Here b 2 (x, y, z) = x 2 + y 2 = a 2 and (p(x, y, z) = x 2 + y 2 + z 2 , so we have 

I z = \ c (x 2 + y 2 )(x 2 + y 2 + z 2 ) ds = a 2 j c (x 2 + y 2 + z") ds = Ma 2 , 
where M is the mass, as computed in Example 1. 


10.9 Exercises 

1. A force field f in 3-space is given by /(x, y, z) = xi + yj + (xz — y)k . Compute the work 

done by this force in moving a particle from (0, 0, 0) to (1, 2,4) along the line segment joining 

these two points. 

2. Find the amount of work done by the force f(x, y) = (x 2 — y 2 )i + 2xyj in moving a particle 

(in a counterclockwise direction) once around the square bounded by the coordinate axes and 

thelinesx =aandy =a,a >0. 

3. A two-dimensional force fieldfis given by the equation /(x, y) = cxyi + x e y 2 j, where c is a 
positive constant. This force acts on a particle which must move from (0, 0) to the line x = 1 
along a curve of the fomr 

y = ax 6 , where a > 0 and b >0 . 

Find a value of a (in terms of c) such that the work done by this force is independent of b. 

4. A force field/in 3-space is given by the formula/(x, y, z) = yzi + xzj + x(y + 1 )k. Calculate 
the work done by fin moving a particle once around the triangle with vertices (0, 0, 0), (1, 1, 1), 
(-1, 1, -1) in that order. 



332 


Line integrals 


5. Calculate the work done by the force field ffx, y, z) = (y — z)i + (z — x)j + (x — y)k along 
the curve of intersection of the sphere x 2 + y 2 + z 2 = 4 and the plane z = y tan 0, where 
0 < 0 < 7t/2 . The path is transversed in a direction that appears counterclockwise when 
viewed from high above the xy-plane. 

6. Calculate the work done by the force field f(x, V, z) = j 2 / + z 2 j + x 2 k along the curve of 
intersection of the sphere x 2 + y 2 + z 2 = a 2 and the cylinder x 2 + y 2 = ax, where z > 0 and 
a > 0. The path is traversed in a direction that appears clockwise when viewed from high 
above the xy-plane. 

Calculate the line integral with respect to arc length in each of Exercises 7 through 10. 

7. (x + y) ds, where C is the triangle with vertices (0, 0), (1, 0), and (0, 1), traversed in a 
counterclockwise direction. 

8 . Jpj 2 ds, where C has the vector equation 

aft) = aft — sin t)l + af 1 — cos t)j, 0 < t < 2n. 

9. (x 2 + y 2 ) ds , where C has the vector equation 

aft) = fl(cOS t + t sin t)i + a(sin t — t cos t)j, 0 < / < 2ir. 

10. Jp z ds, where C has the vector equation 

aft) = tcosti + tsintj + tk, 0 <, t <t 0 . 

11. Consider a uniform semicircular wire of radius a. 

(a) Show that the centroid lies on the axis of symmetry at a distance 2a/-Jr from the center. 

(b) Show that the moment of inertia about the diameter through the end points of the wire 
is \Ma 2 , where M is the mass of the wire. 

12. A wire has the shape of the circle x 2 + y 2 = a 2 . Determine its mass and moment of inertia 
about a diameter if the density at (x, y) is |x| + |_y| . 

13. Find the mass of a wire whose shape is that of the curve of intersection of the sphere x 2 + J 2 + 
z 2 = 1 and the plane x + j + z = 0 if the density of the wire at (x, y, z) is x 2 . 

14. A uniform wire has the shape of that portion of the curve of intersection of the two surfaces 
x 2 + y 2 = z 2 and_y 2 = x connecting the points (0. 0,0) and (1, 1, sjl). Find the z-coordinate 
of its centroid. 

15. Determine the coordinates x Study of the center of mass of the spring coil described in Example 
1 of Section 10.8. 

16. For the spring coil described in Example 1 of Section 10.8, compute the moments of inertia I x 
and I y . 

10.10 Open connected sets. Independence of the path 

Let S be an open set in R”. The set S is called connected if every pair of points in S can be 
joined by a piecewise smooth path whose graph lies in S. That is, for every pair of points a 
and b in S there is a piecewise smooth path a defined on an interval [a, b] such that aft) E S 
for each t in [a, b], with afa) = a and a(b) = b. 

Three examples of open connected sets in the plane are shown in Figure 10.3. Examples 
in 3-space analogous to these would be (a) a solid ellipsoid, (b) a solid polyhedron, and (c) 
a solid torus; in each case only the interior points are considered. 
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An open set S is said to be disconnected if 5 is the union of two or more disjoint non¬ 
empty open sets. An example is shown in Figure 10.4. It can be shown that the class of 
open connected sets is identical with the class of open sets that are not disconnected.? 

Now let f be a vector field that is continuous on an open connected set S. Choose two 
points a and b in S and consider the line integral off from a to A along some piecewise 
smooth path in S. The value of the integral depends, in general, on the path joining a to A. 
For some vector fields, the integral depends only on the end points a and b and not on the 
path which joins them, hi this case we say the integral is independent of the path from a to b. 
We say the line integral off is independent of the path in S if it is independent of the path from 
a to b for every pair of points a and b in S. 


i_r* 

(b) (c) 

Examples of open connected sets. Figure 10.4 A disconnected set S, the 

union of two disjoint circular disks. 

Which vector fields have line integrals independent of the path? To answer this question 
we extend the first and second fundamental theorems of calculus to line integrals. 




10.11 The second fundamental theorem of calculus for line integrals 

The second fundamental theorem for real functions, as proved in Volume I (Theorem 
5.3), states that 

dt = <p(b ) - 9 7 (a) , 

provided that <p' is continuous on some open interval containing both a and b. To extend 
this result to line integrals we need a slightly stronger version of the theorem in which 
continuity of <p is assumed only in the open interval (a, b). 

theorem 10.2. Let <p be a realfunction that is continuous on a closed interval [a, b] and 
assume that the integral y'(t) dt exists. I f tp is continuous on the open interval (a. b), we 
have 

S* <p'(t) dt = <p(b) - <p(a ). 

Proof. For each x in fa, b] define f(x) = J* cp'(t ) dt . We wish to prove that 

(10.2) f(b)= <p(b)~<P(a). 


j For a further discussion of connectedness, see Chapter 8 of the author’s Mathematical Analysis, Addison- 
Wesley, Reading, Mass., 1957. 
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By Theorem 3.4 of Volume I,/is continuous on the closed interval [a, b]. By Theorem 5.1 
of Volume I,/is differentiable on the open interval (a, b), with f'(x ) = (p '(x) for each x 
in (a, b). Therefore, by the zero-derivative theorem (Theorem 5.2 of Volume I), the 
difference / — c/, is constant on the open interval (a, b). By continuity, f — (f is also 
constant on the closed interval [a, b]. In particular, f(b) — <p{b) =f(a) — cp(a). But 
since /(a) = 0 , this proves ( 10 . 2 ). 

THEOREM 10.3. SECOND FUNDAMENTAL THEOREM OF CALCULUS FOR LINE INTEGRALS. 

Let rp be a differentiable scalar field with a continuous gradient Vcp on an open connected set 
S in R" . Then for any two points a and b joined by a piecewise smooth path a in S we have 

,L V<p-da = ffh) - 99(a ). 

Proof. Choose any two points a and b in S and join them by a piecewise smooth path a 
in S defined on an interval fa, b]. Assume first that a is smooth on fa, b]. Then the line 
integral of V 93 from a to b along a is given by 

J o V99 • da = £ V(p[a(t)] • a'(t) dt 

By the chain rule we have 

V<p[a(f)] -a'(0 =g\t), 

where g is the composite function defined on fa, b] by the formula 

g(0 =<pM01 . 

The derivative g is continuous on the open interval (a, b) because V (p is continuous on S 
and a is smooth. Therefore we can apply Theorem 10.2 to g to obtain 

j* V99 • da - £ g '(0 dt - g(b) - g(a) = <p[ct{b)] - <p[a(a)] = <p(b) - <p(a). 

This proves the theorem if a is smooth. 

When a is piecewise smooth we partition the interval fa, b] into a finite number (say r) 
of subintervals [ 4 -i , t k ], in each of which a is smooth, and we apply the result just proved 
to each subinterval. This gives us 

r v<p=i i Co v<? =js {?[«(**)] ~ =?<» - 99(a), 

as required. 

As a consequence of Theorem 10.3 we see that the line integral of a gradient is inde¬ 
pendent of the path in any open connected set S in which the gradient is continuous. For a 
closed path we have b = a, so (f (b) — <f {a) = 0. In other words, the line integral of a 
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continuous gradient is zero around every piecewise smooth closed path in S. In Section 10.14 
we shall prove (in Theorem 10.4) that gradients are the only continuous vector fields with 
this property. 


10.12 Applications to mechanics 

If a vector field f is the gradient of a scalar field <p, then cp is called a potential function 
for f In 3-space, the level sets of (p are called equipotential sutfaces; in 2-space they are 
called equipotential lines. (If cp denotes temperature, the word “equipotential” is replaced 
by “isothermal”; if (f denotes pressure the word “isobaric” is used.) 


example 1. In 3-space, let <p{x, y, z) = r n , where r = ( X 2 + y 2 + z 2 )'^. For every 
integer n we have 


V(r") = nr n ~ 2 r. 


where r = xi + yj + zk . (See Exercise 8 of Section 8.14.) Therefore (f is a potential of 
the vector field 

f(x, y,z) = nr n ~ 2 r. 

The equipotential surfaces of cp are concentric spheres centered at the origin. 

example 2. The Newtonian potential. Newton’s gravitation law states that the force f 
which a particle of mass M exerts on another particle of mass m is a vector of length 
GmMfr 2 , where G is a constant and r is the distance between the two particles. Place the 
origin at the particle of mass M, and let r = xi + yj + zk be the position vector from the 
origin to the particle of mass m. Then r = |||*|| and —Y/r is a unit vector with the same 
direction as f, SO Newton’s law becomes 


f = —GmMr~ 3 r 

Taking n = — 1 in Example 1 we see that the gravitational force f is the gradient of the 
scalar field given by 

<p{x, y, z) = GmMr~ x . 

This is called the Newtonian potential. 

The work done by the gravitational force in moving the particle of mass m from 
(*i > >’l» Zi) to (x 2 , y 2 , Z 2 ) is 

f(xi, JT, Zi) - <p(x 2 , y 2 , Z 2 ) = GmM (- - - 

VT r 

where r 1 = (x 2 + y 2 + z 2 ) l A and r 2 = (x 2 + y 2 + Z 2 ) 1 -^. If the two points lie on the same 

equipotential surface then iq = r 2 and no work is done. 

example 3. Theprinciple of conservation of mechanical energy. Let f be a continuous force 
field having a potential cp in an open connected set S. Theorem 10.3 tells us that the work 

done by fin moving a particle from a to x along any piecewise smooth path in S is 
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<p(x) — rp(a), the change in the potential function. In Example 2 of Section 10.6 we proved 
that this work is also equal to the change in kinetic energy of the particle, k(x) — k(a) 
where k(x) denotes the kinetic energy of the particle when it is located at x. Thus, we have 

k(x) - k(a ) = (p(x) - 99(a ), 

or 

( 10 . 3 ) k(x) — (p(x) = k(a) — 93(a). 

The scalar — 93 (x) is called the potential energy f of the particle. 

If a is kept fixed and x is allowed to vary over the set S, Equation (10.3) tells us that the 
sum of k(x) and — fp(x) is constant. In other words, if a force field is a gradient, the sum 
of the kinetic andpotential energies of aparticle moving in this field is constant, hi mechanics 
this is called the principle of conservation of (mechanical) energy. A force field with a 
potential function is said to be conservative because the total energy, kinetic plus potential, 
is conserved. In a conservative field, no net work is done in moving a particle around a 
closed curve back to its starting point. A force field will not be conservative if friction or 
viscosity exists in the system, since these tend to convert mechanical energy into heat 
energy. 


10.13 Exercises 

1. Determine which of the following open sets S in R 2 are connected. For each connected set, 
choose two arbitrary distinct points in S and explain hOW you would find a piecewise smooth 
curve in S connecting the two points. 

(a) S = {(x,y) | a: 8 + y 2 > 0}. (c) S’ = {(*, y) I x 2 + f < 1} . 

(b) S = {(x, y) I x 2 + y 2 > O}. (d) S = {(x, y) I 1 < x 2 + y 2 < 2). 

(e) S = {(*,/) | x 2 + y 2 > 1 and (x - 3) 2 + y 2 > 1}. 

(f) S = {(*,_)') | x 2 + / < 1 o r (x - 3) 2 + / < 1}. 

2. Given a two-dimensional vector field 


fix, y) = P(x, y)i + Q(x, y)j, 


where the partial derivatives dPjdy and dQj dx are continuous on an open set S. If f is the 
gradient of some potential <p, prove that 


SP _ dQ 

3y ~ dx 

at each point of S. 

3. For each of the following vector fields, use the result of Exercise 2 to prove that / is not a 
gradient. Then find a closed path C such that § c f ^ 0. 

(a) f{x, y) = yi - xi. 

(b) fix, y) = yi + (xy - x)j. 


4. Given a three-dimensional vector field 


fix, y, z) = Pix, y, z)i + Q(x, y, z)j + i?(x, y, z)k, 


t Some authors refer to —93 as the potential function of/so that the potential energy at x will be equal to the 
value of the potential function 93 at x. 
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where the partial derivatives 

dP dP dQ dQ dR dR 

dy ’ dz ' dx ’ dz ’ dx ’ dy ’ 

are continuous on an open set S. Iffis the gradient of some potential function <p, prove that 

dP _ dQ 3P _3R dQ d_R 

dy dx ’ dz dx ’ dz = dy 

at each point of S, 

5. For each of the following vector fields, use the result of Exercise 4 to prove that / is not a 
gradient. Then find a closed path C such that § c f ^ 0. 

(a) f(x, y, z) = yi +xj +xk. 

(b) ffx, y, z) = xyi + (x 2 + 1 )j + z 2 k. 

6. A force field f is defined in 3-space by the equation 

f(x,y, z) = yi + zj+yzk. 

(a) Determine whether or not fis conservative. 

(b) Calculate the work done in moving a particle along the curve described by 

aft) = cos ti + sin tj+ e t k 

as t runs from 0 to n. 

7. A two-dimensional force field F is described by the equation 

F(x, y) = (x + y)i + (x — y)j- 

(a) Show that the work done by this force in moving a particle along a curve 

<*(0 = /(f)* + a <t <b, 

depends only on f(a),f(b), g{a),g ( b ). 

(b) Find the amount of work done when f(a) = 1, f(b) = 2, g(a) = 3, g(b) = 4. 

8. A force field is given in polar coordinates by the equation 

F(r,0) = -4 sin d i + 4 sin 0j. 

Compute the work done in moving a particle from the point (1,0) to the origin along the spiral 
whose polar equation is r = e~ 9 . 

9. A radial or “central” force field F in the plane can be written in the form F(x, y) = f(r)r, 
where r = xi + yj and r = ||r|| . Show that such a force field is conservative. 

10. Find the work done by force F(x, v) = (3_y 2 + 2)i + 16xj. in moving a particle from (—1,0) 
to (1, 0) along the upper half of the ellipse b 2 x 2 + y 2 = b 2 . Which ellipse (that is, which 
value of b) makes the work a minimum? 


10.14 The first fundamental theorem of calculus for line integrals 

Section 10.11 extended the second fundamental theorem of calculus to line integrals. 
This section extends the first fundamental theorem. We recall that the first fundamental 
theorem states that every indefinite integral of a continuous function / has a derivative 
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equal to f. That is, if 

fix) = />) dt ’ 

then at the points of continuity off we have 

(p\x) =f(x). 

To extend this theorem to line integrals we begin with a vector field f, continuous on an 
open connected set S, and integrate it along a piecewise smooth curve C from a fixed 
point a in S to an arbitrary point x. Then we let <p denote the scalar field defined by the line 
integral 

f(x) = ja f ' da ’ 


where a describes C. Since S is connected, each point x in S can be reached by such a 
curve. For this definition of <p{x) to be unambiguous, we need to know that the integral 
depends only on x and not on the particular path used to join a to x. Therefore, it is natural 
to require the fine integral off to be independent of the path in S. Under these conditions, 
the extension of the first fundamental theorem takes the following form: 


THEOREM 10.4. FIRST FUNDAMENTAL THEOREM FOR LINE INTEGRALS. Let f be U VeCtOY 

field that is continuous on an open connected set S in R”, and assume that the line integral off 
is independent of the path in S. Let a be a fixed point of S and define a scalar field tp on S by 
the equation 

<P(x) = j a f-da, 

where a is any piecewise smooth path in S joining a to x. Then the gradient of tp exists and is 
equal to f j that is, 

Vcp(x) = f(x) for every x in S , 

Proof We shall prove that the partial derivative D k q>(x) exists and is equal to f k (x), 
the kth component of f(x), for each k = 1,2, , n and each x in S. 

Let B(X] r) be an n-ball with center at X and radius r lying in S. 11 y is a unit vector, the 
point x + hy also lies in S for every real h satisfying 0 < \h\ < r, and we can form the 
difference quotient 

(fix + hy) - f(x) 
h 

Because of the additive property of line integrals, the numerator of this quotient can be 
written as 

fix + hy) - (p{x) = j '* +hy f- da, 

and the path joining X to X + hy can be any piecewise smooth path lying in S. In particular, 
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we can use the line segment described by 

a(t) = x + thy, where 0 < t < 1. 
Since ci’(t) = hy , the difference quotient becomes 


(10.4) 


+ y - **) = f */(» + 

h Jc 


Now we take y = e k , the kth unit coordinate vector, and note that the integrand becomes 
f(x + thy) . y = f k (x + the,). Then we make the change of variable u = ht , du = h clt , 
and we write (10.4) in the form 


g(/Q - g(0) 

h 


. n + he k ) — w(x) 1 f* , _ 

(10.5) --f-— = 7 f k (x + ue k ) du = ■ 

h h Jo 

where g is the function defined on the open interval (-r, r) by the equation 

pit) = j 0 Ux + ue k ) du . 

Since each component f k is continuous on S, the first fundamental theorem for ordinary 
integrals tells us that g’(t) exists for each t in (-r, r) and that 

g'(0 =fk(x + te k ) . 

In particular, g'(0) = f k (x). Therefore, if we let h —r 0 in (10.5) we find that 
(fix + he k ) - <p(x) _ g(h) - g(0) _ 


lim 

h-> 0 


h 


= f 


h 


= g’(0) = f k {x). 


This proves that the partial derivative D k <f>(x ) exists and equals f k (x), as asserted. 


10.15 Necessary and sufficient conditions for a vector field to be a gradient 

The first and second fundamental theorems for line integrals together tell us that a 
necessary and sufficient condition for a continuous vector field to be a gradient on an open 
connected set is for its line integral between any two points to be independent of the path. 
We shall prove now that this condition is equivalent to the statement that the line integral 
is zero around every piecewise smooth closed path. All these conditions are summarized in 
the following theorem. 

THEOREM 10.5. NECESSARY AND SUFFICIENT CONDITIONS FOR A VECTOR FIELD TO BE A 

gradient. Let f be a vector field continuous on an open connected set S in R ,! . Then the 
following three statements are equivalent. 

(a) / is the gradient of somepotentialfinction in S. 

(b) The line integral off is independent of the path in S. 

(c) The line integral off is zero around every piecewise smooth closedpath in S. 
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Proof. We shall prove that (b) implies (a), (a) implies (c), and (c) implies (b). State¬ 
ment (b) implies (a) because of the first fundamental theorem. The second fundamental 
theorem shows that (a) implies (c). 

To complete the proof we show that (c) implies (b). Assume (c) holds and let Cj and C 2 
be any two piecewise smooth curves in S with the same end points. Let C 1 be the graph of a 
function a defined on an interval [a, b], and let C 2 be the graph of a function (3 defined on 

[C, d). 

Define a new function y as follows: 


Y(0 


«(0 

fi{b + d — 0 


if a <; t <b, 

if b <. t <. b + d — c. 


Then y describes a closed curve C such that 


$c f ' dy= L/' da ~L/' d p- 


Since j> c f ■ dy = Q because of (c), we have f ■ da = IcJ’dfi, so the integral off is 
independent of the path. This proves (b). Thus, (a), (b), and (c) are equivalent. 

Note: \f § c f 7 ^ 0 for a particular closed curve C, then f is not a gradient. However, 
if a line integral f c f is zero for a particular closed curve C or even for infinitely many 
closed curves, it does not necessarily follow that f is a gradient. For example, the reader 
can easily verify that the line integral of the vector field f(x, y) = xi + xyj is zero for every 
circle C with center at the origin. Nevertheless, this particular vector field is not a 
gradient. 


10.16 Necessary conditions for a vector field to be a gradient 

The first fundamental theorem can be used to determine whether or not a given vector 
field is a gradient on an open connected set S. If the line integral off is independent of the 

path in S, we simply define a scalar field (f by integrating f from some fixed point to an 

arbitrary point X in S along a convenient path in S. Then we compute the partial derivatives 
of <p and compare D k (f with f k , the kth component off. If D k (p(x) = f k (x) for every X in 
S and every k, then f is a gradient on S and (p is a potential. If D 1c tp(x) f k (x) for some k 
and some x, then f is not a gradient on S. 

The next theorem gives another test for determining when a vector field f is not a gradient. 

This test is especially useful in practice because it does not require any integration. 


THEOREM 10.6. NECESSARY CONDITIONS FOR A VECTOR FIELD TO BE A GRADIENT. Let 
f — (f , . f n ) be a continuously differentiable vector field on an open set S in R”. Iff is a 

gradient on S, then the partial derivatives of the components off are related by the equations 

(10.6) Dif f (x) = Dfifx) 


for i,j = 1,2, ..., n and every x in S. 
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Proof. If / is a gradient, then / = V 99 for some potential function (p. This means that 


fi = 


foreachj= 1,2 Differentiating both members of this equation with respect to x, 

we find 

Difj = DiDjff . 

Similarly, we have 


Djfi = DjDi(p. 


Since the partial derivatives D t fj and Djf are continuous on S, the two mixed partial 
derivatives DiDyf and DjD^f must be equal on S. This proves (10.6). 

example 1. Determine whether or not the vector field 

f(x, y) = 3 x 2 yi + x 3 yj 

is a gradient on any open subset of R 2 . 

Solution. Here we have 


Ii(x, y) = 3 x 2 y, f 2 (x, y) = x 3 y. 

The partial derivatives D 2 fi and D±f 2 are given by 

D ifi(x,y) = 3x 2 , DJ 2 (x, y) =3 x 2 y. 

Sin.ce D 2 f±(x, y) ^ D l f 2 (x, y) except when x = 0 or y = 1, this vector field is not a 
gradient on any open subset of R 2 , 


The next example shows that the conditions of Theorem 10.6 are not always sufficient 
for a vector field to be a gradient. 


example 2. Let S be the set of all (x, y) (0, 0) in R 2 , and let f be the vector field 
defined on S by the equation 


fix, y) 


~y 

2 1 2 

X + y‘ 


i + 


x 

2 1 2*^ ' 

x z + y 


Show that D 1 f l = D 2 /j everywhere on S but that, nevertheless, f is not a gradient on S. 


Solution. The reader can easily verify that D l f. i (x, y) = y) for all (x, y) in S. 

(See Exercise 17 in Section 10.18.) 

To prove thatfis not a gradient on S we compute the line integral offaround the unit 
circle given by 


o(/) = cos ti + sin tj, 


0 < t < 2 tt . 
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We obtain 

j>f- da = /[a(t)] • a'(t) dt = j" o (sin 2 t + cos 2 /) dt = 2 tt . 

Since the line integral around this closed path is not zero, f is not a gradient on S. Further 
properties of this vector field are discussed in Exercise 18 of Section 10.18. 

At the end of this chapter we shall prove that the necessary conditions of Theorem 10.6 
are also sufficient if they are satisfied on an open convex set. (See Theorem 10.9.) 


10.17 Special methods for constructing potential functions 

The first fundamental theorem for line integrals also gives us a method for constructing 
potential functions. If f is a continuous gradient on an open connected set S, the line 
integral off is independent of the path in S. Therefore we can fmd a potential <p simply by 
integrating f from some fixed point a to an arbitrary point X in S, using any piecewise 
smooth path lying in S. The scalar field so obtained depends on the choice of the initial 
point a. If we start from another initial point, say b , we obtain a new potential ip. But, 
because of the additive property of line integrals, <p and ip can differ only by a constant, 
this constant being the integral off from a to b. 

The following examples illustrate the use of different choices of the path of integration. 


(a, y) (x, y) 

I-T 


*- 1 

(a, b ) - (x, b) 


Figure 10.5 Two polygonal paths from (a, b) to (x, y). 

example 1. Construction of a potential on an open rectangle. If f is a continuous gradient 
on an open rectangle in R", a potential cp can be constructed by integrating from a fixed 
point to an arbitrary point along a set of line segments parallel to the coordinate axes. 
A two-dimensional example is shown in Figure 10.5. We can integrate first from (a, b) to 
(x, b) along a horizontal segment, then from (x, b ) to (x, y ) along a vertical segment. 
Along the horizontal segment we use the paramedic representation 


a(t) = ti + bj, 


a <.t <x 
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and along the vertical segment we use the representation 

a(t) = xi + tj, b < t < y. 

y) = f\(x, y)i + fix, y)j , the resulting fomiula for a potential (p{x, y) is 


(10.7) (p{x, y) = b) dt + j l t ) dt. 

We could also integrate first from (a, b) to {a, y) along a vertical segment and then from 
{a, y) to (x, y) along a horizontal segment as indicated by the dotted lines in Figure 10.5. 
This gives us another formula for (p{x, y), 


(iO. 8 ) <f(x, y) = f 2 (a, t) dt + /" fft, y) dt. 

Both formulas (10.7) and (10.8) give the same value for <p(x, y) because the line integral 
of a gradient is independent of the path. 


example 2. Construction of a potentialfunction by the use of indefinite integrals. The use 
of indefinite integrals often helps to simplify the calculation of potential functions. For 
example, suppose a three-dimensional vector field f = [fi 1 ,f 2 ,/ 3 ) is the gradient of a 
potential function (f on an open set S in R 3 . Then we have 


« J 1 5 J 2 5 

ox oy 


dtp 

dz 


— h 


everywhere on S. Using indefinite integrals and integrating the first of these equations with 
respect to x (holding y and z constant) we find 


<p(x, y,z)=j /i(x, y, z) dx + A (y, z) _ 


where A(y, z) is a “constant of integration” to be determined. Similarly, if we integrate the 
equation dtpjdy = / 2 with respect to y and the equation d(fldz = f s with respect to z we 
obtain the further relations 

(fix, z) = j fix, y, z) dy + B(x, z) 

and 


(fix, y, z) = j fix, y, z) dz + C'(x, y) , 

where B(x, z) and C(x, y) are functions to be determined. Finding (f means finding three 
functions A(y, z), B(x, z), and C(x, y) such that all three equations for <p{x, y, z) agree in 
their right-hand members. In many cases this can be done by inspection, as illustrated by 
the following example. 
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example 3. Find a potential function (f for the vector field defined on R 3 by the equation 

f(x, y, z) = (2 xyz + z 2 — 2y 2 + l)i + (x 2 z — 4xy)j + (x 2 y + 2xz — 2)k. 

Solution. Without knowing in advance whether or not f has a potential function (p , we 
try to construct a potential as outlined in Example 2, assuming that a potential <f exists. 
Integrating the component f\ with respect to x we find 

(fix, y, z) = | (2 xyz + z 2 — 2y 2 + 1) dx + A(y , z) = x 2 yz + xz 2 — 2 xy 2 + x + /l(y, z). 

Integrating / 2 with respect to V, and then / 3 with respect to z, we find 

(fix, z) = j (x 2 z — 4xy) dy + B(x, z) = x 2 yz — 2xy 2 + B(x, z), 

y, z) = j (x 2 y + 2xz — 2) dz + C(x, j) = x 2 yz + xz 2 — 2 z + C(x, y). 

By inspection we see that the choices A(y, z) = — 2z, B(x, z) = xz 2 + x — 2z, and 
C(x, y) = X — 2xy 2 will make all three equations agree; hence the function (f given by the 
equation 

(fix, y, z) = x 2 yz + xz 2 — 2 xy 2 + x — 2z 
is a potential for f on R 3 . 

example 4. C onstruction of a potential on a convex set. A set S in R" is called convex 
if every pair of points in S can be joined by a line segment, all of whose points lie in S. 
An example is shown in Figure 10.6. Every open convex set is connected. 

Iff is a continuous gradient on an open convex set, then a potential (f can be constructed 
by integratingf from a fixed point a in S to an arbitrary point x along the line segment 
joining a to X. The line segment can be parametrized by the function 

aft) = a + t(x — a), where 0 < t < 1. 

This gives us a'(t) = x — a, so the corresponding potential is given by the integral 

(10.9) (fix) = f /(a + t(x — a)) • (x — a) dt. 

v0 



Convex Not convex 

Figure 10.6 In a convex set S, the segment joining a and h is in S lor all points a and 

b in S. 
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If S contains the origin we can take a = 0 and write (10.9) more simply as 

(10.10) cp(x) = j o f(tx)<xdt. 

10.18 Exercises 

In each of Exercises 1 through 12, a vector fieldfis defined by the formulas given. In each case 
determine whether or not f is the gradient of a scalar field. When / is a gradient, find a correspond¬ 
ing potential function <p. 

1. f(x,y) = xi + yj. 

2. f{x,y) = 3 X 2 yi + x 3 j. 

3. f(x, y) = ( 2xe v + y)i + (xV + x - 2y)j. 

4. f(x,y) = (siny — V Sin X + x )i + (COS X + xcosy + y)j . 

5. f(x, y) = [sin (xy) + xy cos (xy)]i + X 2 cos (xy)j. 

6. f(x, y, z) = xi + yj + zk. 

1. f{x, y, z) = (x + z)i - (y + z)j + (x - y)k . 

8. f(x. y, z) = 2xfi + x 2 z 3 j + 3x 2 yz~k. 

9. f(x,y> z) = 3 y i z 2 i + 4 x 3 z 2 j — 3x 2 y 2 k. 

10. f(x,y, z) = (2x 2 + 8 xy 2 )i + (3 x 3 y — 3 xy)j — (4 y 2 z 2 + 2x 3 z)k. 

u - fix, y, z) = (y 2 cos x + z 3 )i — (4 — 2y sin x)j + (3xz 2 + 2)k. 

12. fix, y, Z) = (4 xy - 3x 2 z 2 + l)i + 2(x 2 + l)j - (2x 3 z + 3 z 2 )k. 

13. A fluid flows in the xy-plane, each particle moving directly away from the origin. If a particle 
is at a distance r from the origin its speed is ar n , where a and n are constants. 

(a) Determine those values of a and n for which the velocity vector field is the gradient of 
some scalar field. 

(b) Find a potential function of the velocity whenever the velocity is a gradient. The case 
n = -1 should be treated separately. 

14. If both <f and ip are potential functions for a continuous vector field f on an open connected 

set S in R” ; prove that <p — ip is constant on S. 

15. Let S be the set of all x ^ 0 in R n . Let r = ||x|| , and let f be the vector field defined on S by 

the equation 

f(x) - r v x, 


where p is a real constant. Find a potential function for f on S. The case p = -2 should be 
treated separately. 

16. Solve Exercise 15 for the vector field defined by the equation 


fix) = 



where g is a real function with a continuous derivative everywhere on R 1 , 

The following exercises deal with the vector field f defined on the set S of all points (x, y) #(0,0) 
in R 2 by the equation 

y . _. 

X 2 +y 2 ' + X 2 +y iJ ' 


fix, y) = - 
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In Example 2 of Section 10.16 we showed that f is not a gradient on S, even though f 2 = /) 2 /i 
everywhere on S. 

17. Verify that for every point (x, y) in S we have 

y~ — x~ n 

UJ*(x,y) = Dzfi(x,y) = - (x2 + y2)2 ~. 

18. This exercise shows that f is a gradient on the set 

r=R 2 -{(x,j)|y =0, *<^0}, 

consisting of all points-in the xy-plane except those on the nonpositive x-axis. 

(a) If (x, y) G T , express x and y in polar coordinates, 

X = rcos d, y = r sin 0, 

wherer > Oand — tt < 8 < tt , Prove that d is given by the formulas 


( f Y 

arctan - 
x 

* 

Y 

I arctan - + tt 

\ x 


if X > 0, 
if x = 0, 
if x < 0. 


[Recall the definition of the arc tangent function: For any real t, arctan t is the unique real 

number tp which satisfies the two conditions tan <p = t and — tt/2 < <p < 7t/2 . ] 

(b) Deduce that 

ae _ y dd _ x 

dx x 2 +y 2 ’ Sy ~ X 2 + y 2 

for all (x, y) in T. This proves that 6 is a potential function for f on the set T. 

This exercise illustrates that the existence of a potential function depends not only on the 
vector field f but also on the set in which the vector field is defined. 


10.19 Applications to exact differential equations of first order 

Some differential equations of the first order can be solved with the aid of potential 
functions. Suppose we have a first-order differential equation of the form 

y'= fix, y). 

If we multiply both sides by a nonvanishing factor Q(x , y) we transform this equation 
to the fomi Q(x, y)y' — f{x , }’)Q(x, y) = 0. If we then write P(x, y) for — f(x, y)Q(x, y) 
and use the Leibniz notation for derivatives, writing dy/dx for y’, the differential equation 
takes the form 


( 10 . 11 ) 


P(x, j) dx + Q(x, y)dy = 0. 
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We assume that P and Q are continuous on some open connected set S in the plane. 
With each such differential equation we can associate a vector field V, where 

V(x, y) - P{x, y)i + Q(x, y)j. 

The components P and Q are the coefficients of dx and dy in Equation (10.11). The differ¬ 
ential equation in (10.11) is said to be exact in S if the vector field 1/ is the gradient of a 
potential; that is, if V(x, y) = V<p(x, y) for each point (x, y) in S, where <p is some scalar 
field. When such a (p exists we have d(pjdx = P and d<pjdy = Q, and the differential 
equation in (10.11) becomes 

dx + ^ dy = 0. 
dx dy 

We shall prove now that each solution of this differential equation satisfies the relation 

(fj(x. y) = C, where C is a constant. More precisely, assume there is a solution Y of the 

differential equation (10.11) defined on an open interval (a, b ) such that the point (x, Y(x)) 

is in S for each x in (a, b). We shall prove that 

cp[x, F(x)] = C 

for some constant C. For this purpose we introduce the composite function g defined on 

(a, b) by the equation 

g(x) - cp[x, F(x)] . 

By the chain rule, the derivative of g is given by 

(10.12) g'(x) - D^x, Y(x)] + D 2 <p[x, Y(x)] Y'{x) = P(x, y) + Q{x,y)y', 

where y = Y(x) and y’ = Y'(x). If y satisfies (10.11), then P(x, y) + Q(x, y)y' = 0, SO 
g’(x) = 0 for each x in (a, b ) and, therefore, g is constant on (a, b). This proves that every 
solution y satisfies the equation <p(x, y) = C. 

Now we may turn this argument around to find a solution of the differential equation. 
Suppose the equation 

(10.13) cp(x,y ) = C 

defines y as a differentiable function of x, say y = Y(x) for x in an interval (a, b), and 
let g(x) = (f[x, Y(x)]. Equation (10.13) implies that g is constant on (a, b). Hence, by 
(10.12), P(x, y) + Q(x, y)y' = 0, so y is a solution. Therefore, we have proved the 
following theorem : 


dep 


theorem 10.7. Assume that the differential equation 


( 10 . 14 ) 


P(x, y) dx + Q(x, y) dy =■ 0 
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is exact in an open connected set S, and let <p be a scalar field satisfying 

&=P and ^=0 
dx dy 

everywhere in S. Then every solution y = Y(x) of (10.14) whosegraph lies in S satisfies the 
equation rp[x, Y(x)] = C for some constant C. Conversely, if the equation 

<p(x,y) = C 

defines y implicitly as a differentiable function of x, then this function is a solution of the 

differential equation (10.14). 

The foregoing theorem provides a straightforward method for solving exact differential 
equations of the first order. We simply construct a potential function <p and then write 
the equation. <p(x, y) = C, where C is a constant. Whenever this equation defines y 
implicitly as a function of x, the corresponding y satisfies (10.14). Therefore we can use 
Equation (10.13) as a representation of a one-parameter family of integral curves. Of 
course, the only admissible values of C are those for which cp(x 0 , y 0 ) = C for some (x 0 , y 0 ) 
in S. 


EXAMPLE 1. Consider the differential equation 

dy = _ 3x 2 + 6xy 2 
dx 6 x 2 y + 4 y 3 

Clearing the fractions we may write the equation as 

(3x 2 + 6x/) dx + (6x 2 j + 4/) dy = 0. 

This is now a special case of (10.14) with P(x, y) = 3x 2 + 6xy 2 and Q(x, y) = 6x 2 y + 4y 3 . 
Integrating P with respect to x and Q with respect toy and comparing results, we find that 
a potential function y is given by the formula 

<p(x, y) = x 3 + 3x 2 y 2 + y 4 . 

By Theorem 10.7, each solution of the differential equation satisfies 

x 3 + 3x 2 y 2 + y i = c 

for some C. This provides an implicit representation of a family of integral curves. In 
this particular case the equation is quadratic in y 2 and can be solved to give an explicit 
formula for y in terns of x and C. 

EXAMPLE 2. Consider the first-order differential equation 


(10.15) 


y dx + 2x dy = 0. 
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Here P(x, y) = y and Q(x, y) = 2x. Since dP/dy = 1 a.nd dQjdx = 2, this differential 
equation is not exact. However, if we multiply both sides by y we obtain an equation 
that is exact: 

(10.16) y 2 dx + 2xydy = 0. 

A potential of the vector field y 2 i + 2 X\'j is (p (x, y) = XV 2 , and every solution of (10.16) 
satisfies the relation xy 2 = C. This relation also represents a family of integral curves for 
Equation (10.15). 

The multiplier y which converted (10.15) into an exact equation is called an integrating 
factor. In general, if multiplication of a first-order linear equation by a nonzero factor 
fl(x, y) results in an exact equation, the multiplier fl(x, y) is called an integrating factor of 
the original equation. A differential equation may have more than one integrating factor. 
For example, /i(x, y) = 2 xy 3 is another integrating factor of (10.15). Some special differ¬ 
ential equations for which integrating factors can easily be found are discussed in the 
following set of exercises. 


10.20 Exercises 

Show that the differential equations in Exercises 1 through 5 are exact, and in each case find a 
one-parameter family of integral curves. 

1. (x + 2y) dx + (2x + y) dy = 0. 

2. 2xy dx + x 2 dy = 0. 

3. (x 2 — y) dx — (x + sin 2 y) dy = 0. 

4. 4 sin x sin 3 y cos x dx — 3 cos 3 y cos lx dy =0 . 

5. (3 x 2 y + 8 xy 2 ) dx + (a' :i + 8 x 2 y + 12 ye v ) dy = 0. 

6. Show that a lineal' first-order equation, y’ + P(x)y = Q(x) , has the integrating factor /i (x) = 
e !P(x)dx 4 Use this to solve the equation. 

7. Let u(x, y) be an integrating factor of the differential equation P(x, y) dx + Q(x. y) dy = 0. 
Show that 

dP dQ d d 

Ty ex = Q Yx [0 ^ fll - p Ty l0 ^ 1 

Use this equation to deduce the following rules for finding integrating factors: 

(a) If (dP/dy — dQldx)/Q is a function of x alone, say j”(x), then e s P x)dx is an integrating 
factor. 

(b) If (SQI dx — dP/ dy)/P is a function ofy alone, say g(y), then j s ^ integrating factor. 

8. Use Exercise 7 to find integrating factors for the following equations, and determine a one- 
parameter family of integral curves. 

(a) y dx — (2x + y) dy = 0. 

(b) (x 3 + y 3 ) dx — xy 2 dy = 0. 

9 If dP I dy ~ dQjdx = f(x)Q(x, y) - g{y)P(x, y), show that exp {J fix) dx + J g(y) dy} is an 
integrating factor of the differential equation P(x, y) dx + Q(x, y) dy = 0. Find such an 
integrating factor for each of the following equations and obtain a one-parameter family of 
integral curves. 

(a) (2x 2 _y + y 2 ) dx + (2x 3 — xy) dy = 0. 

(b) (e x sec y — tany)dx +dy = 0. 
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10. The following differential equations have an integrating factor in common. Find such an 
integrating factor and obtain a one-parameter family of integral curves for each equation. 

(3y + 4xy 2 ) elx + (4x + 5 x 2 y) dy - 0, 

(6 y + x 2 y 2 ) dx — (8x + x 3 y) dy = 0. 

10.21 Potential functions on convex sets 

In Theorem 10.6 we proved that the conditions 

are necessary for a continuously differentiable vector field/ = (/ , . . . ,/ n ) to be a gradient 
on an open set S in R”. We then showed, by an example, that these conditions are not 
always sufficient. In this section we prove that the conditions are sufficient whenever the 
set S is convex. The proof will make use of the following theorem concerning differentiation 
under the integral sign. 

theorem 10.8. Let S be a closed interval in R” with nonempty interior and let J = [a, b] 
be a closed interval in R 1 . Let J n+l be the closed interval S x J in R n+1 . Write each point in 
J n+ 1 as (x, t), where x £ S and t E J, 

(x, ?) = (*!>••• ,X n ,t). 

Assume that yt is a scalarjeld defined on J n+1 such that the partial derivative D k ip is continuous 
onJ n+ 1 , wherekisoneof 1,2 Define a scalarjeld <p on S by the equation 

<P(x) = £ ip(x, t) dt. 

Then the partial derivative D k cp exists at each interior point of S and is given by the formula 

D ,:<((*) = j* D M X , 0 dt. 

In other words, we have 

D k J* f(x, t ) dt = £ D k f(x, t) dt. 

Note: This theorem is usually described by saying that we can differentiate under the 
integral sign. 

Proof. Choose any X in the interior of S. Since int S is open, there is an r > 0 such that 
X + he, e int S for all h satisfying 0 < \h\ < r. Here e k is the kth unit coordinate vector 
in R"\ For such h we have 

9 ix + he k ) - <p(x) = P {tp(x + he,, t) - f(x, t)} dt . 


(10.17) 
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Applying the mean value theorem to the integrand we have 

fix + he k , t ) - ip{x, t ) = h D k ip(z, t), 

where z lies on the line segment joining X and X + lie,. Hence (10.17) becomes 

h Je 

Therefore 

<P( X + he k ) - <p(x) _ f D ^ X ' t) dt _ f {D k f(z, t) - D k ip(x, t)/ dt. 
h Jn Je 

The last integral has absolute value not exceeding 

£ I D k f(z, t ) - D k f(x, t)\ dt <(b- a) max \D k f(z, t) - D k tp{x, f)| 

where the maximum is taken for all z on the segment joining x to x + he,, and all t in 
[a, bj. Now we invoke the uniform continuity of D k on S X / (Theorem 9.10) to conclude 
that for every € > 0 there is a 6 > 0 such that this maximum is <[e/(A — a), whenever 
0 < \h\ < d. Therefore 

<p(x + he k ) - <p(x) C b DMX ' q d{ K e wlhenever o < i h \ < 6 . 

h Ja 

This proves that D k <p(x ) exists and equals D k ip(x, t) dt, as required. 

Now we shall use this theorem to give the following necessary and sufficient condition for 
a vector field to be a gradient on a convex set. 

theorem 10.9. Let /=(/!,..., /„) be a continuously differentiable vector field on an 
open convex set S in R’ ! . Then f is a gradient on S if and only if we have 

(10.18) D k ffx) = Dfffx) 

for each x in S and all k,j = 1,2 , , n. 

Proof. We know, from Theorem 10.6, that the conditions are necessary. To prove 
sufficiency, we assume (10.18) and construct a potential <p on S. 

For simplicity, we assume that S contains the origin. Let <f(x) be the integral of f along 
the line segment from 0 to an arbitrary point x in S. As shown earlier in Equation (10.10) 
we have 

( fi x ) = £/(» ’ X dt = £ fix, t) dt, 
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where y(x, t) = f/txi • x . There is a closed n-dimensional subinterval T of S with non¬ 
empty interior such that ip satisfies the hypotheses of Theorem 10.8 in T x J, where 
J = [0, 1 ]. Therefore the partial derivative D k (f(x) exists for each k = 1 , 2, . . . , n and 
can be computed by differentiating under the integral sign, 

D Mx) = £ D k ip(x, t) dt. 

To compute D k y(x, t), we differentiate the dot product f(tx) ■ X and obtain 

D k f(x, t) — f(tx) • D k x + D k {f(tx )} - x 

= f{tx)'e k + t(D k f l (tx),.. . , D k f n (tx))'X 
= f k (tx) + . . . D n f k {tx))'x, 


where in the last step we used the relation (10.18). Therefore we have 

D k y(x, t , =f k (tx) + tVf k (tx). x. 

Now let g(t ) = f k (tx ) . By the chain rule we have 

g'{t) = Vf k (tx ) • x 

so the last formula for D k f(x, t) becomes 

D k yt(x, t ) = git) + tg’(t ). 

Integrating this from 0 to 1 we find 


(10.19) D k <p(x)= £ D k y(x, 

We integrate by parts in the last integral 

dt = tg(t ) *- 

Therefore (10.19) becomes 


t) = £ g(t) dt + £ tg'{t) dt . 

to obtain 


Jo g(0 dt = g(l) - £ g (t) dt. 


DMx) - gO) = f k {x). 


This shows that V 99 = f on S, which completes the proof. 
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11.1 Introduction 

Volume 1 discussed integrals f(x) dx, first for functions defined and bounded on finite 
intervals, and later for unbounded functions and infinite intervals. Chapter 10 of Volume 

II generalized the concept by introducing line integrals. This chapter extends the concept in 
yet another direction. The one-dimensional interval [a, b\ is replaced by a two-dimensional 
set Q, called the region of integration. First we consider rectangular regions; later we 
consider more general regions with curvilinear boundaries. The integrand is a scalar field / 
defined and bounded on Q. The resulting integral is called a double integral and is denoted 
by the symbol 

///• or by jjf(x,y)dxdy. 

Q Q 

As in the one-dimensional case, the symbols dx and dy play no role in the definition of the 
double integral; however, they are useful in computations and transformations of integrals. 

The program in this chapter consists of several stages. First we discuss the definition of 
the double integral. The approach here is analogous to the one-dimensional case treated in 
Volume I. The integral is defined first for step functions and then for more general 
functions. As in the one-dimensional case, the definition does not provide a useful 
procedure for actual computation of integrals. We shall fmd that most double integrals 

occurring in practice can be computed by repeated one-dimensional integration. We shall 
also find a connection between double integrals and line integrals. Applications of double 
integrals to problems involving area, volume, mass, center of mass, and related concepts 

are also given. Finally, we indicate how the concepts can be extended to n-space. 


11.2 Partitions of rectangles. Step functions 

Let Q be a rectangle, the Cartesian product of two closed intervals [a, b] and [c, d], 

Q = [a, b] x [ c , d] = {(x, y) j x e [a, b] and y 6 [c, d]}. 

An example is shown in Figure 11 .1. Consider two partitions P x and P 2 of [a, b] and [c, d], 
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Figure 11.1 A rectangle Q, the Cartesian FIGURE 11.2 A partition of a rectangle Q. 

product of two intervals. 

respectively, say 

= {*o > » • • • > l > n} and P 2 = 0’<> > Ti > ■ • ■ > ^m-i > Tm} > 

where x 0 = a, x„ = b , V’ 0 = c, y m = d. The Cartesian product P 2 x P 2 is said to be a 
partition of Q. Since P l decomposes [a, b] into n subintervals and P 2 decomposes [c, d] into 
m subintervals, the partition P = P 1 x P 2 decomposes Q into mn subrectangles. Figure 
11.2 illustrates an example of a partition of Q into 30 subrectangles. A partition P’ of Q 
is said to be finer than P if P c P\ that is, if every point in P is also in P 

The Cartesian product of two open subintervals of P y and P 2 is a subrectangle with its 
edges missing. This is called an open subrectangle of P or of Q. 

definition of step function. A function f dejined on a rectangle Q is said to be a step 
function if a partition P of Q exists such that f is constant on each of the open subrectangles 

ofP. 

The graph of an example is shown in Figure 11.3. Most of the graph consists of horizontal 
rectangular patches. A step function also has well-defined values at each of the boundary 


z 



Figure 1 1 .3 The graph of a step function defined on a rectangle Q. 
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points of the subrectangles, but the actual values at these points are not relevant to integra¬ 
tion theory. 

Iff and g are two step functions defined on a given rectangle Q, then the linear combina¬ 
tion c x f + c%g is also a step function. In fact, if P and P' are partitions of Q such that / Ls 
constant on the open subrectangles of P and g is constant on the open subrectangles of P\ 
then c- L f + c.,g is constant on the open subrectangles of the union PUP' (which we may 
call a common refinement of P and P’). Thus, the set of step functions defined on Q forms 
a linear space. 

11.3 The double integral of a step function 

Let P = P x x P 2 be a partition of a rectangle Q into mn subrectangles and letfbe a step 
function that is constant on the open subrectangles of Q. Let the subrectangle determined 
by [x^, X,] and , fj] be denoted by Q (j and let c tj denote the constant value that f 
takes at the interior points of Q tj . Iffis positive, the volume of the rectangular box with 
base Qij and altitude c i} is the product 

c n ' (x t - • 

For any step function f, positive or not, the sum of all these products is defined to be the 
double integral off over Q. Thus, we have the following definition. 

definition of the double integral of a step function. Let f be a step function which 
takes the constant value c {j on the open subrectangle (x^, X,) x x , y^ of a rectangle Q. 
The double integral off over Q is dejined by the formula 

n m 

( 1L1 ) j j / = 11 c u • ( x i - xt-iXyryi-i) ■ 

Q i=1 ? ' =1 

As in the one-dimensional case, the value of the integral does not change if the partition 
P is replaced by any finer partition P’. Thus, the value of the integral is independent of the 
choice of P so long as / is constant on the open subrectangles of Q. 

For brevity, we sometimes write Ax* instead of (x ; — X^) and Ainstead of ( y } — y } _j), 
and the sum in (11.1) becomes 

n m 

i =1 j=l 

To remind ourselves how this sum is formed, we write the symbol for the integral as 

J j /(x, y)dxdy. 

Q 

This symbol is merely an alternative notation for JJ/. 

Q 

Note that if / is constant on the interior of say f(x, y) = k when a < x < b and 
c < y < d, we have 

J j f - k(b — a)(d — c), 

Q 


( 11 . 2 ) 
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regardless of the values off on the edges of Q. Since we have 



formula (11.2) can also be written as 

( 11 3) JJ /= J c d LC /(*. y) dx ] dy = Sj f /(*. y) d A dx ■ 

Q 

The integrals which appeal' on the right are one-dimensional integrals, and the formula 
is said to provide an evaluation of the double integral by repeated or iterated integration, 
hi particular, when f is a step function of the type described above, we can write 

J J /=jlC y) dx \ dy -- ill JL f(x > y)dy ] dx - 

Qii 

Summing on i and j and using (11. 1), we find that (11.3) holds for step functions. 

The following further properties of the double integral of a step function are generaliza¬ 
tions of the corresponding one-dimensional theorems. They may be proved as direct 
consequences of the definition in (11.1) or by use of formula (11.3) and the companion 
theorems for one-dimensional integrals. In the following theorems the symbols s and t 
denote step functions defined on a rectangle Q. To avoid trivial special cases we assume 
that Q is a nondegenerate rectangle; in other words, that Q is not merely a single point 
or a line segment. 

theorem 11.1. linearity property. For every real c 1 and c 2 we have 

j j y) + c 2 t(x, y)] dx dy = c x j j s(x, Y ) dx dy + c 2 j j t(x, Y ) dx dy. 

Q Q Q 

theorem 11 . 2 . additive property. If Q is subdivided into two rectangles Q± and Q 2 , 

then 

j j s(x, y) dx dy = j j s(x, y) dx dy + j j s{x, y) dx dy . 

Q Qi Qn 

theorem 11.3 comparison theorem. Ifs(x,y ) < t{x,y)for every (x,y) in Q, we have 

j j s(.x, y) dx dy < j j t(x, y)dxdy. 

Q Q 

Itl particular, if t{x, y) > 0 for every (x, y) in Q, then 

J J t(x, y) dx dy > 0. 

Q 

The proofs of these theorems are left as exercises. 
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11.4 The definition of the double integral of a function defined and bounded on a rectangle 

Let / be a function that is defined and bounded on a rectangle Q ; specifically, suppose 
that 

\f(x,y)\<M if (x,y)eQ. 

Then / may be surrounded from above and from below by two constant step functions 5 
and t, where s(x, y) = —M and t(x, y) = M for all (x, y) in Q. Now consider any two 
step functions s and t, defined on Q, such that 

(11.4) s(x, y) < f(x, v) < t(x, }') for every point (x, y) in Q . 

DEFINITION OF THE INTEGRAL OF A BOUNDED FUNCTION OVER A RECTANGLE. If there is one 
and only one number Z such that 

(1L5) // 5 < / < // , 

q a 

for every pair of step functions satisfying the inequalities in (1 1.4), this number I is called 
the double integral off over Q and is denoted by the symbol 

JJ> or j s f(*,y)dxdy. 

Q <? 

When such an I exists the function f is said to be integrable on Q. 

11.5 Upper and lower double integrals 

The definition of the double integral is entirely analogous to the one-dimensional case. 
Upper and lower double integrals can also be defined as was done in the one-dimensional 
case. 

Assume f is bounded on a rectangle Q and let s and t be step functions satisfying (11.4). 
We say that s is below f, and t is above f, and we write s < / < /. Let S denote the set of all 
numbers Jj s obtained ass runs through all step functions below /, and let T be the set of 
Q 

all numbers JJ t obtained as t runs through all step functions above f . Both sets S and T 

Q 

are nonempty since f is bounded. Also, JJ J < JJ t ifs < / K t, so every number in S is 

Q Q 

less than every number in T. Therefore S has a supremum, and T has an infimum, and they 
satisfy the inequalities 

J J s < sup S < inf T < | J t 

Q Q 

for all s and t satisfying s < / < t . This shows that both numbers sup S and inf T satisfy 

(11.5) . Therefore, f is integrable on Q if and only if sup S = inf T, in which case we have 

J | / = sup S = inf T. 

Q 
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The number sup S is called the lower integral off and is denoted by /(f ). The number 
in! T is called the upper integral off and is denoted by 1(f), Thus, we have 

1(f) = sup |J7 S | S < /J , /(/) = inf j{ j t\f<t . 

The foregoing argument proves the following theorem. 

theorem 11.4. Every function f which is bounded on a rectangle Q has a lower integral 
Hf) and an upper integral \ ( f ) satisfying the inequalities 

j j S < 1(f) <I(f)< j j t 

Q Q 

for all step functions s and t with s < / < t . The function f is integrable on Q if and only if 
its upper and lower integrals are equal, in which case we have 

j‘J7= i(f) = /(/). 

Q 

Since the foregoing definitions are entirely analogous to the one-dimensional case, it is 
not surprising to leant that the lineality property, the additive property, and the comparison 
theorem as stated for step functions in Section 11.3, also hold for double integrals in general. 
The proofs of these statements are analogous to those in the one-dimensional case and will 
be omitted. 

11.6 Evaluation of a double integral by repeated one-dimensional integration 

In one-dimensional integration theory, the second fundamental theorem of calculus 
provides a practical method for calculating integrals. The next theorem accomplishes the 
same result in the two-dimensional theory; it enables us to evaluate certain double integrals 
by means of two successive one-dimensional integrations. The result is an extension of 
formula (11.3), which we have already proved for step functions. 

theorem 11.5. Let f be defined and bounded on a rectangle Q = [a, b] x [c, d] , and 
assume that f is integrable on Q. For each fixed y in [c, d] assume that the one-dimensional 
integral J " b f(x, y) dx exists, and denote its value by A(y). If the integral Jj? A(y) dy exists it 
is equal to the double integral J j f. In other words, we have the formula 

Q 

(11.6) J J f(x, y) dx dy = J* \jj(x, y) dx] dy. 

Q 

Proof. Choose any two step functions J and t satisfying S K f K t on Q. Integrating 
with respect to x over the interval [a, b] we have 

s(x, y) dx < A(y) < " t(x, y) dx. 

<x da 
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Since the integral A(y) dy exists, we can integrate both these inequalities with respect to 
y over [c, d] and use Equation (11.3) to obtain 

J7-s < J/(y) dy < jj t. 

Q Q 

Therefore J* A(y) dy is a number which lies between JJ s and 

and t approximating / from below and from above, respectively. Since / is integrable on 
Q, the only number with this property is the double integral off over Q. Therefore 
A(y) dy = J’J/, which proves Equation (11.6). 

Q 

Formula (11.6) is said to provide an evaluation of the double integral by repeated or 
iterated integration. The process is described by saying that first we integrate / with respect 
to x from a to b (holding y fixed), and then we integrate the result with respect to y from 
c to d. If we interchange the order of integration, we have a similar formula, namely, 

(11.7) J/ /(*, y) dx dy = £ [ £/(*> y) dy] dx , 

Q 

which holds if we assume that J^/(x, y) dy exists for each fixed x in [a, b] and is integrable 

on [a, b]. 

11.7 Geometric interpretation of the double integral as a volume 

Theorem 11.5 has a simple geometric interpretation, illustrated in Figure 11.4. If / is 
nonnegative, the set S of points (x, y, z) in 3-space with (x, y) in Q and 0 < z < f(x, y) is 


P 


/for all step functions s 


z 



FIGURE 11.4 The volume of S is the integral of the cross-sectional area: 
V(S) = £ A(y) dy. 







360 


Multiple integrals 


called the ordinate set off over Q. It consists of those points between the rectangle Q and 
the surface z = / (x, y) . (See Figure 11.4(a).) For each y in the interval [c, d], the integral 

A(y) = P/O, y) dx 

is the area of the cross section of S cut by a plane parallel to the xz-plane (the shaded region 
in Figure 11.4(b)). Since the cross-sectional area A(y) is integrable on [c, d], Theorem 2.7 
of Volume 1 tells us that the integral A(y) dy is equal to v(S), the volume of S. Thus, for 
nonnegative integrands. Theorem 11.5 shows that the volume of the ordinate set off over Q 
is equal to the double integral JJ/. 

Q 

Equation (11.7) gives another way of computing the volume of the ordinate set. This 
time we integrate the area of the cross sections cut by planes parallel to the yz-plane. 

11.8 Worked examples 

In this section we illustrate Theorem 11.5 with two numerical examples. 

example 1. If Q = [-1, 1J x [0,77/2], evaluate JJ (x sin y — ye”) dx dy, given that 

Q 

the integral exists. The region of integration is shown in Figure 11.5. 

Solution. Integrating first with respect to x and calling the result A(y), we have 



Figure 11.5 The region of integration for Figure 11.6 The region of integration for 

Example 1. Example 2. 
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Applying Theorem 11.5 we find 


J j (x sin y - ye”) dx dy = dy = j*'* (- ey + y/e) dy 

Q 

= (1/e — e) J"* /2 y dy = (1/e — e)n 2 jS . 


As a check on the calculations we may integrate first with respect to y: 


JJ (x sin y — ye") dx dy = f 1 [ (x sin y — ye x ) dy] dx 
Q 


= ,f! (-* cos y - */«*) 


V=!rl 2 

y=o 


dx 


= J\(- Tr 2 e x l$ + x) dx = (1/e - e)7r 2 /8 . 


example 2. If Q = [- 1, 1] x [0, 2], evaluate the double integral JJ \{\y — x 2 \ dx dy, 
given that it exists. Q 


Solution. If we integrate first with respect toy and call the result H(x), we have H(x) = 
J 2 ^\y _ x 2 | dy . The region of integration is the rectangle shown in Figure 11.6. The 
parabola y = x 2 is also shown because of the presence of |y — x 2 \ in the integrand. Above 
this parabola we have y > x 2 and below it we have y < x 2 . This suggests that we split the 
integral for H(x) as follows: 

H(x) = J o “ VlT - x 2 | dy = J* s/x 2 - ydy + - x 2 dy. 


We remember that x is treated as a constant in each of these integrals. In the first integral 
we make the change of valuable t = x 2 — y and in the second we put t = y — x 2 . This 
gives us 


II(x) = /J V|y - x 2 | dy = -J® V< dt + dt = f* 3 + f(2 - xj'\ 


Applying Theorem 11.5 we find 


JJ V|y - x 2 | dx dy = £ [| x 3 + f (2 - x 2 f 2 ] dx = i £ (2 _ 


x 2 ) 3/2 dx 


1 r _ 

= - — + 3xx/2 — x 

3 Lx( 2 x 2 f 2 


^ + 6 arcsin j 


1 _ 4 7T 

0 3 2 


The same result may be obtained by integrating first with respect to x, but the calculations 
are more complicated. 
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11.9 Exercises 


Evaluate the double integrals in Exercises 1 through 8 by repeated integration, given that each 
integral exists. 

1. [[ xy{x + y) dxdy , where Q = [0, 1] x [0, 1], 

Q 

2. j'j 0c 3 + 3x 2 /+ y*)dxdy , where Q = [0, 1] X [0, 1]. 

Q 

3. JJ (*Jy + X —3 xy 2 )dx dy , where Q = [0, 1] X [1, 31. 

Q 

4. JJ sin 2 x sin 2 y dx dy , where Q = [0, -n] X [0, ^ r]. 

Q 

5. . sin (x + y)dxdy, where Q = [0, w/2] x [0, rr/2]. 

V 

6. j J |cos(x + y)\dx dy , where Q = [0, it] X [0, tt], 

Q 

7. j f f{x + y) dx dy, where Q = [0, 2] x [0, 2], and f(t) denotes the greatest integer < f. 


V 


8. j y 3 e tx!v dx dy, where Q = [0, t] x [1 ,t],t >0. 


9. If Q is a rectangle, show that a double integral of the form JJ f(x)g(y) dx dy is equal to the 

Q 

product of two one-dimensional integrals. State the assumptions about existence that you are 
using. 

10. Letfbe defined on the rectangle Q = |0, 1] .r [0, 1] as follows: 


fix, y) 


1 -x-y if x + y < 1, 
0 otherwise. 


Make a sketch of the ordinate set off over Q and compute the volume of this ordinate set by 
double integration. (Assume the integral exists.) 

11. Solve Exercise 10 when 


fix, y) 


(x +y 

1 ° 


if x 2 <, y <> 2x 2 , 
otherwise. 


12. Solve Exercise 10 when Q = [ -1, 1] x [ -1, 1] and 


fix,y) 


jc 2 + / 


if X* + f <, 1, 
otherwise 
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13. Let f be defined on the rectangle Q = [1, 2] x [1,4] as follows: 


/(*. y) 


'(x + y) 2 if X <y <2x, 

0 otherwise. 


Indicate, by means of a sketch, the portion of Q in which f is nonzero and compute the value 
of the double integral J [ /, given that the integral exists. 

, ' Q 

14. Let r be defined on the rectangle Q = [0, 1] x [0, 1] as follows: 


f(x.y> 


r l if x = y, 
0 if x*y 


Prove that the double integral JJ f exists and equals 0. 

Q 


11.10 Integrability of continuous functions 

The small-span theorem (Theorem 9.10) can be used to prove integrability of a function 
which is continuous on a rectangle. 

THEOREM 11.6. INTEGRABILITY OF CONTINUOUS FUNCTIONS. IfafinCtiOn f is COHtinUOUS 

on a rectangle Q = [a, b] x [c, d ], then f is integrable on Q. Moreover, the value of the 
integral can be obtained by iterated integration, 


(11.8) JJ / - [£ fix, y) dx ] dy - f* [f7(x, ^ d >] dx ' 

Q 

Proof. Theorem 9.8 shows that / is bounded on Q, so / has an upper integral and a 
lower integral. We shall prove that 1(f) = 1(f). Choose e > 0. By the small-span 
theorem, for this choice of e there is a partition P of Q into a finite number (say n) of sub- 
rectangles Q n such that the span of f in every subrectangle is less than e. Denote 

by M k (f) and m k (f), respectively, the absolute maximum and minimum values off in 
Q k . Then we have 

M k (f) - m,.(f) < e 

for each k = 1,2 , . . . , n. Now let S and t be two step functions defined on the interior of 
each Q k as follows: 


j(x) = m k (f), t(x) - M k (f) if ^eintgfc. 

At the boundary points we define s(x) = m and t(x) = M, where m and Mare, respectively, 
the absolute minimum and maximum values off on Q. Then we have s < / < ( for all x 
in Q. Also, we have 

Jf S =I m k(f) a (Qk) and J J 1 = 2 M k (f)a(Q k ), 

Q fc_1 Q (-' =1 
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where a{Q k ) is the area of rectangle Q k . The difference of these two integrals is 

1/ * “JJ S = i {M k (f) - m*(/)}a(<2*)Jp % a(Qiya(Q), 

where a(Q) is the area of Q. Since _|J s < /(/) < 1(f) < jj t, we obtain the inequality 

0 ^ I'(f) - 1(f) < ea(Q). 

Letting e-+0we see that /(/) = Kf) , so f is integrable on Q. 

Next we prove that the double integral is equal to the first iterated integral in (11.8). 
For each fixed y in [c, d] the one-dimensional integral J® f (x, y) dx exists since the integrand 
is continuous on Q. Let A(y) = J‘ f (x, y) dx . We shall prove that A is continuous on 
[c, d], Ify and/! are any two points in [c, d] we have 


A(y) - A(y\) = P {f(x, y)-f(x, yf)}dx 

from which we find. 

\A(y) - A(y x ) | <(b- a) max | f(x, y) - f(x, y x )\ = (b - a) \ f(x x , y) - f(x y , y,)\ 

a<x<b 

where x x is a point in [a, b] where \f(x, y) — f (x, /j)| attains its maximum. This inequality 
shows that A(y) A(yJ as y-*y i, so A is continuous at y 1 . Therefore the integral 
jj d c A(y) dy exists and, by Theorem 11.5, it is equal to JJ/. A si mil ar argument works when 
the iteration is taken in the reverse order. Q 


11.11 Integrability of bounded functions with discontinuities 

Let f be defined and bounded on a rectangle Q. In Theorem 11.6 we proved that the 
double integral off over Q exists if f is continuous everywhere on Q. In this section we 
prove that the integral also exists if f has discontinuities in Q, provided the set of dis¬ 
continuities is not too large. To measure the size of the set of discontinuities we introduce 
the following concept. 

definition of a bounded set of content zero. Let A be a bounded subset of the plane. 
The set A is said to have content zero if for every e > 0 there is a finite set of rectangles whose 
union contains A and the sum of whose areas does not exceed e, 


In other words, a bounded plane set of content zero can be enclosed in a union of rec¬ 
tangles whose total area is arbitrarily small. 

The following statements about bounded sets of content zero are easy consequences of 
this definition. Proofs are left as exercises for the reader. 

(a) Any finite set of points in the plane has content zero. 

(b) The union of a finite number of bounded sets of content zero is also of content zero. 

(c) Every subset of a set of content zero has content zero. 

(d) Every line segment has content zero. 
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theorem 11.7. Let f be defined and bounded on a rectangle Q = [a, b] x [c, d]. If the 
set of discontinuities off in Q is a set of content zero then the double integral JJ f exists. 

Q 

Proof. Let M > 0 be such that |f | < M on Q. Let D denote the set of discontinuities 
off in Q. Given b > 0. let P be a partition of Q such that the sum of the areas of all the 
subrectangles of P which contain points of D is less than d. (This is possible since D has 
content zero.) On these subrectangles define step functions s and t as follows: 

s(x) = -M, t(x) = M. 

On the remaining subrectangles of P define S and t as was done in the proof of Theorem 11.6. 
Then we have s < / < t throughout Q. By arguing as in the proof of Theorem 11.6 we 
obtain the inequality 

(11.9) /Jr -ffs <ea(Q)+ 2Mb. 

Q Q 

The first term, ea(Q), comes from estimating the integral of f — S over the subrectangles 
containing only points of continuity off; the second term, 2Mb, comes from estimating 
the integral of f — S over the subrectangles which contain points of D. From (11.9) we 
obtain the inequality 

0 </(/)-/(/)< ea(0 +2 Mb. 

Letting £ -> 0 we find 0 < i(f) — 1(f) < 2Mb. Since b is arbitrary this implies 1(f ) = 
/(/) , so f is integrable on Q. 


11.12 Double integrals extended over more general regions 

Up to this point the double integral has been defined only for rectangular regions of 
integration. However, it is not difficult to extend the concept to more general regions. 

Let S be a bounded region, and enclose S in a rectangle Q. Let f be defined and bounded 
on S. Define a new function f on Q as follows : 


( 11 . 10 ) 


\f(x,y) if (x,y) eS, 

0 if (x,y)eQ - S . 


In other words, extend the definition off to the whole rectangle Q by making the function 
values equal to 0 outside S. Now ask whether or not the extended function f is integrable 
on Q. If so, we say that f is integrable on S and that, by dejinition, 


fir-Iff- 

S Q 


First we consider sets of points S in the xy-plane described as follows: 


S = {(x, y) j a < X < b and (pf x ) < y < . 
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where <p l and tf 2 are functions continuous on a closed interval [a, b ] and satisfying (p x < <p 2 ■ 
An example of such a region, which we call a region of Type I, is shown in Figure 11.7. 
In a region of Type I, for each point t in [a, b\ the vertical line x = t intersects S in a line 
segment joining the curve y = (p x (x) to y = (p. 2 (x) . Such a region is bounded because tp l 
and <f 2 are continuous and hence bounded on [a, h]. 

Another type of region T (Type II) can be described as follows: 

T = {(a-, y) | c < y < d and y>i(y) < x < y-A}’)} , 

where and tp 2 are continuous on an interval [c, d] with < y 2 • An example is shown 
in Figure 11.8. In this case horizontal tines intersect T in tine segments. Regions of Type 
II are also bounded. All the regions we shall consider are either of one of these two types or 
can be split into a finite number of pieces, each of which is of one of these two types. 


y =9ri(.v) 



J_ 

a 



Figure 11.7 A region S of Type I 



Let f be defined and bounded on a region S of Type I. Enclose S in a rectangle Q and 
definefon Q as indicated in Equation (11.10). The discontinuities of/in Q will consist of 
the discontinuities off in S plus those points on the boundary of S at which / is nonzero. 
The boundary of S consists of the graph of (pi ■ the graph of <p 2 ■ and two vertical line 
segments joining these graphs. Each of the line segments has content zero. The next 
theorem shows that each of the graphs also has content zero. 

theorem 11.8. Let (p be a real-valued function that is continuous on an interval [a, b]. 
Then the graph of (f has content zero. 

Proof. Let A denote the graph of q>, that is, let 

A = {(a, y) | y = 95 (A) and a<x<bj. 
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Choose any e > 0. We apply the small-span theorem (Theorem 3.13 of Volume I) to 
obtain a partition P of [a, b] into a finite number of subintervals such that the span of cp in 
every subinterval of P is less than ej(b — a). Therefore, above each subinterval of P the 
graph of <p lies inside a rectangle of height e/(b — a). Hence the entire of graph q> lies 
within a finite union of rectangles, the sum of whose areas is e. (An example is shown in 
Figure 11.9.) This proves that the graph of <p has content zero. 



Figure 11.9 Proof that the graph of a continuous function i y has content zero. 


The next theorem shows that the double integral J f f exists if f is continuous on int S, the 
interior of S. This is the set s 

int S = {( x, y) | a < x < b and cpfx ) < y < <p 2 (x)} . 

theorem 11.9. Let S be a region of Type I, between the graphs of ( p 1 and < p 2 . Assume that 
f is defined and bounded on S and that f is continuous on the interior of S. Then the double 
integral Jj f exists and can be evaluated by repeated one-dimensional integration, 

s 


d 1 T D Jj f(x, y) dx dy = £ \J^f(x, y) dy~] dx. 

s 

Proof. Let Q = [a, b] x [c, d] be a rectangle which contains S, and let f be defined by 
(11.10). The only possible points of discontinuity of/are the boundary points of S. Since 
the boundary of S has content zero,/ is integrable on Q. For each fixed x in (a, b ) the one¬ 
dimensional integral ( d f(x, }’) dy exists since the integrand has at most two discontinuities 
on [c, d]. Applying the version of Theorem 11.5 given by Equation (11.7) we have 


. //= f L(7(w y)dy\ dx. 


( 11 . 12 ) 
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Now f(x, y ) = f(x, y) if <pi(x) < y < cp 2 (x), and f(x, y) = 0 for the remaining values of y 
in [c, d]. Therefore 

£/(*. y) dy - S*™f(x, ydy 

so Equation (11.12) implies (11.11). 

There is, of course, an analogous theorem for a region 7 of Type II. Iffis defined and 
bounded on T and continuous on the interior of T, then f is integrable on 7 and the formula 
for repeated integration becomes 

(1U3) fj /<*■ y) dx dy = /; [J"“ f{x, y) dxl dy . 

Some regions are of both Type I and Type II. (Regions bounded by circles and ellipses 
are examples.) In this case the order of integration is immaterial and we may write 

£ [ lT«lt /(*’ y) d A dx - £ i y) dx ] dy ■ 

In some cases one of these integrals may be much easier to compute than the other; it is 
usually worthwhile to examine both before attempting the actual evaluation of a double 
integral. 

11.13 Applications to area and volume 

Let S be a region of Type I given by 

s = {(x, y) | a < x <b and tp^x) < y < (p 2 (x )}. 

Applying Theorem 11.9 with f (x, y) = 1 for all (x, y) in S we obtain 

j j dx dy = £ OaO) - (p x {x)] dx. 

s 

By Theorem 2.1 of Volume I, the integral on the right is equal to the area of the region S. 
Thus, double integrals can be used to compute areas. 

If f is nonnegative, the set of points (x, y, z) in 3-space such that (x, j) £ S and 
0 <C 2 f (x, y) is called the ordinate set off over S. An example is shown in Figure 11.10. 
Iff is nonnegative and continuous on S, the integral 



represents the area of a cross-section of the ordinate set cut by a plane parallel to the 
yz-plane (the shaded region in Figure 11. 10). Formula (11.11) of Theorem 11.9 shows that 
the double integral off over S is equal to the integral of the cross-sectional area. Hence 
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set. The iterated integral ill?Z fix ’ y)dy ] dx is the volume of the ordinate set. 


the double integral JJ/is equal to the volume of the ordinate set of/ over S. (See Theorem 
s’ 

2.7 of Volume I, p. 113.) 

More generally, if / and g are both continuous on S with f < g , then the double integral 
Jj (g — /) is equal to the volume of the solid lying between the graphs of the functions / 
s 

and g. Similar remarks apply, of course, to regions of Type II. 

11.14 Worked examples 

example 1 . Compute the volume of the solid enclosed by the ellipsoid 

x 2 y 2 z 2 

-h — + — = 1. 

a 2 b 2 c 2 

Solution. The solid in question lies between the graphs of two functions / and g, where 


g(x, y)= csj 1 — x 2 la 2 - y*/b 2 and f(x, y) = -g(x, y ). 
Here (x, y ) e S, where S is the elliptical region given by 



Applying Theorem 11.9 and using the symmetry we find that the volume V of the ellipsoidal 
solid is given by 

V = // (8 - /) = 2 // g - 8c /; [J; V ' I " V s/F- - f[l? dyl d x . 

S S 
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Let A = yfi - x 2 j a 2 . Then the inner integral is 

i b 0 A ^A'-^yWdy =* J' 0 M Vl - fl(Abf dy . 


Using the change of variable y = Ab sin t , dy - Ab cos t dt , we fmd that the last integral 
is equal to 


Therefore 


A 2 b 



cos 2 1 dt = 




In the special case a = b = c the solid is a sphere of radius a and the volume is jtto 2 . 

example 2. The double integral of a positive function f JJ f{x, y) dx dy, reduces to the 
repeated integral ^ 

^ ^’1 dx - 

Detemrine the region S and interchange the order of integration. 


Solution. For each fixed x between 0 and 1, the integration with respect to y is over 
the interval from x 2 to x. This means that the region is of Type I and lies between the two 
curves y = x 2 andy = x. The region S is the set of points between these two curves and 
above the interval [0, 1], (See Figure 11 -1 1.) Since S is also of Type II we may interchange 


r 




Figure 11.11 Example 2. 


FIGURE 11.12 Example 3. 
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the order of integration to obtain 

Jo [//'/(*. y) dx ] d y- 


EXAMPLE 

repeated 


3. A double integral of a positive function f, y) dx dy, reduces to the 

integral : 


f [J^T" j') d *] d y ■ 


Determine the region S and interchange the order of integration. 

Solution. For each fixed y between 0 and 3, the integration with respect to x is over 
the interval fr om 4y/3 to \/25 — y 2 . Therefore region S is of Type II and lies between 
the two curves x = 4y/3 and x = V25 — y 2 . This region, shown in Figure 11.12, is a 
sector of a circle. When the order of integration is reversed the region must be split into 
two regions of Type I; the result is the sum of two integrals: 

Jo [f X/4/(x ’ 0 dy i dx + f [f^ /(*> V ) dy] dx. 


11.15 Exercises 

In Exercises 1 through 5, make a sketch of the region of integration and evaluate the double 
integral. 


1. | j x cos (x + y) dx dy , where S is the triangular region whose vertices are (0, 0), (n, 0), (x, x). 
s 

2. JJ (1 + x) siny dx dy, where S is the trapezoid with vertices (0, 0), (1, 0), (1,2), (0, 1). 
s 

3. J J e x+y dx dy, where S = {(x, y) I |*| + \y\ <. 1} • 
s 

4. Jj x 2 y 2 dxdy, where S is the bounded portion of the first quadrant lying between the two 
s 

hyperbolas xy = 1 and xy = 2 and the two straight tines y = X and y = 4x. 

’•JJ"- - y 2 ) dx dy , where S is bounded by the curve y = sin x and the interval [0, 7r], 


6. A pyramid is bounded by the three coordinate planes and the plane x + 2y + 3z = 6. Make 
a sketch of the solid and compute its volume by double integration. 

7. A solid is bounded by the surface z = x 2 — y 2 , the xy-plane, and the planes x = 1 and x = 3. 
Make a sketch of the solid and compute its volume by double integration. 

8. Compute, by double integration, the volume of the ordinate set of f over S if: 

(a) f(x, y) =x 2 + y 2 and S = {(*, y) |x| < 1, \y\ < 1}. 

(b) f(x, y) = 3x + y and S = {(x, y) \ 4x 2 +9 y 2 < 36,x > 0 ,y > 0}. 

(c) f{x,y) =y +2x +20 and S = (U,y) ] x 2 +y 2 < 16}. 
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In Exercises 9 through 18 assume that the double integral of a positive function f extended over 
a region S reduces to the given repeated integral. In each case, make a sketch of the region S and 
interchange the order of integration. 


9 - SlUU^y^x] dy - 

/l4 jl\T x f^ d y\ dx - 

10 - jUjs f{x ’y )d *\ d y- 

l5 - jji[t^J^y )d yi dx 

11 li L Iv7 f^ x, y} d y\ dx ' 

16 -JoD \^f^y) d y\ dx - 

12 ji \pr'K x 'y )d y\ dx - 

ll ^lijZl { m f{x ’y )d y\ dx - 

11 Ltd,/, f{x - y^}* 

^8. J 4 [ j iV ^- fix, y) dx~j dy. 


19. When a double integral was set up for the volume Yof the solid under the paraboloid z = x 2 + 
y 2 and above a region S of the xy-plane, the following sum of iterated integrals was obtained: 

v= jl [ Jo* (x 2 + y dxl dy + li [Jo * + f) dx] dy ■ 


Sketch the region S and express V as an iterated integral in which the order of integration is 
reversed. Also, carry out the integration and compute V. 

20. When a double integral was set up for the volume V of the solid under the surface z = f(x, y) 
and above a region S of the xy-plane, the following sum of iterated integrals was obtained: 


rasinc r f^b 2 -v s 1 psincr r^b 2 -y* 1 

Jo LJ ^f^y )dX \ d y + J a sin c Uy cot c dy. 


Given that 0 < a < b and 0 < c < tt/2, sketch the region S, giving the equations of all curves 
which form its boundary. 

21. When a double integral was set up for the volume V of the solid under the surface z = f(x, y) 
and above a region S of the xy-plane, the following sum of iterated integrals was obtained: 


V = |* [£ 3 f(x, y)dyjdx+\jjj(x,y)d y yx. 


(a) Sketch the region S and express V as an iterated integral in which the order of integration 
is reversed. 

(b) Cany out the integration and compute V when f(x, y) = e x (xly) 1/2 . 

22. Let A = JJ e~ l 2 dt and B = e ~ l2 dt . Evaluate the iterated integral 

in temrs of A and B. These are positive integers m and n such that 

/ = mA - nB + e -1 - e -1/4 . 


Use this fact to check your answer. 
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23. A solid cone is obtained by connecting every point of a plane region S with a vertex not in the 
plane of S. Let A denote the area of S, and let h denote the altitude of the cone. Prove that: 

(a) The cross-sectional area cut by a plane parallel to the base and at a distance t from the 
vertex is {tjhfA , if 0 < t < h . 

(b) The volume of the cone is ^Ah. 

24. Reverse the order of integration to derive the formula 

Jo [Jo dx ] d y = J J ( a - x)e mla ~ x) f(x) dx, 

where a and m are constants, a > 0. 


11.16 Further applications of double integrals 

We have already seen that double integrals can be used to compute volumes of solids 

and areas of plane regions. Many other concepts such as mass, center of mass, and moment 
of inertia can be defined and computed with the aid of double integrals. This section 
contains a brief discussion of these topics. They are of special importance in physics and 
engineering. 

Let P denote the vector from the origin to an arbitrary point in 3-space. If n positive 

masses m 1 , m 2 , . . . , m n are located at points P t , P 2 . • . . , P n , respectively, the center of 
mass of the system is defined to be the point C determined by the vector equation 

C _ Zk=l ,U kPk 

1U m * 

The denominator, 2 Wj., is called the total mass of the system. 

If each mass !H k is translated by a given vector A to a new point Q k where Q k = P k + * 

the center of mass is also translated by A, since we have 


2 m kQ k 2 rn k (P kt A) 2 m k p t 

~ T -? ! A = C 

2 m i z m k 2 m k 


This may also be described by saying that the location of the center of mass depends only 
on the points P t , P 2 , .. . , P n and the masses, and not on the origin. The center of mass is 
a theoretically computed quantity which represents, so to speak, a fictitious “balance 
point” of the system. 

If the masses lie in a plane at points with coordinates (xj • • • , (x„ y n ), and if the 

center of mass has coordinates (jc, }’), the vector relation which defines C can be expressed 
as two scalar equations 


X 


2 

2 m k 


and 


r. - 2 m kth 
2 m * 


In the numerator of the quotient defining x, the kth term of the sum, is called the 

moment of the mass m k about the y-axis. If a mass m equal to the total mass of the system 
were placed at the center of mass, its moment about the y-axis would be equal to the 
moment of the system, 

n 

mx =2 m A- 

L= i 
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When we deal with a system whose total mass is distributed throughout some region 
in the plane rather than at a finite number of discrete points, the concepts of mass, center 
of mass, and moment are defined by means of integrals rather than sums. For example, 
consider a thin plate having the shape of a plane region S. Assume that matter is 
distributed over this plate with a known density (mass per unit area). By this we mean 
that there is a nonnegative function f defined on S and that f (x, y) represents the mass 
per unit area at the point (x, y). If the plate is made of a homogeneous material the density 
is constant. In this case the total mass of the plate is defined to be the product of the density 
and the area of the plate. 

When the density varies from point to point we use the double integral of the density as 
the definition of the total mass. In other words, if the density function f is integrable over 
S, we define the total mass m(S) of the plate by the equation 


The quotient 


mIS) = Jf f(x, y) dx dy . 
s 


mass 

area 


J.I7(X >) dx dy 
s _ 

If dx dy 
s 


is called the average density of the plate. If S is thought of as a geometric configuration 
rather than as a thin plate, this quotient is called the average or mean value of the function 
f over the region S. In this case we do not require f to be nonnegative. 

By analogy with the finite case, we define the center of mass of the plate to be the point 
(x, y) determined by the equations 


(11.14) xm(S ) = JJ xf(x, y ) dx dy and ym(S) = JJ yf(x, y ) dx dy . 

s s 

The integrals on the right are called the moments of the plate about the y-axis and the 
x-axis, respectively. When the density is constant, say f(x, y) = c, a factor c cancels in 
each of Equations (11.14) and we obtain 


xa(S) = j I x dx dy and ya(S) = j j y dx dy , 
s s 

where a(S) is the area of S. In this case the point (jc, y) is called the centroid of the plate 
(or of the region S). 

If L is a fine in the plane of the plate, let d(x, y) denote the perpendicular distance from 
a point (x, y) in S to the line L. Then the number I L defined by the equation 

h = j'j 7 (x, y)f(x,y)dxdy 

s 

is called the moment of inertia of the plate about L. When f(x, y) = 1, /, is called the 
moment of inertia or second moment of the region S' about L. The moments of inertia 
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about the x- and y-axes are denoted by l x and l y , respectively, and they are given by the 
integrals 

h = j j y 2 f(x, y) dx dy and /, = j j X 2 f(x, y) dx dy. 

s S 

The sum of these two integrals is called the polar moment of inertia I„ about the origin : 

I 0 = I, + I v = j j (x 2 + y 2 )f(x, y)dxdy 

s 

Note: The mass and center of mass of a plate areproperties of the body and are inde¬ 
pendent of the location of the origin and of the directions chosen for the coordinates axes. 

The polar moment of inertia depends on the location of the origin but not on the directions 
chosen for the axes. The moments and the moments of inertia about the x- and y-axes 
depend on the location of the origin and on the directions chosen for the axes. If a plate of 
constant density has an axis of symmetry, its centroid will he on this axis. If there are two 
axes of symmetry, the centroid will lie on then intersection. These facts, which can be 
proven from the foregoing definitions, often help to simplify calculations involving center 
of mass and moment of inertia. 

example 1 . A thin plate of constant density c is bounded by two concentric circles with 
radii a and b and center at the origin, where 0 < b < a. Compute the polar' moment of 
inertia. 


Solution. The integral for / 0 is 

>, = c/f (x 2 + y 2 ) dx dy , 

s 

where S = {(x, y) | b 2 < X 2 + y 2 <C a 2 } . TO simplify the computations we write the integral 
as a difference of two integrals, 

7° = c JJ (x 2 + y 2 ) dx dy — c j j (x 2 + y 2 ) dx dy, 

St a ) SM 

where S(a) and S(b) are circular disks with radii a and b, respectively. We can use iterated 
integration to evaluate the integral over S(a), and we find 


jj(x 2 + /) dxdy = 4 J“| 

Sta) 



(x 2 + y") dy 



(We have omitted the details of the computation because this integral can be evaluated 
more easily with the use of polar coordinates, to be discussed in Section 11.27.) Therefore 


r 7TC / 4 , 4n / 2 ,2% (a 2 + b 2 ) a 2 + b 2 

l 0 = — (a — b ) = 7 Tc(a — b ) - — m - 

2 2 2 


where m = 7rc(a 2 — b 2 ), the mass of the plate. 




376 


Multiple integrals 


example 2. Determine the centroid of the plane region bounded by one arch of a sine 
curve. 

Solution. We take the region S bounded by the curve y = sin x and the interval 

0 < x < 7T. By symmetry, the x-coordinate of the centroid is x = tt/2 . The y-coordinate, 

y\ is given by 

JJ >' dx dy IS [Jo inx ydy)dx sin 2 xdx ^ 

^ JJ dx d y J5 s i n x dx 2 8 

S 

11.17 Two theorems of Pappus 

Pappus of Alexandria, who lived around 300 A.D., was one of the last geometers of the 

Alexandrian school of Greek mathematics. He wrote a compendium of eight books 

summarizing much of the mathematical knowledge of his time. (The last six and a part of 
the second are extant.) Pappus discovered a number of interesting properties of centroids, 
two of which are described in this section. The first relates the centroid of a plane region 
with the volume of the solid of revolution obtained by rotating the region about a line in 
its plane. 

Consider a plane region Q lying between the graphs of two continuous functions / and g 
over an interval [a, b], where 0 < g < f . Let S be the solid of revolution generated by 
rotating Q about the x-axis. Let a(Q) denote the area of Q, v(.S) the volume of S, and y the 
y-coordinate of the centroid of Q. As Q is rotated to generate S, the centroid travels along a 
circle of radius y. Pappus’ theorem states that the volume of S is equal to the circumference 
of this circle multiplied by the area of Q; that is, 

(11.15) u(S) = 2t rya{Q) 

To prove this formula we simply note that the volume is given by the integral 

4 

V (S) = TT f [f\x) - g\x)} dx 
and that y is given by the formula 


ya(Q) = j j y dy dx = j* [ J ,< * ) y dy] dx = £ \[f\x) - g 2 (.x)] dx. 

Q 

Comparing these two formulas we immediately obtain (11.15). 

example 1. Volume of a torus. Let S be the toms generated by rotating a circular disk Q 
of radius R about an axis at a distance b > R from the center of Q. The volume of S is 
easily calculated by Pappus’ theorem. We have y = b and a(Q) = ttR 2 , so 

u(S) = 2irya(Q) = 2v*S*b. 

The next example shows that Pappus’ theorem can also be used to calculate centroids. 
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ExfiMPLE 2. Centroid of a semicircular disk. Let y denote the y-coordinate of the centroid 
of the semicircular disk 

Q = {(x, y) | x 2 + / < R 2 , y > 0}. 

The area of Q is When Q is rotated about the x-axis it generates a solid sphere of 

volume §7 t_/? :! . By Pappus’ formula we have 

K R*= liry^Rf), 

4R 

s °y = ^- 

The next theorem of Pappus states that the centroid of the union of two disjoint plane 
regions A and B lies on the line segment joining the centroid of A and the centroid of B. 
More generally, let A and B be two thin plates that are either disjoint or intersect in a set of 
content zero. Let m(A) and m(B) denote their masses and let Cy and C B denote vectors 
from an origin to their respective centers of mass. Then the union A u B has mass 
m(A) + m(B) and its center of mass is determined by the vector C, where 

(in® c = + m(B)c °. 

m(A) + m(B) 

The quotient for C is a linear combination of the form ClC A + hC B , where a and b are 
nonnegative scalars with sum 1. A linear combination of this form is called a convex 
combination of C A and C B ■ The endpoint of C lies on the line segment joining the endpoints 
of C A and C B ■ 

Pappus’ formula (11.16) follows at once from the definition of center of mass given in 
(11.14). The proof is left as an exercise for the reader. The theorem can be extended in an 
obvious way to the union of three or more regions. It is especially usefirl in practice when a 
plate of constant density is made up of several pieces, each of which has geometric symmetry. 
We determine the centroid of each piece and then fomi a suitable convex combination to 
find the centroid of the union. Examples are given in Exercise 21 of the next section. 

11.18 Exercises 

In Exercises 1 through 8 a region S is bounded by one or more curves described by the given 
equations. In each case sketch the region S and determine the coordinates x and y of the centroid. 

1. j = x 2 , x + y = 2. 

2. y 2 = x + 3, y 2 - 5 - x . 

3. x -2y + 8 = 0, x + 3y + 5 = 0, x = -2, x = 4. 

4. y = sin 2 x , y=0, 0<x<rr. 

7 T 

5. y = sinx, y = cos x, 0 < x <; - . 

6. y = logx, y 0, 1 < x ^ a . 

7-yfx + y/y = 1, = x = 0, y = 0. 

8. x l/1> ‘ + y 2 '* 1 =1, X = 0, y = 0, in first quadrant. 
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9. A thin plate is bounded by an arc of the parabola y = 2x — x 2 and the interval 0 < x < 2. 
Determine its mass if the density at each point (x, y) is (1 — y)l(l + x ) ■ 

10. Find the center of mass of a thin plate in the shape of a rectangle ABCD if the density at any 
point is the product of the distances of the point from two adjacent sides AB and AD. 

In Exercises 11 through 16, compute the moments of inertia / and / of a thin plate S in the 
xy-plane bounded by the one or more curves described by the given equations. In each case f(x, y) 
denotes the density at an arbitrary point (x, y) of S. 

11. y = sin 2 y = -sin 2 *, -■* <x <■*; f(x, y) = 1. 

12. - + - 1, - + i = 1 , y=0, 0 < c < a , b >0; f(x, y) = 1 . 

a b cd 

13. (x — rf + (y - rf = r 2 , x =o, y = 0, 0 < x <r, 0 <y <, r; f(x,y ) = 7 . 

14. xy = 1, xy =2, x=2y, y =2x, X>0 , y>0; f(x,y) = 1. 

15. y = e*, y = 0, 0 < x < a; f(x,y ) = .vy. 

\6.y= s f2x, y = 0, 0<x<2; f(x, y) = \x - y\. 

17. Let S be a thin plate of mass m, and let L 0 and L be two parallel lines in the plane of S, where 
L 0 passes through the center of mass of S. Prove the parallel-axis theorem: 

4 = 4„ + 

where h is the perpendicular distance between the two lines L and £ 0 . [Hint: A careful choice 
of coordinates axes will simplify the work.] 

18. The boundary of a thin plate is an ellipse with semiaxes a and b. Let L denote a line in the 
plane of the plate passing through the center of the ellipse and making an angle a with the axis 
of length 2a. If the density is constant and if the mass of the plate is m, show that the moment 
of inertia I L is equal to 1 m { a 2 sin 2 a + b 2 COS 2 a). 

19. Find the average distance from one comer of a square of side h to points inside the square. 

20. Let d denote the distance from an arbitrary point P inside a circle of radius r to a fixed point 
P Q whose distance from the center of the circle is h. Find the average of the function ft 1 over 
the region enclosed by the circle. 

21. Let A, B, C denote the following rectangles in the xy-plane: 

A =[0,4] x [0, 1], B = [2,3] x [1,3], C = [2, 4] * [3,4]. 

Use a theorem of Pappus to determine the centroid of each of the following figures: 

(a) A u B. (c) B U C. 

(b) A U C. (d)AufiuC. 

22. An isosceles triangle T has base 1 and altitude h. The base of T coincides with one edge of a 
rectangle R of base 1 and altitude 2. Find a value of h so that the centroid of R U Twill lie 
on the edge common to R and /'. 

23. An isosceles triangle T has base 2r and altitude h. The base of T coincides with one edge of a 

semicircular disk D of radius r. Determine the relation that must hold between r and h so that 

the centroid of 7 u I) will lie inside the triangle. 

11.19 Green’s theorem in the plane 

The second fundamental theorem of calculus for line integrals states that the line integral 

of a gradient V/ along a path joining two points a and b may be expressed in terms of the 

function values f (a) and f(b). There is a two-dimensional analog of the second fundamental 
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theorem which expresses a double integral over a plane region R as a line integral taken 
along a closed curve forming the boundary of R. This theorem is usually referred to as 
Green's theorem.? It can be stated in several ways; the most common is in the form of the 
identity : 

(11.17) H— dxdy = 4>Pdx+'Qdy. 

JJ \dx oyj Jc 

R 

The curve C which appears on the right is the boundary of the region R, and the integra¬ 
tion symbol <j) indicates that the curve is to be traversed in the counterclockwise direction, 
as suggested by the example shown in Figure 11.13. 


C 


FIGURE 11.13 The curve C is the boundary of R, traversed in a counterclockwise 

direction. 

Two types of assumptions are required for the validity of this identity. First, conditions 

are imposed on the functions P and Q to ensure the existence of the integrals. The usual 

assumptions are that P and Q are continuously differentiable on an open set S containing 
the region R . This implies continuity of P and Q on C as well as continuity of dPjdy and 
dQ/dx on R, although the theorem is also valid under less stringent hypotheses. Second, 
there are conditions of a geometric nature that are imposed on the region R and its boundary 
curve C. The curve C may be any rectifiable simple closed curve. The term “rectifiable” 
means, of course, that C has a finite arc length. To explain what is meant by a simple 
closed curve, we refer to the vector-valued function which describes the curve. 

Suppose C is described by a continuous vector-valued function a defined on an interval 

[a, b]. If a(a) = a(b), the curve is closed. A closed curve such that a(/j) ^ a(f 2 ) for every 
pair of values / 1 ^ / 2 in the half-open interval (a, b] is called a simple closed curve. This 
means that, except for the end points of the interval [a, b], distinct values of t lead to 
distinct points on the curve. A circle is the prototype of a simple closed curve. 

Simple closed curves that lie in a plane are usually called Jordan curves in honor of 

Camille Jordan ( 1838 - 1922 ), a famous French mathematician who did much of the pioneer¬ 
ing work on such concepts as simple closed curves and arc length. Every Jordan curve C 

f In honor of George Green (1793-1841), an English mathematician who wrote on the applications of 
mathematics to electricity and magnetism, fluid flow, and the reflection and refraction of light and sound. 
The theorem which bears Green’s name appeared earlier in the researches of Gauss and Lagrange. 
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decomposes the plane into two disjoint open connected sets having the curve C as their 
common boundary. One of these regions is bounded and is called the interior (or inner 
region) of C. (An example is the shaded region in Figure 11.13.) The other is unbounded 
and is called the exterior (or outer region ) of C. For some familial' Jordan curves such as 
circles, ellipses, or elementary polygons, it is intuitively evident that the curve divides 
the plane into an inner and an outer region, but to prove that this is true for an arbitrary 
Jordan curve is not easy. Jordan was the first to point out that this statement requires 
proof; the result is now known as the Jordan curve theorem. Toward the end of the 19th 
century Jordan and others published incomplete proofs. In 1905 the American mathe¬ 
matician Oswald Veblen (1880-1960) gave the first complete proof of this theorem. 
Green’s theorem is valid whenever C is a rectifiable Jordan curve, and the region R is the 
union of C and its interior.? Since we have not defined line integrals along arbitrary 
rectifiable curves, we restrict our discussion here to piecewise smooth curves. 

There is another technical difficulty associated with the formulation of Green’s theorem. 
We have already remarked that, for the validity of the identity in (11.17), the curve C 
must be traversed in the counterclockwise direction. Intuitively, this means that a man 
walking along the curve in this direction always has the region R to his left. Again, for 
some familiar Jordan curves, such as those mentioned earlier, the meaning of the expression 
“traversing a curve in the counterclockwise direction” is intuitively evident. However, in a 
strictly rigorous treatment of Green’s theorem one would have to define this expression in 
completely analytic terms, that is, in terms of the vector-valued function a that describes 
the curve. One possible definition is outlined in Section 11.24. 

Having pointed out some of the difficulties associated with the formulation of Green’s 
theorem, we shall state the theorem in a rather general form and then indicate briefly why 
it is true for certain special regions. In this discussion the meaning of “counterclockwise” 
will be intuitive, so the treatment is not completely rigorous. 


THEOREM 11 . 10 . GREEN'S THEOREM FOR PLANE REGIONS BOUNDED BY PIECEWISE SMOOTH 
JORDAN curves. Let P and Q be scalar fields that are continuously differentiable on an 
open set S in the xy-plane. Let C be apiecewise smooth Jordan curve, and let R denote the 
union of C and its interior. Assume R is a subset of S. Then we have the identity 


(11.18) 




where the line integral is taken around C in the counterclockwise direction. 


Note: The identity in (11.18) is equivalent to the two formulas 


(11.19) 



J A proof of Green’s theorem for regions of this generality can be found in Chapter 10 of the author’s 
Mathematical Analysis. 
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and 

( 11 . 20 ) 



H 


Pdx. 


In fact, if both of these are true, (11.18) follows by addition. Conversely, if (I 1.18) is true 
we may obtain (11.19) and (11.20) as special cases by taking P = 0 and Q = 0, respectively. 


Proof for special regions. We shall prove (1 I .20) for a region R of Type 1. Such a region 
has the form 

R = {(x, y) | a < x < b and f(x) < v < g(x)}, 

where f and g are continuous on [a, b] with f <2 g . The boundary C of R consists of four 
parts, a lower arc C\ (the graph off), an upper arc C 2 (the graph ofg), and two vertical line 
segments, traversed in the directions indicated in Figure 11.14. 




Figure 11.14 Proof of Green’s theorem for a 
special region. 


Figure 11.15 Proof of Green's theorem for 
a more general region. 


First we evaluate the double integral —- JJ ( dP/dy ) dx dy by iterated integration. Integrat¬ 
ing first with respect to y we have R 


(n - 2i > SSf/ xdf= S‘ 


’fir (cc) 


dP 

Hx) dy 


dy 


dx 


-f 

•f a 


b r i f(x) 


dP 

g(x) dy 


dy 


dx 


= P[x,f(x)] dx - / 6 P[x, g(x)] dx. 

•'a J a 

On the other hand, the line integral j" c< P dx can be written as follows: 

\ P dx = \ P dx + I P dx, 

■Ic Jc 1 Jc t 


since the line integral along each vertical segment is zero. To evaluate the integral along 
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Q we use the vector representation a(t) = ti + /(/)/ and obtain 

J f , P dx = [" P[t,f(t)] dt. 

To evaluate the integral along C 2 we use the representation aft) = ti + g(t)j and take into 
account the reversal in direction to obtain 

f P dx - — f P[t,g(t)] dt. 

Jc s J a 

Therefore we have 

f P dx - P P[t,f(t)] dt - P P[t, g(t)] dt. 

* V d cl j a 

Comparing this equation with the formula in (11.21) we obtain (11.20). 

A similar argument can be used to prove (11.19) for regions of Type II. In this way a 
proof of Green’s theorem is obtained for regions that are of both Type I and Type II. 
Once this is done, the theorem can be proved for those regions R that can be decomposed 
into a finite number of regions that are of both types. “Crosscuts” are introduced as shown 
in Figure 11.15, the theorem is applied to each subregion, and the results are added 
together. The line integrals along the crosscuts cancel in pairs, as suggested in the figure, 

and the sum of the line integrals along the boundaries of the subregions is equal to the line 

integral along the boundary of R. 

11.20 Some applications of Green’s theorem 

The following examples illustrate some applications of Green’s theorem. 

example 1. Use Green’s theorem to compute the work done by the force field 

f(x, y) = (y + 3x)i -(- (2v — x)j in moving a particle once around the ellipse 4x 2 + y 2 = 4 
in the counterclockwise direction. 

Solution. The work is equal to |V Pdx + Q dy , where P = y + 3a-. Q = 2y — a, and 

C is the ellipse. Since dQ/d.X — dPjdv = -2, Green’s theorem gives us 

j c P dx + Q dy = jj f-2) dx dy = -2 a(R), 

R 

where a(R) is the area of the region enclosed by the ellipse. Since this ellipse has semiaxes 
a = [ and b = 2, its area is nab = 2tt and the value of the line integral is —4rr. 

example 2. Evaluate the line integral (5 — xy — y 2 ) dx — (2xy — a 2 ) dy , where C is 
the square with vertices (0, 0), (1, 0), (1, 1), (0, 1), traversed counterclockwise. 

Solution. Here P - 5 — xy — y 2 , Q = A 2 — 2xy , and dQjdx — dPjdy = 3x. Hence, 
by Green’s theorem, we have 

[ P dx + Q dy = 3 J J a dx dy = 3 a , 

R 
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where X is the x-coordinate of the centroid of the square. Since x is obviously the value 
of the line integral is |. 

example 3. Area expressed as a line integral. The double integral for the area a(R) of a 
region R can be expressed in the form 

IT R- J 

where P and Q are such that BQ/dx — dP/dy = 1. For example, we can take Q(x. y) = £x 
and P(x, y) = ~\y ■ If R is the region enclosed by a Jordan curve C we can apply Green’s 
theorem to express a(R) as a line integral, 

a(R) = | Pdx + Qdy = -\ — y dx + xdy. 

Jc 2 Jo 


If the boundary curve C is described by parametric equations, say 

X = X(t), y = Y(t), a<t<b, 


the line integral for area becomes 

’b 


a(R) = i f {~Y(f)*'(<) + X(t)YV)} dt = -C 

2 Ja ^Ja 


X(t) Y(t ) 

I XXt) Y'(t ) 


dt. 


11.21 A necessary and sufficient condition for a two-dimensional vector field to be a 
gradient 

Let f(x, y) = P(x, y)i Q(x. y)j be a vector field that is continuously differentiable on 

an open set S in the plane. Iff is a gradient on S we have 


( 11 . 22 ) 


cP = 3Q 
dy dx 


everywhere on S. In other words, the condition (11.22) is necessary for f to be a gradient. 
As we have already noted, this condition is not sufficient. For example, the vector field 


f(x, y) = 


X 2 + / 


l + 


x 2 + f J 


satisfies (11.22) eveiywhere on the set S = R 2 — {(0, O)}, but f is not a gradient on S. 
In Theorem 10.9 we proved that condition (11.22) is both necessary and sufficient for f 
to be a gradient on S if the set S is convex. With the help of Green’s theorem we can extend 
this result to a more general class of plane sets known as simply connected sets. They are 
defined as follows. 
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DEFINITION OF A simply connected plane set. Let S be an open connected set in the 
plane. Then S is called simply connected if, for every Jordan cur\>e C which lies in S, the inner 
region of C is also a subset of S. 


An annulus (the set of points lying between two concentric circles) is not simply connected 
because the inner region of a circle concentric with the bounding circles and of radius 
between theirs is not a subset of the annulus. Intuitively speaking, we say that S is simply 
connected when it has no “holes.” Another way to describe simple connectedness is to say 
that a curve C\ in S connecting any two points may be continuously deformed into any 
other curve C 2 in S joining these two points, with all intermediate curves during the 
deformation lying completely in S. An alternative definition, which can be shown to be 
equivalent to the one given here, states that an open connected set S is simply connected if 
its complement (relative to the whole plane) is connected. For example, an annulus is not 
simply connected because its complement is disconnected. An open connected set that is 
not simply connected is called multiply connected. 


THEOREM 11.11. L .et fix, y) = P{x, y)i + Q(x, y)j be a vectorjeld that is continuously 
differentiable on an open simply connected set S in the plane. Then f is a gradient on S if and 
only if we have 

(11.23) — = — everywhere on S . 

dy dx 

Proof. As already noted, condition (11.23) is necessary for f to be a gradient. We shall 
prove now that it is also sufficient. 

It can be shown that in any open connected plane set S, every pair of points a and x 
can be joined by a simple step-polygon, that is, by a polygon whose edges are parallel to 
the coordinate axes and which has no self-intersections. If the line integral of/frOril a to x 
has the same value for every simple step-polygon in S joining a to x, then exactly the same 
argument used to prove Theorem 10.4 shows that f is a gradient on S. Therefore, we need 



l 

t 

a - + 

Figure 11.16 Independence of the path in a simply connected region. 
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only verify that the line integral off from a to x has the same value for every simple step- 
polygon in S joining a to x. 

Let Cj and C 2 be two simple step-polygons in S joining a to x. Portions of these polygons 
may coincide along certain line segments. The remaining portions will intersect at most a 
finite number of times, and will form the boundaries of a finite number of polygonal 
regions, say R l , . . . , R,. Since S is assumed to be simply connected, each of the regions 
R k is a subset of S. An example is shown in Figure 11.16. The solid line represents C l , 
the dotted line represents C 2 , and the shaded regions represent R 1 , , R m . (These two 

particular polygons coincide along the segment pq ) 

We observe next that the line integral off from a to x along C t plus the integral from x 
back to a along C 2 is zero because the integral along the closed path is a sum of integrals 
taken over the line segments common to C 1 and C 2 plus a sum of integrals taken around 
the boundaries of the regions R,. The integrals over the common segments cancel in pairs, 
since each common segment is traversed twice, in opposite directions, and their sum is 
zero. The integral over the boundary F t , of each region R k is also zero because, by Green’s 
theorem we may write 

jpdx+Qdy=±jj^-^d X dy, 

n R k - 

and the integrand of the double integral is zero because of the hypothesis dQ/dx = dP/dy. 
It follows that the integral from a to x along C\ is equal to that along C 2 . As we have 
already noted, this implies that f is a gradient in S. 


11.22 Exercises 

1. Use Green’s theorem to evaluate the line integral <j) ( , y 2 dx + x dy when 

(a) C is the square with vertices (0, 0), (2, 0), (2, 2), (0, 2). 

(b) C is the square with vertices ( ± 1, ± 1). 

(c) C is the square with vertices (±2,0), (0, f2). 

(d) C is the circle of radius 2 and center at the origin. 

(e) C has the vector equation a(t) = 2 cos 3 t i + 2 sin 3 f j , 0 < f < 2tt. 

2. If P(x, y) = xe~ v ‘ and Q(x, y) = —x 2 y e~ ljl + 1 / (x 2 + y 2 ), evaluate the line integral )Pdx + 
Q dy around the boundary of the square of side 2 a determined by the inequalities \x\ < a and 

\y\ < a. 

3. Let C be a simple closed curve in the xy-plane and let I z denote the moment of inertia (about 
the z-axis) of the region enclosed by C. Show that an integer n exists such that 

nl % = x 3 dy — -f dx. 


4. Given two scalar fields u and v that are continuously differentiable on an open set containing 
the circular disk R whose boundary is the circle x 2 + y 2 = 1 • Define two vector fieldsfand g 
as follows: 


f{x, y) = v(x, y)i + a(x, y)j, 



dv\ 

~Yy) J ' 


Find the value of the double integral j f / ■ g dx dy if it is known that on the boundary of R we 
have u(x, y) = 1 and v(x, y) = V • n 
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5. If / and g are continuously differentiable in an open connected set S in the plane, show that 

<j)^ fWg ■ da = da for every piecewise smooth Jordan curve C in S. 

6 . Let u and v be scalar fields having continuous first- and second-order partial derivatives in an 
open connected set Sin the plane. Let R be a region in S bounded by a piecewise smooth Jordan 
curve C. Show that: 

(a) j^vdx + uv dy = JJjt^ - |) + «(^ - I)} dxdy. 

R 

1 C ( du dv\ ( dv du\ f C l d 2 v d 2 u \ 

(b) 5 t \ V Y X - u T x ) dx + [ u Ty - V Ty) dy= )j{ U -^y - V teTy) dxdy ' 


Normalderivatives. In Section 10.7 we defined hne integrals with respect to arc length in such a 
way that the following equation holds: 


l/dx + Qdy = J /■ Tds, 


where f = Pi + Qj and T is the unit tangent vector to C. (The dot product f T is called the 
tangential component off along C.) If C is a Jordan curve described by a continuously differ¬ 
entiable function a, say a(t) = X(t)i + Y(t)j, the unit outer normal n of C is defined by the 
equation 

n{t) = kW {Y ' (t>i - x ' m 

whenever ||a'(t)|| ^ 0. If 99 is a scalar field with gradient V tp on C, the normalderivative dtp)dn is 
defined on C by the equation 

dtp 


dn 


= V<p • n. 


This is, of course, the directional derivative of tp in the direction of «. These concepts occur in the 
remaining exercises of this section. 


7. If f = Qi — Pj, show that 


J ( P dx + Qdy = j c f-nds. 


(The dot product f - it is called the nomial component off along C.) 

8 . Let / and g be scalar fields with continuous first- and second-order partial derivatives on an 
open set S in the plane. Let R denote a region (in S) whose boundary is a piecewise smooth 
Jordan curve C. Prove the following identities, where V 2 h = 9 2 «/ 9a: 2 + 9 2 w/ dy 2 . 


R 

{) /| ds = JJ (fV 2 g + Vf. Vg) dx dy . 

w|(/I 


(a) 

(b) 
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The identity in (c) is known as Green’s formula; it shows that 

whenever f and g are both harmonic on R (that is, when V 2 f = V 2 g = 0 on R). 

9. Suppose the differential equation 

P(x, y) dx + Q(x, y)dy- 0 

has an integrating factor p(x, y) which leads to a one-parameter family of solutions of the fomi 
<p(x, y) = C. Tf' the slope of the curve tp(x, y) = C at (x, y) is tan 6, the unit nomral vector jj is 
taken to mean 

n = sin 6 i - cos 9 j. 

There is a scalar field g(x, y) such that the normal derivative of <p is given by the formula 

dcp 

= M*, yW*> y) • 

where d<pj Sn = V <p . tl. Find an exphcit formula for g(x. y) in temrs of P(x, y) and Q(x, y). 

★ 11 .23 Green’s theorem for multiply connected regions 

Green’s theorem can be generalized to apply to certain multiply connected regions. 

THEOREM 11.12. GREEN’S THEOREM FOR MULTIPLY CONNECTED REGIONS. Let Cj , . . . , C n 

be n piecewise smooth Jordan curves having the following properties: 

(a) No two of the curves intersect. 

(b) The curves C 2 , , C n all lie in the interior of C 1 , 

(c) Curve C; lies in the exterior of curve Cjfor each i j, i > 1, j > 1 . 

Let R denote the region which consists of the union of with that portion of the interior of C x 
that is not inside any of the curves C 2 , C 3 ,. . . , C n . (An example of such a region is shown 
in Figure 11 .17.) Let P and Q be continuously differentiable on an open set S containing R. 
Then we have the following identity. 

(11.24) If dxdy = f (.Pdx + Qdy )-| 4 (P dx + Q dy). 

4 4 \dx dy/ 4c, k =2 Jc k 

tr J 

The theorem can be proved by introducing crosscuts which transform R into a union 
of a finite number of simply connected regions bounded by Jordan curves. Green’s theorem 
is applied to each pail separately, and the results are added together. We shall illustrate 
how this proof may be carried out when n = 2. The more general case may be dealt with 
by using induction on the number n of curves. 

The idea of the proof when n = 2 is illustrated by the example shown in Figure 1 I .18, 
where C 1 and C 2 are two circles, C, being the larger circle. Introduce the crosscuts AB 
and CD, as shown in the figure. Let K 1 denote the Jordan curve consisting of the upper 
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Figure 11.17 A multiply connected region. 



Figure 11.18 Proof of Green’s theorem 
for a multiply connected region. 


half of C 2 , the upper half of C\ , and the segments AB and CD. Let K 2 denote the Jordan 
curve consisting of the lower half of C 1 , the lower half of C 2 , and the two segments A B 
and CD. Now apply Green’s theorem to each of the regions bounded by K[ and K 2 and 
add the two identities so obtained. The line integrals along the crosscuts cancel (since each 
crosscut is traversed once in each direction), resulting in the equation 

f [(—-—) dx dy = (P dx + Q dy) - (P dx + Qdy). 

\dx dy; •'Ci Jet 

R 

The minus sign appeals because of the direction in which C 2 is traversed. This is Equation 

(11.24) when n = 2. 

For a simply connected region, the condition dP/dy = dQ/dx implies that the line 
integral j P dx + Q dy is independent of the path (Theorem 11. (1). As we have already 
noted, if S is not simply connected, the condition dPj dy = dQ/dx does not necessarily 
imply independence of the path. However, in this case there is a substitute for inde¬ 
pendence that can be deduced from Theorem 11.12. 

THEOREM 21.13. INVARIANCE OF A LINE INTEGRAL UNDER DEFORMATION OF THE PATH. 

Let P and Q be continuously differentiable on an open connected set S in the plans and assume 
that dP/dy = dQ/dx everywhere on S. Let C 1 and C 2 be two piecewise smooth Jordan curves 
lying in S and satisfying the following conditions: 

(a) C 2 lies in the interior of Q. 

(b) Those points inside C x which lie outside C 2 are in S. (Figure 11.19 shows an example.) 
Then we have 

(11.25) P dx + Q dy = P dx + Q dy, 

where both curves are traversed in the same direction. 

Proof. Under the conditions stated. Equation (11.24) is applicable when n = 2. The 
region R consists of those points lying between the two curves C 1 and C 2 and the curves 
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Figure 11.19. Invariance of a line integral under deformation of the path. 

themselves. Since dP/dy = dQ/dx in S, the left member of Equation (11.24) is zero and 
we obtain (11.25). 

Theorem 11.13 is sometimes described by saying that if dPjdy = dQ/dx in S the value of 
a line integral along a piecewise smooth simple closed curve in S is unaltered if the path is 
deformed to any other piecewise smooth simple closed curve in S, provided all intermediate 
curves remain within the set S during the deformation. The set S is assumed to be open 
and connected-it need not be simply connected. 


★11.24 The winding number 

We have seen that the value of a line integral often depends both on the curve along 

which the integration takes place and on the direction in which the curve is traversed. 

For example, the identity in Green’s theorem requires the line integral to be taken in the 
counterclockwise direction. In a completely rigorous treatment of Green’s theorem it 
would be necessary to describe analytically what it means to traverse a closed curve in 
the “counterclockwise direction.” For some special curves this can be done by making 
specific statements about the vector-valued function a which describes the curve. For 
example, the vector-valued function a defined on the interval [0, 2n] by the equation 

(11.26) a(t) = ( a COS t + x 0 )i + (a sin t + y 0 )j 

describes a circle of radius a with center at (x„ y 0 ). This particular function is said to 

describe the circle in a positive or counterclockwise direction. On the other hand, if we 

replace t by -t on the right of (11.26) we obtain a new function which is said to describe 

the circle in a negative or clockwise direction. In this way we have given a completely 

analytical description of “clockwise” and “counterclockwise” for a circle. However, it 
is not so simple to describe the same idea for an arbitrary closed curve. For piecewise 
smooth curves this may be done by introducing the concept of the winding number, an 

analytic device which gives us a mathematically precise way of counting the number of 

times a radius vector a “winds around” a given point as it traces out a given closed curve. 
In this section we shall describe briefly one method for introducing the winding number. 
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Then we shall indicate how it can be used to assign positive and negative directions to 
closed curves. 

Let C be a piecewise smooth closed curve in the plane described by a vector-valued 
function a defined on an interval [a, b], say 

u(t) = X ( t)i + Y(t)j if a < t < b. 


Let P t] = (x 0 , v 0 ) be a point which does not he on the curve C. Then the winding number 
of a with respect to the point P 0 is denoted by W (a ; P 0 ); it is defined to be the value of the 
following integral : 


(11.27) 


W( a; 


1 f f 

«\Po) = — 

LTT a 


[*(0 - jgoino - [_m - y n ]X'(t) 

im - * 0 ] 2 + tno - Loi 2 


This is the same as the line integral 


(11.28) 


1 I ~(y ~ J>o) dx + (x - x 0 ) dy 

2 77 Jc (X - x 0 ) 2 + (y - To) 2 


It can be shown that the value of this integral is always an integer, positive, negative, or 
zero. Moreover, if C is a Jordan curve (simple closed curve) this integer is 0 if Pq is outside 
C and has the value + I or — 1 if P (j is inside C. (See Figure 11.20.) Furthermore, W(a; P 0 ) 



Winding number + 1 Winding number _ 1 Winding number 0 

Figure 11.20 Illustrating the possible values of the winding number of a Jordan 

curve C with respect to F 0 . 


is either -|- 1 for every point P 0 inside C or it is — 1 for every such point. This enables us 
to define positive and negative orientations for C as follows: If the winding number 
W(a; P, ) is + 1 for every point P 0 inside C we say that a traces out C in the positive or 
counterclockwise direction. If the winding number is -1 we say that a traces out C in 
the negative or clockwise direction. [An example of the integral in (11.28) with ,v 0 = V 0 = 0 
was encountered earlier in Example 2 of Section 10.16.] 

To prove that the integral for the winding number is always -f-1 or — 1 for a simple 
closed curve enclosing (x 0 . y 0 ) we use Theorem 11.13. Let S denote the open connected 
region consisting of all points in the plane except (x 0 , y,). Then the line integral in (11.28) 
may be written as f a P dx + Q dy , and it is easy to verify that dPjdv = dQ/dx every¬ 
where in S. Therefore, if ( \' 0 , y„) is inside C, Theorem 11.13 tells us that we may replace 
the curve C by a circle with center at (x„ j 0 ) without changing the value of the integral. 
Now we verily that for a circle the integral for the winding number is either + 1 or — 1, 
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depending on whether the circle is positively or negatively oriented. For a positively 
oriented circle we may use the representation in Equation (11.26). In this case we have 

X(t) - a COS t + X 0 , Y(t) = a sin t + , 

and the integrand in (11.27) is identically equal to 1. Therefore we obtain 

1 f 2 * 

W(a;P 0 ) = 2^JL ldt = L 

By a similar argument we find that the intergal is -1 when C is negatively oriented. This 
proves that the winding number is either +1 or -1 for a simple closed curve enclosing 
the point (x 0 , >' 0 ). 


★11.25 Exercises 

1. Let S = {(x,y) \ x 1 + y 2 > 0}, and let 

Q(x>y)=-r?-i 


if (x, y) £ S ■ Let C be a piecewise smooth Jordan curve lying in S. 

(a) If (0, 0) is inside C, show that the line integral P dx + Q dy has the value ±277, and 
explain when the plus sign occurs. 

(b) Compute the value of the line integral J ( , P dx + Q dy when (0, 0) is outside C. 

2. If r = xi + yj and r = ||r|j, let 


f(x,y) 


s (log r). 3(log r) . 


for /- > 0. Let C be a piecewise smooth Jordan curve lying in the annulus 1 < x 2 + y 2 < 25, 
and find all possible values of the line integral of/along C. 

3. A connected plane region with exactly one “hole” is called doubly connected. (The annulus 
1 < x 2 + y 2 < 2 is an example.) If P and Q are continuously differentiable on an open doubly 
connected region R, and if dPjdy = dQj dx everywhere in R, how many distinct values are 
possible for line integrals Jo P dx + Q dy taken around piecewise smooth Jordan curves in R? 

4. Solve Exercise 3 for triply connected regions, that is, for connected plane regions with exactly 
two holes. 

5. Let P and Q be two scalar fields which have continuous derivatives satisfying 3P/ 3y = dQj dx 
everywhere in the plane except at three points. Let C l , C 2 , C 3 be three nonintersecting circles 

having centers at these three points, as shown 
Assume that /j = 12, /, = 10, / 3 = 15. 

(a) Find the value of jV- P dx + Q dy , where C is the figure-eight curve shown. 

(b) Draw another closed curve T along which f P dx + Q dy = 1 . Indicate on your drawing 
the direction in which T is traversed. 

(c) If 7j = 12, / 2 = 9, and / 3 = 15, show that there is no closed curve T along which j /’ dx + 
Qdy = 1. 


in Figure 11.21. and let l k 


C* 


P dx -v Q dy 
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Figure 11.21 Exercise 5. 



6. Let I k = «j> Pdx + Qdy, wheie 

J c k 

P{x,y) = . y 


and 


+ 


+ 


(x - l) 2 + y 2 x 2 + y % (x + l) 2 + y 


x - 1 


a: + 1 


Q (x,y) = ( X _ 1)2 + y 2 + -pry + {x+ 1)2 + y2 • 


In Figure 11.22, C 1 is the smallest circle, x 2 + y 2 = | (traced counterclockwise), C 2 is the largest 
circle, x 2 + y 2 = 4 (traced counterclockwise), and C s is the curve made up of the three inter¬ 
mediate circles (x — l) 2 + y 2 = , x 2 + y 2 = j, and (x + l) 2 + y 2 = J traced out as shown. 

If / 2 = 6n and / 3 = 2ir, find the value of 7 1 . 


11.26 Change of variables in a double integral 

In one-dimensional integration theory the method of substitution often enables us to 
evaluate complicated integrals by transforming them into simpler ones or into types that 
can be more easily recognized. The method is based on the formula 

(11.29) J>) dx = I* f[g(t)]g’(t) dt, 

where a = g(c) and b = g(d). We proved this formula (in Volume I) under the assumptions 
that g has a continuous derivative on an interval [c, d] and that f is continuous on the set 
of values taken by g(t) as t mns through the interval [c, d]. 

There is a two-dimensional analogue of (11.29) called the formula for making a change of 

variables in a double integral. It transforms an integral of the form Sf fix, V) dx dy, 

s 

extended over a region S in the xy-plane, into another double integral Jj F(u, v ) du dt), 

T 

extended over a new region Till the uv-plane. The exact relationship between the regions 
S and T and the integrands f (x, y) and F(u, v) will be discussed presently. The method of 
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V y 



Figure 11.23 The mapping defined by the vector equation r(u, v) = 
X(u, v)i + Y(u, v)j. 


substitution for double integrals is more elaborate than in the one-dimensional case 
because there are two formal substitutions to be made, one for x and another for y. This 
means that instead of the one function g which appears in Equation (11.29), we now have 
two functions, say X and Y, which connect x, y with u, v as follows: 

(11.30) x — X{u, v), y=Y(u,v). 

The two equations in (11.30) define a mapping which carries a point (u, v) in the w-plane 
into an image point (x, y) in the xy-plane. A set T of points in the wu-plane is mapped onto 
another set S in the xy-plane, as suggested by Figure 11.23. The mapping can also be 
described by means of a vector-valued function. From the origin in the xjr-plane we draw 
the radius vector r to a general point (x, y) of S, as shown in Figure 11.23. The vector r 
depends on both u and v and can be considered a vector-valued function of two variables 
defined by the equation 

(11.31) r(u, v) = X(u, v)i + Y(u,v)j if ( u,v)eT. 

This equation is called a vector equation of the mapping. As («, v) runs through the 
points of T the endpoint of r(u, v) traces out the points of S. 

Sometimes the two equations in (11.30) can be solved for u and v in terms of x and y. 
When this is possible we may express the result in the form 

u = U(x,y), v=V(x,y). 

These equations define a mapping from the xj-plane to the uv- plane, called the inverse 
mapping of the one defined by (11.30), since it carries points of S back to T. The so-called 
one-to-one mappings are of special importance. These carry distinct points of T onto distinct 
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points of 5; in other words, no two distinct points of T are mapped onto the same point 
of S by a one-to-one mapping. Each such mapping establishes a one-to-one correspondence 
between the points in T and those in S and enables us (at least in theory) to go back from S 
to Tby the inverse mapping (which, of course, is also one-to-one). 

We shall consider mappings for which the functions X and Y are continuous and have 
continuous partial derivatives dX/du, dXjdv, d Y/du, and d Yjdv on S. Similar assumptions 
are made for the functions U and V. These are not serious restrictions since they are 
satisfied by most functions encountered in practice. 

The formula for transforming double integrals may be written as 

(11.32) /J7(x, y) dx dy = JJ/[Jf(«, v), Y(u, »)] | J(u, n)| du dv. 

S T 


The factor J(u, v) which appears in the integrand on the right plays the role of the factor 
g'(t) which appears in the one-dimensional Formula (11.29). This factor is called the 
Jacobian determinant of the mapping defined by (11.30); it is equal to 


J(u, v ) 


dX 

dY 

du 

du 

dx 

dY 

dv 

dv 


Sometimes the symbol d(X, Y)ld(u, v) is used instead of J(u, v ) to represent the Jacobian 
determinant. 

We shall not discuss the most general conditions under which the transformation 
formula (11.32) is valid. It can be shown! that (11.32) holds if, in addition to the continuity 
assumptions on X, Y, U, and V mentioned above, we assume that the mapping from T 
to S is one-to-one and that the Jacobian J(u, v ) is never zero. The formula is also valid 
if the mapping fails to be one-to-one on a subset of T of content zero, or if the Jacobian 
vanishes on a subset of content zero. 

In Section 11.30 we show how the transformation formula (11.32) can be derived as a 
consequence of one of its special cases, namely, the case in which S is a rectangle and the 
function/has the constant value 1 at each point of S. In this special case (11.32) becomes 

(11-33) JJ dx dy = JJ \J(u, u)| du dv. 

S T 

Even for this case a proof is not simple. In Section 11.29 a proof of (11.33) is given with the 
aid of Green’s theorem. The remainder of this section will present a simple geometric 
argument which explains why a formula like (11.33) should hold. 

Geometric motivation for Equation (11.33): Take a region T in the nn-plane, as shown in 
Figure 11.23, and let S denote the set of points in the xj-plane onto which T is mapped 
by the vector function r given by (11.31). Now introduce two new vector-valued functions 
V 1 and V 2 which are obtained by taking the partial derivatives of the components of r 


t See Theorem 10-30 of the author’s Mathematical Analysis. 
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v 



Figure 11.24 A u-curve and a corresponding velocity vector. 


with respect to u and v, respectively. That is, define 



dX . dY . 

— i -|-/ 

du dit 


and 


dr = dX . + dY . 

dv dv dv ^ 


These vectors may be inteipreted geometrically as follows: Consider a horizontal line 
segment in the uv-plane (v is constant on such a segment). The vector function r maps this 
segment onto a curve (called a u-curve) in the xy-plane, as suggested in Figure 11.24. If we 
think of u as a parameter representing time, the vector V 1 represents the velocity of the 
position r and is therefore tangent to the curve traced out by the tip of r. In the same way, 
each vector V 2 represents the velocity vector of a v-curve obtained by setting u = constant. 
A u-curve and a v-curve pass through each point of the region 5. 

Consider now a small rectangle with dimensions Au and Au, as shown in Figure 11.25. 
If Au is the length of a small time interval, then in time Au a point of a u-curve moves 
along the curve a distance approximately equal to the product || V L || Au (since || V 1 || repre¬ 
sents the speed and Au the time). Similarly, in time Au a point on a v-curve moves a 



Figure 11.25 The image of a rectangular region in the uv-plane is a 
curvilinear parallelogram in the xy-plane. 
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distance nearly equal to || V 2 \\ Au. Hence the rectangular region with dimensions Au and 
At: in the nr-plane is traced onto a portion of the xy-plane that is nearly a parallelogram, 
whose sides are the vectors V, Au and V 2 At', as suggested by Figure 11.25. The area of 
this parallelogram is the magnitude of the cross product of the two vectors V 1 Au and 
V 2 Av; tliis is equal to 

||(F x Am) x (V 2 At)|| = \\V l X F 2 || Aw At. 


If we compute the cross product V x x V 2 in terms of the components of V l and V, we find 


v 1 X 


l 

J 

aj_ 

d_Y 

du 

du 

ax 

dY 

dv 

dv 


a x 

dY 

du 

du 

a x 

d_Y 

dv 

dv 


J(u, v)k. 


Therefore the magnitude of V 1 x V 2 is exactly \J(u, t) and the area of the curvilinear 
parallelogram in Figure 11.25 is nearly equal to | J(u, t)j Au At. 

If J(u, v) = 1 for all points in T, then the “parallelogram” has the same area as the 
rectangle and the mapping preserves areas. Otherwise, to obtain the area of the parallelo¬ 
gram we must multiply the area of the rectangle by \J(u, t)|. This suggests that the Jacobian 
may be thought of as a “magnification factor” for areas. 

Now let P be a partition of a large rectangle R enclosing the entire region T and consider 
a typical subrectangle of P of, say, dimensions Au and At. If Au and At are small, the 
Jacobian function J is nearly constant on the subrectangle and hence J acts somewhat like a 
step function on R. (We define J to be zero outside T.) If we think of J as an actual step 
function, then the double integral of |./| over R (and hence over T) is a sum of products 
of the form \J(u, f)| Au Av and the above remarks suggest that this sum is nearly equal to 
the area of S, which we know to be the double integral Sf dx dy. 

s 

This geometric discussion, which merely suggests why we might expect an equation like 
(11.33) to hold, can be made the basis of a rigorous proof, but the details are lengthy and 
rather intricate. As mentioned above, a proof of (11.33), based on an entirely different 
approach, will be given in a later section. 

If J(u, v) = 0 at a particular point (u, v), the two vectors V x and V 2 are parallel (since 
their cross product is the zero vector) and the parallelogram degenerates into a line segment. 
Such points are called singular points of the mapping. As we have already mentioned, 
transformation formula (11.32) is also valid whenever there are only a finite number of such 
singular points or, more generally, when the singular points form a set of content zero. 
This is the case for all the mappings we shall use. In the next section we illustrate the use of 
formula (11.32) in two important examples. 


11.27 Special cases of the transformation formula 

example 1. Polar coordinates. In this case we write r and 6 instead of U and v and 
describe the mapping by the two equations: 

x = r cos 6 , y = r sin e , 
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That is, X(r, 0) = r cos 6 and Y(r, 6) = r sin 0. To obtain a one-to-one mapping we 
keep r > 0 and restrict 0 to lie in an interval of the form 0 o < 9 < 9 0 + 2tt . For example, 
the mapping is one-to-one on any subset of the rectangle (0, a] x [0, 277) in the rO-plane. 
The Jacobian determinant of this mapping is 


J(r, 6) 


ax 57 

dr dr 

M dY 
de de 


cose 

— r sin 6 


sin 6 

r cos 0 


= r(cos 2 9 + sin 2 0) 


r . 


Hence the transformation formula in (11.32) becomes 


///(*> y ) dx d y = IS f( r cos 6 , r sin 6) r dr dO . 

s T 


The r-curves are straight lines through the origin and the 0-CUrveS are circles centered at the 
origin. The image of a rectangle in the rO-plane is a “parallelogram” in the xy-plane 


9 Y 



Figure 11.26 Transformation by polar coordinates. 

bounded by two radial lines and two circular arcs, as shown in Figure 11.26. The Jacobian 
determinant vanishes when r = 0, but this does not affect the validity of the transformation 
formula because the set of points with r = 0 has content zero. 

Since V 1 = cos 9 i + sin Oj, we have || V 1 j| = 1 ; so there is no distortion of distances along 
the r-curves. On the other hand, we have 

V 2 = -rsin 6i + r cos dj, ||F a || = r, 

so distances along the 5-Curves are multiplied by the factor r. 

Polar coordinates are particularly suitable when the region of integration has boundaries 
along which r or 6 is constant. For example, consider the integral for the volume of one 
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octant of a sphere of radius a, 


|| s/a 2 — x 2 — y 2 dx dy, 


where the region S is the first quadrant of the circular disk x 2 + y 2 < a 2 . In polar 
ordinates the integral becomes 

II Va 2 — r 2 r dr dO, 


where the region of integration T is now a rectangle [0, a] x [0, r]. Integrating first with 
respect to 6 and then with respect to r we obtain 


If 


s/a 2 - - 2 


- r* r dr dd = - rx/a 2 - r 2 dr = ”■ ^ ’*>*- 
2'° 2 -3 


_rra 3 _. 


The same result can be obtained by integrating in rectangular coordinates but the calculation 
is more complicated. 


example 2. Linear transformations. Consider a linear transformation defined by a pair of 
equations of the form 

(11.34) x = Au + Bv, y = Cu + Dv, 

where A, B, C, D are given constants. The Jacobian determinant is 

J(u, v) =AD - BC, 

and in order to have an inverse we assume that AD — BC ^ 0. This assures us that the 
two linear equations in (11.34) can be solved for u and v in terms of x and y. 

Linear transformations carry parallel lines into parallel lines. Therefore the image of 
a rectangle in the un-plane is a parallelogram in the xy-plane, and its area is that of the 
rectangle multiplied by the factor \J(u, u)| = | AD — BC \ ■ Transformation formula (11.32) 
becomes 

J |/(*, y) dx dy = \AD — BC\ JJ f(Au + Bv, Cu + Dv) du dv. 

S T 

To illustrate an example in which a linear change of variables is useful, let us consider 
the integral 

|| e iv ~ x)ny+x) dx dy • 

s 

where S is the triangle bounded by the fine x + y = 2 and the two coordinate axes. (See 
Figure 11.27.) The presence of y — x and y + x in the integrand suggests the change of 
variables 

u = y — x, v = y + x . 
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v y 



Solving for x and y we find 

U-U , v + u 

X = - and y =-. 

2 2 

The Jacobian determinant is J(u, v) = — \ . To find the image T of S in the uu-plane we 
note that the lines x = 0 and y = 0 map onto the lines u = v and U = —V, respectively; 
the line x + y = 2 maps onto the line V = 2. Points inside S satisfy 0 < x + y < 2 and 
these are carried into points of T satisfying 0 <C v <2. Therefore the new region of 
integration T is a triangular region, as shown in Figure 11.27. The double integral in 
question becomes 


jj e iv-x)Hv\ x) dxdy = l || 
S 2 T 


e u,v du dv . 


Integrating first with respect to U we find 


1 

2 


JJ 


e u,v du dv = 





11.28 Exercises 


In each of Exercises 1 through 5, make a sketch of the region S and express the double integral 
II fix, y) dx dy as an iterated integral in polar coordinates, 
s 


1. s = {(x,y) 

2. S= {{x,y) 

3. S = {(x,y) 
A. S = (O.y) 


x 2 +y 2 <« 2 }, where a>0. 
x 2 +/ ^ 2x). 

a 2 < x 2 + y 2 < b 2 }, where 0 <a 
0<y<l — x, 0 < x < 1}. 


<b. 
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In each of Exercises 6 through 9, transform the integral to polar coordinates and compute its 
value. (The letter a denotes a positive constant.) 


*■ nr— <*■ + w 

8i \l [ .D ( * 2 +y2) ' A dyi dx ■ 

7 - ilio ^ x2 + f dyldX ' 

9 - U ' 2 + /) dx] dy 


In Exercises 10 through 13, transform each of the given integrals to one or more iterated integrals 
in polar coordinates. 



fir fV i—x z 

fix ’ y) dyl dx - 

“■ /oK 3/(v ' x2 + y2)dy ] dx - 

13 - fo U^ (x ’ y)dy ] dx ' 


14. Use a suitable linear transformation to evaluate the double integral 



where S is the parallelogram with vertices (ir, 0), (2tt, tt), (n, 2v), (0, n). 

15. A parallelogram 5 in the xy-plane has vertices (0, 0), (2, 10), (3, 17), and (1, 7). 

(a) Find a lineal' transformation U = ax + by. v = cx + dy, which maps S onto a rectangle 
R in the uu-plane with opposite vertices (0, 0) and (4, 2). The vertex (2, 10) should map onto 
a point on the u-axis. 

(b) Calculate the double integral JJ xy dx dy by transforming it into an equivalent integral 
over the rectangle R of part (a). s 

16. If r > 0, let Z(r) = e~ ui du. 

(a) Show that I 2 (r) = JJ e ~(* 8 +s' 2 ) d x dy , where R is the square R = l-r, r] x [-r, r]. 

R 

(b) If C 1 and C 2 are the circular disks inscribing and circumscribing R, show that 

f J e~ (x2+1,ll) dx dy < p( r ) < j j e~ {x2+y2) dx dy . 

If Ci 

(c) Express the integrals over C 1 and C a in polar coordinates and use (b) to deduce that 
Z(r) —>■ yj tt as r -+ oo . This proves that J® e _ “ 2 du = yj w/2. 

(d) Use part (c) to deduce that T(|) = ^Jir, where F is the gamma function. 

17. Consider the mapping defined by the equations 

X = U +V, y =v — k 2 . 

(a) Compute the Jacobian determinant J{u, v). 

(b) A triangle T in the j/y-plane has vertices (0, 0), (2, 0), (0, 2). Describe, by means of a 
sketch, its image S in the xy-plane. 

(c) Calculate the area of S by a double integral extended over S and also by a double integral 
extended over T. 

(d) Evaluate j J (x — y + 1)~ 2 dx dy . 

s 

18. Consider the mapping defined by the two equations x = u 2 — v 2 . y = 2 uv, 

(a) Compute the Jacobian determinant J(u, v) . 
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(b) Let T denote the rectangle in the uu-plane with vertices (1, 1), (2, I), (2, 3), (1, 3). De¬ 
scribe, by means of a sketch, the image S in the xy-plane. 

(c) Evaluate the double integral J J xy dx dy by making the change of variables x = u 2 — V 2 , 

C 

y = 2uv , where C = {(*, y) | x 2 + y 2 < 1}. 

19. Evaluate the double integral 

ff dx dy 

iP ’ r) = JJ (p"+x 2 +y 2 V 

R 

over the circular disk R = ffx, y) | x 2 + y 2 < r 2 } • Determine those values of p for which 
Up, r) tends to a limit as r -> -f- oo . 

In Exercises 20 through 22, establish the given equations by introducing a suitable change of 
variables in each case. 

20. j j fix + y) dx dy = f(u) du, where S = {(*, y) \ |x| + \y\ < 1}. 

8 

21. |J f(ax + by + c) dx dy = 2 ^/l - u 2 f(uja 2 + b 2 + c) du, 

s 

where S = {(x, y) | x 2 + y 2 <, 1} a n d a 2 + b 2 # 0. 

22. J |/(xy) dx dy = log 2 f(u)du, where S is the region in the first quadrant bounded by 
s 

thecurvesxy = 1 , xy =2 ,y = x, y =4x. 


11.29 Proof of the transformation formula in a special case 

As mentioned earlier, the transformation formula 

(11.35) j | f( x , y)dxdy = j j f[X(u, v), Y(u, u)] | J(u, t-’)| du dv 

S T 

can be deduced as a consequence of the special case in which S is a rectangle and f is 
identically 1. In this case the formula simplifies to 

(11.36) jj dx dy = jj \J(u, u)l du du. 

r R* 

Here R denotes a rectangle in the xy-plane and R* denotes its image in the wn-plane (see 
Figure 11.28) under a one-to-one mapping 

u = U(x,y), v = V(x,y). 

The inverse mapping is given by 

x = X(u, u), y = Y(u, v), 



402 


M ultiple integrals 



Figure 11.28 The ti'ansformation law for double integrals derived from Green's theorem. 


and J(u, v) denotes the Jacobian determinant, 


J(u, v) = 


dX dX 
du dv 

dY 07 

du dv 


In this section we use Green’s theorem to prove (11.36), and in the next section we deduce 
the more general formula (11.35) from the special case in (11.36). 

For the proof we assume that the functions Xand Y have continuous second-order partial 
derivatives and that the Jacobian is never 0 in R *. Then ,/(w, v) is either positive everywhere 
or negative everywhere. The significance of the sign of J(u, v) is that when a point (x, y) 
traces out the boundary of R in the counterclockwise direction, the image point (u, v) 
traces out the boundary of R* in the counterclockwise direction if J(u, v) is positive and in 
the opposite direction if J(u, v) is negative. In the proof we shall assume that J(u, v) > 0. 

The idea of the proof is to express each double integral in (11.36) as a line integral, using 
Green’s theorem. Then we verily equality of the two line integrals by expressing each in 
parametric form. 

We begin with the double integral in the xy-plane, writing 




dxdy, 


where Q(x, y) = x and P(x, y) = 0. By Green's theorem this double integral is equal to 
the line integral 

/ c P dx + Q dy = j c x dy. 


Here C is the boundary of R traversed in a counterclockwise direction. 
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Similarly, we transform the double integral in the un-plane into a line integral around the 
boundary C* of R*. The integrand, J(u, v ), ean be written as follows: 

j( u (; ) = A iX _ d .l = d AA. + x _ x JPy_ 

du dv dv ddu dun dv du dv dv du dv du 
du\ dv) dv\ du) 

Applying Green’s theorem to the double integral over R* IVe find 

JJ J(u, v) du dv = J m (Xj- du + Xy dv\ . 

R * 

Therefore, to complete the proof of (11.36) we need only verify that 

(11.37) f xdy=[ (x — du + X^dv). 

jc Jc* \ du dv ) 

We introduce a parametrization of C* and use this to find a representation of C. Suppose 
C* is described by a function a defined on an interval [a, b], say 


Let 


a(t) = U{t)i + V(t)j. 

W)= X[V(t),V(t)]i+Y[U(t),V(t)]j. 


Then as t varies over the interval [a, b], the vector a(t) traces out the curve C* and m 
traces out C. By the chain rule, the derivative of (3 is given by 


d f u\t) + f F(0' 

ou ov 


i + 


f m + % no 

ou ov 


J. 


Hence 


P'(0 = 

! xdy= fW V (M T^ U ’ (t) + ? dt 

Jc Ja \du dv 1 


The last integral over [a, b] is also obtained by parametrizing the line integral over C* in 
(11.37). Therefore the two line integrals in (11.37) are equal, which proves (11.36). 

11.30 Proof of the transformation formula in the general case 

In this section we deduce the general transformation formula 


(11.38) 


// fix, y ) dx dy - JJ f[X(u, v), Y(u, «)] \J{u, u)( du dv 




404 


M ultiple integrals 


from the special case treated in the foregoing section, 

(11.39) jj dx dy = jj \J{u, t>)| du dv, 

r B* 

where R is a rectangle and R* is its image in the wy-plane. 

First we prove that we have 

(11.40) II s(x,y) dx dy = || s[A(u, v), Y(u, t>)] \J(u, t;)| dudv, 

R R* 

where s is any step function defined on R. For this purpose, let P be a partition of R into 
mn subrectangles R;. of dimensions Xx t and A y } , and let C ti be the constant value that S 
takes on the open subrectangle /? i; . Applying (11.39) to the rectangle R (j we find 

Axj Ay 3 - = J | cfx dy = || \J(u, t>)| du dv. 

Bn Rii* 

Multiplying both sides by c fj and summing on / and j we obtain 

n m n m r p 

(11.41) 2 % c ifkXiby, = 2 JJ \J(u,v)\dudv. 

i=1i=1 i=1, = 1 Rn* 

Since s is a step function, this is the same as 

n m n m p r> 

(11.42) 2 i^A^Ay^^SlJ du dv. 

i=li=1 8=13=1 Bt,* 

Using the additive property of double integrals we see that (11.42) is the same as (11.40). 
Thus, (11.40) is a consequence of (11.39). 

Next we show that the step function s in (11.40) can be replaced by any function f for 
which both sides of (11.40) exist. Let / be integrable over a rectangle R and choose step 
functions s and t satisfying the inequalities 

(11.43) s{x,y)<f{x,y)<t(x,y), 
for all points (x, y) in R. Then we also have 

(11.44) s[X(u, v), Y(u, e)] <f[X(u, v), Y(u, v)] < t[X(u, v), Y(u, t?)] 

for every point (u, v) in the image R*. For brevity, write S(u, v) for s[X(u, v), Y(u, !,')] and 
define F(u, v) and T{u, v) similarly. Multiplying the inequalities in (11.44) by \J(u, v)\ 
and integrating over fi * we obtain 

jj S(u,v)\J(u,v)\ du dv < || F(u, v) \J(u,v)\dudv<jjT(u,v)\J(u,v)\ du dv. 

R * r * r * 
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Because of (11.40), the foregoing inequalities are the same as 

jj s(x, y ) dx dy < jj F(u, v) \J(u, r)| du dv < ff t(x, y) dx dy . 

R R * R 

Therefore JJ F(u, V ) | J(u, u)| du dv is a number which lies between the integrals 

R* 

JJ s(x, y) dx dy and JJ t(x, y) dx dy for all choices of step functions s and t satisfying (11.43). 

R R 

Since / is integrable, this implies that 

/(x, y) dx dy - j j F(u, v)\J(u, y)| du dv 
R R* 

and hence (11.38) is valid for integrable functions defined over rectangles. 

Once we know that (11.38) is valid for rectangles we can easily extend it to more general 
regions S by the usual procedure of enclosing S in a rectangle R and extending the function 
f to a new function/which agrees with f on S and has the value 0 outside S. Then we note 
that 

/// = ///= »)] I J(u, 0)1 du dv = j j F(u, v'j\J(u, ti)| du dv 

S R R* T 

and this proves that (11.38) is, indeed, a consequence of (11.39). 

11.31 Extensions to higher dimensions 

The concept of multiple integral can be extended from 2-space to n-space for any n > 3. 
Since the development is entirely analogous to the case n = 2 we merely sketch the principal 
results. 

The integrand is a scalar field f defined and bounded on a set S in n-space. The integral 
off over S, called an n-fold integral, is denoted by the symbols 

/•'•//, or j ■■•jf(x 1 ,...,x n )dx 1 ---dx n , 

s s 

with n integral signs, or more simply with one integral sign, J s f ( X) dx, where X = 
(x 1; . . . , x n ). When n = 3 we write (x, y, z) instead of (x 1; x 2 , ,V 3 ) and denote triple 
integrals by 

JJ)/. or J/JYfo y, z) dx dy dz . 

s s 

First we define the n-fold integral for a step function defined on an n-dimensional interval. 
We recall that an n-dimensional closed interval [a. A] is the Cartesian product of n closed 
one-dimensional intervals [a„ b k ], where a = (a„ . . . , a,) and A = (A x , . . . , b n ). An 
n-dimensional open interval (a. A) is the Cartesian product of n open intervals ( a k , b k ). 
The volume of [a. A] or of (a. A) is defined to be the product of the lengths of the component 
intervals, 


(^i - a,) • • • (b n - a,). 
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If Pi,.. ■ , P n are partitions of [a„ /tj, . . . , [a„ b„], respectively, the Cartesian product 
P = P x X • • 1 x P n is called a partition of [a, bj. A functionfdefmed on [a, b\ is called a step 
function if it is constant on each of the open subintervals determined by some partition P, 
The n-fold integral of such a step function is defined by the formula 

/•••//= 2 ^, 

[a,6] 2 


where c, is the constant value thatftakes on the ith open subinterval and is the volume of 
the ith subinterval. The sum is a finite sum extended over all the subintervals of P. 

Having defined the n-fold integral for step functions, we define the integral for more 
general bounded functions defined on intervals, following the usual procedure. Let s and t 
denote step functions such that s < / <C t on [a, b]. If there is one and only one number Z 
such that 

[0,6] [o,b] 

for all choices of s and t satisfying S Kf < t , then f is said to be integrable on [a, b], and 
the number Z is called the n-fold integral off, 


As in the two-dimensional case, the integral exists if f is continuous on [a, b\. It also 
exists iff is bounded on [a, b\ and if the set of discontinuities off has n-dimensional content 
0. A bounded set S has n-dimensional content 0 if for every e > 0 there is a finite collection 
of n-dimensional intervals whose union includes S and the sum of whose volumes does not 
exceed e. 

To define the n-fold integral of a bounded function f over a more general bounded set S, 
we extend f to a new function/which agrees with f on S and has the value zero outside S', 
the integral off over S is defined to be the integral of f over some interval containing S. 

Some multiple integrals can be calculated by using iterated integrals of lower dimension. 
For example, suppose S is a set in 3-space described as follows: 

(11.45) S = {(x, y,z)\(x, y)e Q and <Pi(x, y) < z < cp 2 (x, y)}, 

where Q is a two-dimensional region, called the projection of S on the xy-plane, and tp l , 
<f 2 are continuous on S. (An example is shown in Figure 11.29.) Sets of this type are bounded 
by two surfaces with Cartesian equations z = (p\{x, y), and z = <pz(x,y) and (perhaps) a 
portion of the cylinder generated by a line moving parallel to the z-axis along the boundary 
of Q. Lines parallel to the z-axis intersect this set in line segments joining the lower surface 
to the upper one. If/ is continuous on the interior of S we have the iteration formula 
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i z 



That is, for fixed x and V, the first integration is performed with respect to z from the lower 
boundary surface to the upper one. This reduces the calculation to a double integral over the 
projection Q, which can be heated by the methods discussed earlier. 

There are two more types of sets analogous to those described by (11.45) in which the x- 
‘and y-axes play the role of the z-axis, with the projections taken in the yz- or xz-planes, 
respectively. Triple integrals over such sets can be computed by iteration, with formulas 
analogous to (11.46). Most 3-dimensional sets that we shall encounter are either of one of 
the three types just mentioned or they can be split into a finite number of pieces, each of 
which is of one of these types. 

Many iteration formulas exist for n-fold integrals when n > 3. For example, if Q is a 

k-dimensional interval and R an m-dimensional interval, then an (m + fc)-fold integral over 

Q x R is the iteration of an m-fold integral with a k-fold integral, 

/•••//= j ' • -j [j '' • j/d*i'' • dx j dx m+1 - • • dx m+k , 

QXR Q R 

provided all the multiple integrals in question exist. Later in this chapter we illustrate the 

use of iterated multiple integrals in computing the volume of an n-dimensional sphere. 


11.32 Change of variables in an n-fold integral 

The formula for making a change of variables in a double integral has a direct extension 
for n-fold integrals. We introduce new variables u L . . . . , u n related to x 1 , . . . , x n by n 
equations of the form 


*1 = X x (u l9 . - ,u n ), . ..) 


X n — ■ ■ ■ j u n ) . 
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Let x = ( A i , . . . , ,x n ) U n ), and X = (X 1 , , X n ). Then these equations 

define a vector-valued mapping 

X: T-> S' 


from a set Tin n-space to another set S in n-space. We assume the mapping X is one-to-one 
and continuously differentiable on T. The transformation formula for n-fold integrals 
assumes the form 

(11.47) j g f(x) dx = | T /[X(«)] |det DX(u)\ du, 


where DX{u) = [DjX k {u)] is the Jacobian matrix of the vector field X. In terms of com¬ 
ponents we have 

PAW W) ••• AA(*01 


DX(u) = 


L DJM D 2 X n (u ) • • • D n X n (u)\ 


As in the two-dimensional case, the transformation formula is valid if Xis one-to-one on 
T and if the Jacobian determinant /(h) = det DX{u ) is never zero on T. It is also valid if 
the mapping fails to be one-to-one on a subset of T having n-dimensional content zero, or if 
the Jacobian determinant vanishes on such a subset. 

For the three-dimensional case we write (x, y, z) for (x l5 X 2 , X 3 ), (u, v, w) for (tfi , u 2 , U 3 ), 
and (X, Y, Z) for (X 1 , X 2 , X 3 ). The transformation fotmula for triple integrals takes the 
form 

(11.48) jjjf(x,y,z)dxdydz 

S 

= JfJ f[X(u, v, w), Y(u, v, w), Z(u, v, tv)] |/(h, v, w)| du dv dw t 

T 

where J(u, V, tv) is the Jacobian determinant. 


ax 


az_ 

du 

du 

du 

ax 

d_Y 

a_z_ 

dv 

dv 

dv 

ax 

dY 

a_z_ 

dw 

dw 

dw 


In 3-space the Jacobian determinant can be thought of as a magnification factor for volumes, 
hi fact, if we introduce the vector-valued function r defined by the equation 


r(u, v, w) = X(u, v, w)i + Y(u, v, w)j + Z(u, v, w)k, 
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and the vectors 


„ dr dX . , BY . dZ , 

du du du du 

V - dr _dx . BY . dz 

f n - l ~\~ / ”h A , 

dv dv d v dv 

.. dr dX . dY . dz , 

dw dw dw dw 


an argument similar to that given in Section 11.26 suggests that a rectangular parallelepiped 
of dimensions Au, Av, Aw in uiw-space is carried onto a solid which is nearly a curvilinear 
“parallelepiped” in xyz-space determined by the three vectors V l Au, V 2 Av, and V 3 Aw. 
(See Figure 11.30.) The boundaries of this solid are surfaces obtained by setting u = 
constant, v = constant, and w = constant, respectively. The volume of a parallelepiped 
is equal to the absolute value of the scalar triple product of the three vectors which determine 
it, so the volume of the curvilinear parallelepiped is nearly equal to 

|(Fj Aw) • (F 2 Ay) x (F 3 Aw)[ = | Fj • F 2 x F 3 | Au Av Aw = |/(w, v, w)| Au Au Aw. 


11.33 Worked examples 

Two important special cases of (11.48) are discussed in the next two examples. 

example 1. Cylindrical coordinates. Here we write r, 6, z for u, v, w and define the 
mapping by the equations 

(11.49) X=rcos0, y = r sin 0, z = z. 




Figure 11.30 Transformation by cylindrical coordinates. 
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In other words, we replace x and y by their polar coordinates in the xy-plane and leave 
z unchanged. Again, to get a one-to-one mapping we must keep f > 0 and restrict 0 to 
be in an interval of the form 0 O < 0 < d 0 + 2n. Figure 11.30 shows what happens to a 
rectangular parallelepiped in the r&-space. 

The Jacobian determinant of the mapping in (11.49) is 


COS 6 sin 0 0 

J(r, Q, z) =L -r Sin d rcosd 0 
0 0 1 


= r(cos 2 6 + sin 2 d) = r , 


and therefore the transformation formula in (11.48) becomes 


jjj f(x,y, z) dxdy dz = J fj f(rcos 6,r sin d,z)r dr dd dz . 

s 'T 

The Jacobian determinant vanishes when r = 0, but this does not affect the validity of the 
transformation formula because the set of points with r = 0 has 3-dimensional content 0. 

example 2. Spherical coordinates. In this case the symbols p, 6, (p are used instead of 
u, v, w and the mapping is defined by the equations 

x = p cos 6 sin rp, y = p sin 6 sin (p, z = p cos cp . 

The geometric meanings of p, 0, and (f are shown in Figure 11.31. To get a one-to-one 
mapping we keep p > 0, 0 < 6 < 2tt , and 0 K. (p < tt . The surfaces p = constant are 
spheres centered at the origin, the surfaces Q = constant are planes passing through the 
z-axis, and the surfaces (p = constant are circular cones with their axes along the z-axis. 
Therefore a rectangular box in pd<p- space is mapped onto a solid of the type shown in 
Figure 11.31. 





Figure 11.31 Transformation by spherical coordinates. 




Worked examples 


411 


The Jacobian determinant of the mapping is 

cos 0 sin (p sin 6 sin (p cos <p 

J(p, 0, <p) = — p sin 6 sin cp p cos 0 sin <p 0 = — p 2 sin rp . 

p cos 6 cos <p p sin d cos cp —p sin cp 

Since sin <p > 0 if 0 < cp < 7r,we have \J(p, 0, <p)| = p 2 sin cp and the formula for trans¬ 
forming triple integrals becomes 

///f ( x > y ’ z ) dy dz = Hi F(p> i p)p 2 sin <p dp dd dip, 

s t 

where F(p. d, <p) — f(p cos f) sin rp. p sin 0 sin <p, p cos <p) . Although the Jacobian deter¬ 
minant vanishes when ip = 0 the transformation formula is still valid because the set of 
points with (p = 0 has 3-dimensional content 0. 

The concept of volume can be extended to certain classes of sets (called measurable sets) 
in n-space in such a way that if S is measurable then its volume is equal to the integral of the 
constant function 1 over S. That is, if i)(S) denotes the volume of S, we have 

v ( S ) |= ■ I' dx x ■ ■ ■ dx n . 
s 

We shall not attempt to describe the class of sets for which this formula is valid. Instead, 
we illustrate how the integral can be calculated in some special cases. 

example 3. Volume of' an n-dimensional interval. If S is an n-dimensional interval, say 
S' = [a 1 , X • ■ ■ X [a n ,b n ], the multiple integral for r(S) is the product of n one- 
dimensional integrals, 

v(S) = p 1 dx, •. • p" dx, = (b 1 - a,) • • • (b„ - a,). 

J «1 v&n 

This agrees with the formula given earlier for the volume of an n-dimensional interval. 

example 4. The volume of an n-dimensional sphere. Let S,(a) denote the n-dimensional 
solid sphere (or n-ball) of radius a given by 

S„(a) = {Oh ,...,x n )\x\ + •" + x 2 n < a 2 }, 

and let 

V n (a) = j • • • | dx, •. • dx, , 

S n (a) ^ 

the volume of S n (d), We shall prove that 

(11.50) V n (a) = —P- a\ 

n V On + l) 
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where T is the gamma function. For n = 1 the formula gives V x {a) = 2Cl, the length of the 
interval [-a, a]. For n — 2 it gives V,(a) = va 2 . the area of a circular disk of radius a. 
We shall prove (11.50) for U > 3. 

First we prove that for every a > 0 we have 

(11.51) V n (a) = a n V n ( 1). 


In other words, the volume of a sphere of radius a is a” times the volume of a sphere of 
radius 1. To prove this we use the linear change of variable X = au to map S,(l) onto 
S,(a). The mapping has Jacobian determinant a n . Hence 

K n (fl) = J . -. / dx x •. . dx, =j . . ] a* du x . . . du, = a n V n (l). 

S n (a) S n CD 


This proves (11.51). Therefore, to prove (11.50) it suffices to prove that 


(11.52) 


V n (l) 


r(|n + 1) . 


First we note that x\ + • . . + X 2 < I if' and only if 

x? + 1 1 ’ + x 2 „_ 2 < 1 - x 2 „_! - X 2 and x\_ x + x 2 < 1. 

Therefore we can write the integral for V n (l) as the iteration of an (n — 2)-fold integral and 
a double integral, as follows: 


(11.53) 


K0) 


= j j [ j ■ ■ ■ j dx, .. . c/x„_ 2 ] dx n _ l dx, . 
22 ., \ 5^,22 “ 

X n -1+X n <l X1 + - ■ ■+X„-2<1-X n -1-X n 


The inner integral is extended over the (n — 2)-dimensional sphere S,-,(R), where 
R = v 1 — x 2 , — x 2 , so it is equal to 

^ n —1 n 1 “ 

VUR) = R n ' 2 v n ^( 1 ) = (1 - xU - xy'^vui). 

Now we write x for x n _ 1 and y for X n . Then (11.53) becomes 

V n ( 1) - K„_ 2 (l) 2 f j (I - x 2 - y 2 ) nl2 ~ 1 dx dy . 

We evaluate the double integral by transforming it to polar coordinates and obtain 


^ jo (1 ~r 2 r l 2 - 1 rdrdO=V n ^(\)~ 


v n (i) -V n M) 


In other words, the numbers V n (l) satisfy the recursion fomrula 

V n (D = ^UD ^ > 3. 
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But the sequence of numbers {f(n)} defined by 


/(«) = 


rQn + 1) 


satisfies the same recursion formula because F(s + 1 j = i’r(^). Also, r(-J-) = yj tt (see 
Exercise 16, Section 11.28), so r(f) = K rr and/(l) = V 1 ( 1 ) = 2. Also, f(2) = F 2 (l) = rr , 
hence we have f(tl) = V n (l) for all n > 1. This proves (11.52). 


11.34 Exercises 


Evaluate each of the triple integrals in Exercises 1 through 5. Make a sketch of the region of 
integration in each case. You may assume the existence of all the integrals encountered. 


1 . HI x / 2 z 3 dx dy dz , where S is the solid bounded by the surface z = xy and the planes 
S 

y =x,x = 1, and z =0. 

2. Iff (1 + x + y + z)~ 3 dx dy dz, where S is the solid bounded by the three coordinate 
8 

planes and the plane x + y + z = 1. 

3. 1)1 xyzdxdydz, where S = {(x, y, z) x 2 + y 2 + z 2 < 1, x > 0,y > 0, z > 0}. 


4. 



dxdydz, 


where S is the solid bounded by the ellipsoid 


x 2 y 2 z 2 

-— 4- 

a 2 b 2 c 2 


5- J7J V* 2 + y 2 dx d y dz > where S is the solid formed by the upper nappe of the cone 
s 

z 2 = x 2 + y 2 and the plane z = 1. 

In Exercises 6, 7, and 8, a triple integral J J J fix. y, z) dx dy dz of a positive function reduces 

s 

to the iterated integral given. In each case describe the region of integration S by means of a 
sketch, showing its projection on the xy-plane. Then express the triple integral as one or more 
iterated integrals in which the first integration is with respect toy. 


6 - z)dz \ d y) dx ■ 

7 - dy)dx. 

8 - fodotl: +y Ax>y'*)dz]dy)dx. 


9. Show that: 



du j dv = - J (x — t) 2 f(t) dt. 


Evaluate the integrals in Exercises 10, 11, and 12 by transforming to cylindrical coordinates. You 
may assume the existence of all integrals encountered. 

10. JJJ (x l + /) dx dy dz, where S is the solid bounded by the surface x 2 + y 2 = 2z and the 
s 

plane z = 2. 




414 


Multiple integrals 


11. Jfj dx dy dz , where S is the solid bounded by the three coordinate planes, the surface 
S 

z = x 2 + y 2 , and the plane x + y = 1. 

12. JJJ (y 2 + z 2 ) dx dy dz , where S is a right circular cone of altitude h with its base, of radius 

s 

a, in the xy-plane and its axis along the z-axis. 

Evaluate the integrals in Exercises 13, 14, and 15 by transforming to spherical coordinates. 

13. fjj dx dy dz, where S is a solid sphere of radius a and center at the origin. 

14. JJJ dx dy dz, where S is the solid bounded by two concentric spheres of radii a and b, 

s 

where 0 < a < b, and the center is at the origin. 

15. JJJ [(X - a) 2 + {y - bf + (z - c) 2 ] - ^ dx dy dz, where S is a solid sphere of radius R 
S 

and center at the origin, and (a, b, c) is a fixed point outside this sphere. 

16. Generalized spherical coordinates may be defined by the following mapping: 

x = ap cos™ 8 sin” <p, y - bp sin” 6 sin" cp, z = Cp cos” 9, 

where a, b, c, m, and n are positive constants. Show that the Jacobian determinant is equal to 
— abcmnp 2 cos™ -1 6 sin™ -1 6 cos” -1 <p sin 2 " -1 <p. 


Triple integrals can be used to compute volume, mass, center of mass, moment of inertia, and 
other physical concepts associated with solids. If S is a solid, its volume V is given by the triple 
integral 


v 




dxdydz. 


If the solid is assigned a densityf(x, y, z) at each of its points (x, y, z) (mass per unit volume), its 
mass M is defined to be 

M = |J| f(x, y, z) dx dy dz, 

s 


and its center of mass the point ( x, y, z) with coordinates 




1 

M 


JjJ xf(x,y,z) dxdydz, 

s 


and so on. The moment of inertia I xy about the xy-plane is defined by the equation 

4 „ = Jj J' z V < x > 2 > dx d y dz 

s 

and similar formulas are used to define I JZ and I zx . The moment of inertia I L about a line L is 
defined to be 


II = ^ ^f^ X ' } ’’ Z) dX dy dZ ’ 

S 
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where 6(x, y, z) denotes the perpendicular distance from a general point (x, y, z) of S to the line L. 

17. Show that the moments of inertia about the coordinate axes are 


lx — I zy "I" Ij'z ) 4 ; / — lyx "I" ' ■ 


h - hx + 4 


18. Find the volume of the solid bounded above by the sphere + _y 2 + z 2 = 5 and below by 
the paraboloid X 2 + y 2 = 4z. 

19. Find the volume of the solid bounded by the xy-plane, the cylinder X 2 + y 2 = 2x, and the 
cone z = ■sjx 2j ry 2 . 

20. Compute the mass of the solid lying between two concentric spheres of radii a and b j where 
0 < a < b , if the density at each point is equal to the square of the distance of this point from 
the center. 

21. A homogeneous solid right circular cone has altitude h. Prove that the distance of its centroid 
from the base is h/4. 

22. Determine the center of mass of a right circular cone of altitude h if its density at each point 
is proportional to the distance of this point from the base. 

23. Determine the center of mass of a right circular cone of altitude h if i.ts density at each point is 
proportional to the distance of this point from the axis of the cone. 

24. A solid is bounded by two concentric hemispheres of radii a and b, where 0 < a < b. If the 
density is constant, find the center of mass. 

25. Find the center of mass of a cube of side h if its density at each point is proportional to the 
square of the distance of this point from one corner of the base. (Take the base in the xy-plane 
and place the edges on the coordinate axes.) 

26. A right circular cone has altitude h ; radius of base a, constant density, and mass M. Find its 
moment of inertia about an axis through the vertex parallel to the base. 

27. Find the moment of inertia of a sphere of radius R and mass M about a diameter if the density 
is constant. 

28. Find the moment of inertia of a cylinder of radius a and mass M if its density at each point is 
proportional to the distance of this point from the axis of the cylinder. 

29. The stem of a mushroom is a right circular cylinder of diameter 1 and length 2, and its cap 
is a hemisphere of radius R . If the mushroom is a homogeneous solid with axial symmetry, 
and if its center of mass lies in the plane where the stem joins the cap, find R. 

30. A new space satellite has a smooth unbroken skin made up of portions of two circular cylinders 
of equal diameters D whose axes meet at right angles. It is proposed to ship the satellite to 
Cape Kennedy in a cubical packing box of inner dimension D. Prove that one-third of the box 
will be waste space. 

31. Let S,(u) denote the following set in n-space, where a > 0: 

S n (a ) = {(*!,. . . ,X n ) | |Ail + • • • + |JC«| < a}. 


When n = 2 the set is a square with vertices at (0, ±a) and (±fl, 0). When /I = 3 it is an 
octahedron with vertices at (0, 0, ±fl), (0, ±a, 0), and (fu, 0, 0). Let V n (a) denote the volume 
of S,(u), given by 

V n (a) = I • • ■ \ dx x ■ - dx n . 

J SJa) 

(a) Prove that V n (a) = (l n V n { 1). 

(b) For n > 2, express the integral for K„(l) as an iteration of a one-dimensional integral and 
an (n — l)-fold integral and show that 

VnW - K-lWj (1 - W)"- 1 dX=- n 
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2 n a n 

(c) Use parts (a) and (b) to deduce that V n (a) = —— . 

32. Let S n (a) denote the following set in n-space, where a > 0 and « > 2 : 

S„(a) = {(*!,. . . , x n ) | \x { \ + \x n \ < a for each / = 1 ,. . . , n - 1} . 

(a) Make a sketch of £ n (l) when n = 2 and when n = 3. 

(b) Let VJa) = \ ... \ dx 1 ... dx n , and show that V n (a) = a n V n ( 1) • 

S„(a) 

(c) Express the integral for L n (l ) as an iteration of a one-dimensional integral and an (n — 1)- 
fold integral and deduce that V n (a) = 2 n a n /n. 

33. (a) Refer to Example 4, p. 411. Express the integral for V n { 1), the volume of the n-dimensional 
unit sphere, as the iteration of an (n — l)-fold integral and a one-dimensional integral and 
thereby prove that 

r„(i) = 2 r„_i(D f (1 -xT~ im dx. 

Jo 

(b) Use part (a) and Equation (11.52) to deduce that 
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SURFACE INTEGRALS 


12.1 Parametric representation of a surface 

This chapter discusses surface integrals and their applications. A surface integral can be 
thought of as a two-dimensional analog of a line integral where the region of integration is a 
surface rather than a curve. Before we can discuss surface integrals intelligently, we must 
agree on what we shall mean by a surface. 

Roughly speaking, a surface is the locus of a point moving in space with two degrees 
of freedom. In our' study of analytic geometry in Volume I we discussed two methods 
for describing such a locus by mathematical formulas. One is the implicit representation 
in which we describe a surface as a set of points (x, y, z) satisfying an equation of the 
form F(x, y, z) = 0. Sometimes we can solve such an equation for one of the coordinates 
in terms of the other two, say for z in terms of x and y. When this is possible we obtain 
an explicit representation given by one or more equations of the form z = f (x, y) . For 
example, a sphere of radius 1 and center at the origin has the implicit representation 
x 2 + y 2 -f z 2 — 1=0. When this equation is solved for z it leads to two solutions, 

Z = Vl — X 2 — y 1 and Z = — sj\ — x 2 — y 2 . The first gives an explicit representation 

of the upper hemisphere and the second of the lower hemisphere. 

A third method for describing surfaces is more useful in the study of surface integrals; 
this is the parametric or vector representation in which we have three equations expressing 
x, y, and z in terms of two parameters U and v: 

(12.1) X = X(u, v), y - Y(u, v) , Z = Z(u, v). 

Here the point (u, v) is allowed to vary over some two-dimensional connected set T in 

the uoplane, and the corresponding points (x, y, z) trace out a surface in xyz-space. This 
method for describing a surface is analogous to the representation of a space curve by three 
parametric equations involving one parameter. The presence of the two parameters in 
(12.1) makes it possible to transmit two degrees of freedom to the point (.v, y, z), as suggested 
by Figure 12.1. Another way of describing the same idea is to say that a surface is the image 
of a plane region T under the mapping defined by (12.1). 

If we introduce the radius vector r from the origin to a general point (x, y, z) of the 

surface, we may combine the three parametric equations in (12.1) into one vector equation 
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Figure 12.1 Parametric representation of a surface. 


of the form 


(12.2) r(w, V ) = X(u, v)i + Y(u, v)j + Z(u, v)k, where ( u , v) 6 T . 

This is called a vector equation for the surface. 

There are, of course, many parametric representations for the same surface. One of 
these can always be obtained from an explicit form z = f(x, y) by taking X(u, V) = U, 
Y(u, v) = V , Z(u, !') = f(u,v). On the other hand, if we can solve the first two equations 
in (12.1) for u and V in temrs of x and y and substitute in the third-we obtain an explicit 
representation z = /(*, 7) • 

example 1. A parametric representation of a sphere. The three equations 



Figure 12.2 Parametric representation of a sphere. 
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D C 

D C 


A B A B 

Figure 12.3 Deformation of a rectangle into a hemisphere. 

serve as parametric equations for a sphere of radius a and center at the origin. If we 
square and add the three equations in (12.3) we find x 2 + y 2 + z 2 = Cl 2 , and we see that 
eveiy point (x, y, z) satisfying (12.3) lies on the sphere. The parameters u and p in this 
example may be interpreted geometrically as the angles shown in Figure 12.2. If we let 

the point (u, v) vary over the rectangle T = [0, 2tt] X [—fair, 5 - 77 ], the points determined 

by (12.3) trace out the whole sphere. The upper hemisphere is the image of the rectangle 

[0, 2tt ] x [0, ij7 t] and the lower hemisphere is the image of [0, 2 77 ] x f— \n, 0], Figure 12.3 
gives a concrete idea of how the rectangle [0, 277 ] x [0, ^ 77 ] is mapped onto the upper 
hemisphere. Imagine that the rectangle is made of a flexible plastic material capable of 

being stretched or shrunk. Figure 12.3 shows the rectangle being defomied into a hemi¬ 
sphere. The base AB eventually becomes the equator, the opposite edges AD and BC are 
brought into coincidence, and the upper edge DC shrinks to a point (the North Pole). 

example 2. A parametric representation of a cone. The vector equation 

r(u, v) = V sin a cos u i + V sin a sin uj + v cos a k 

represents the right circular cone shown in Figure 12.4, where oc denotes half the vertex 
angle. Again, the parameters u and v may be given geometric interpretations; v is the 
distance from the vertex to the point (x, y, z) on the cone, and u is the polar-coordinate 
angle. When (u, v) is allowed to vary over a rectangle of the fomt [0, 2 77 ] x [0, h ], the 
corresponding points (x, y, z) trace out a cone of altitude h cos oc. A plastic rectangle 

v z 

D 

D C 

14 ;,, B j B 


Figure 12.4 Parametric representation of a 



cone. 


FIGURE 12.5 Deformation of a rectangle 
into a cone. 
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may be physically deformed into the cone by bringing the edges A D and BC into coin¬ 
cidence, as suggested by Figure 12.5, and letting the edge AB shrink to a point (the vertex 
of the cone). The surface in Figure 12.5 shows an intermediate stage of the deformation. 

In the general study of surfaces, the functions X, Y, and Z that occur in the parametric 
equations (12.1) or in the vector equation (12.2) are assumed to be continuous on T. The 
image of T under the mapping r is called a parametric surface and will be denoted by the 
symbol r(T). In many of the examples we shall discuss, T will be a rectangle, a circular 
disk, or some other simply connected set bounded by a simple closed curve. If the function 
r is one-to-one on T, the image r(T) will be called a simple parametric surface hi such a 
case, distinct points of T map onto distinct points of the surface. In particular, every 
simple closed curve in T maps onto a simple closed curve lying on the surface. 

A paramedic surface r(T) may degenerate to a point or to a curve. For example, if all 
three functions X, Y, and Z are constant, the image r(T) is a single point. If X, Y, and Z 
are independent of v, the image r(T) is a curve. Another example of a degenerate surface 
occurs when X(u, v) = U + v, Y(u, v) = (u + vf, and Z(w, v) = (u + vf, where 
T = [0, 1 ] x [0, 1 ], If we write t = U + v we see that the surface degenerates to the space 
curve having parametric equations X = t, y = t 2 , and z = t 3 , where 0 < t < 2. Such 
degeneracies can be avoided by placing further restrictions on the mapping function r, 
as described in the next section. 


12.2 The fundamental vector product 

Consider a surface described by the vector equation 

r(u, v) = X(u, v)i + Y(u, v)j + Z(u, v)k , where (u, v) £ T. 
If X, Y, and Z are differentiable on T we consider the two vectors 


3r _a_X_ -,dY dZ 
du~ du' + du J+ du 

dr _ ax . av . 9Z ^ 
dv dv dv * du 


The cross product of these two vectors dr/du x drjdv will be referred to as the fundamental 
vector product of the representation r. Its components can be expressed as Jacobian 
determinants. In fact, we have 


(12.4) 


— x — 

du dv 


i 

j 

dY 

k 


dj_ 

dZ 


dZ 

a x 


a x 

ay. 

ax 

a l 


du 

du 


du 

du 


3 U 

du 

= du 

du 

du 

~ 

a_y 

_di 

i + 

r 

dz 

a x 

j + 

ax 

dY 

ax 

ay 

dZ 


dv 

dv 


dv 

dv 


3 U 

dv 

dv 

dv 

dv 











d(YZ) . + d(Z, X) . d(X, Y) h 
d(u, v) d(u, v) + d(u,v ) 
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If (u. v) is a point in T at which dr/du and dr/dv are continuous and the fundamental 

vector product is nonzero, then the image point r(u, v) is called a regular point of r. 

Points at which dr/du or dr/dv fails to be continuous or dr I du x drjdv = ‘0 are called 
singular points of r. A surface r(T) is called smooth if all its points are regular points. 
Every surface has more than one parametric representation. Some of the examples 
discussed below show that a point of a surface may be a regular point for one repre¬ 
sentation but a singular point for some other representation. The geometric significance 
of regular and singular points can be explained as follows: 

Consider a horizontal line segment in T. Its image under r is a curve (called a u-curve) 
lying on the surface r(T). For fixed v, think of the parameter u as representing time. The 
vector dr/du is the velocity vector of this curve. When u changes by an amount Au, a point 
originally at r(u, v) moves along a u-curve a distance approximately equal to ||3r/9w|| Au 
since \\drjdu\\ represents the speed along the u-curve. Similarly, for fixed u a point of a 
v-curve moves in time Av a distance nearly equal to ||3r/3t?|| Au, A rectangle in T having 

area Au Av is traced onto a portion of r(T) which we shall approximate by the parallelogram 

determined by the vectors (dr/du) Au and (dr/dv) Av. (See Figure 12.6.) The area of the 
parallelogram spanned by (dr/du) Au and (dr/dv) Av is the magnitude of their cross 
product, 

II Ptw r) h II II I 

Au Av. 


dr a dr . 

— Au X — Au 


dr dr 

— x — 

du dv 


du dv 


Therefore the length of the fundamental vector product may be thought of as a local 
magnification factor for areas. At the points at which this vector product is zero the 
parallelogram collapses to a curve or point, and degeneracies occur. At each regular 
point the vectors dr/dll and dr/dv determine a plane having the vector dr/du x dr/dv as 
a normal. In the next section we shall prove that dr/du x dr/dv is normal to every smooth 
curve on the surface; for this reason the plane determined by dr/du and dr/dv is called the 
tangent plane of the surface. Continuity of dr/du and drjdv implies continuity of dr/du x 
dr/dv, this, in turn, means that the tangent plane varies continuously on a smooth surface. 
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Thus we see that continuity of dr/du and dr/dv prevents the occurrence of sharp edges or 
comers on the surface; the nonvanishing of dr I du x dr/dv prevents degeneracies. 

example 1 . Surfaces with an explicit representation, z = f (x, y) . For a surface with an 
explicit representation of the form z = f(x, y) , we can use x and y as the parameters, 
which gives us the vector equation 


r(x, y) =xi + yj + /(x, y)k. 


This representation always gives a simple parametric surface. The region T is called the 
projection of the surface on the xy-plane. (An example is shown in Figure 12.7, p. 425.) 
To compute the fundamental vector product we note that 


dr 

ax 


= i + 



and 


dr_ 

~dy 



iffis differentiable. This gives us 


(12.5) 


dr_ dr_ 
dx dy 


IJ 

1 0 


df_ 

dx 


0 1 r L 


df 

dy 


1 

1 

hs? 

_ d ± 

dx 

dy 


j +k. 


Since the z-component of dr/dx x dr/dy is 1, the fundamental vector product is never zero. 
Therefore the only singular points that can occur for this representation are points at 
which at least one of the partial derivatives df/dx or dfjdy fails to be continuous. 

A specific case is the equation z = sj 1 — x 2 — y 2 ■ which represents a hemisphere of 
radius 1 and center at the origin, if ;t 2 + y 2 < 1. The vector equation 


r(x, y) = xi + yj + V1 - x 2 - fk 

maps the unit disk T = {fx, y) I x 2 + y % < 1} onto the hemisphere in a one-to-one 
fashion. The partial derivatives dr/dx and dr/dy exist and are continuous everywhere in 
the interior of this disk, but they do not exist on the boundary. Therefore every point 
on the equator is a singular point of this representation. 

example 2. We consider the same hemisphere as in Example 1, but this time as the image 
of the rectangle T = [0,2,7] x [0, ^ 77 ] under the mapping 


r(u,v)=acosucosvi+asinucosvj+asinvk. 




The fundamental vector product as a normal to the surface 
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The vectors drjdu and drjdv are given by the formulas 

dr 

— = -asinucosvi + acosucosvt, 
du 

at- ...... , 

- - —a cos u sin vi — a sin u sm vj + a cos vk. 
dv 

An easy calculation shows that their cross product is equal to 

dr dr . . 

— x — = a cos u r(u, u). 

du dv 

The image of T is not a simple parametric surface because this mapping is not one-to-one 
on T. In fact, every point on the line segment v = , 0 < U < 277, is mapped onto 

the point (0, 0, a) (the North Pole). Also, because of the periodicity of the sine and 

cosine, r takes the same values at the points (0, v) and (2rr, v), so the right and left edges 
of Tare mapped onto the same curve, a circular arc joining the North Pole to the point 

(a, 0,0) on the equator. (See Figure 12.3.) The vectors drjdu and drjdv are continuous 
everywhere in T. Since || drjdu x drjdv || = a 2 cos v , the only singular points of this repre¬ 
sentation occur when cos v = 0. The North Pole is the only such point. 

12.3 The fundamental vector product as a normal to the surface 

Consider a smooth parametric surface r(T), and let C* be a smooth curve in T. Then 

the image C = r(C*) is a smooth curve lying on the surface. We shall prove that at each 

point of C the vector drjdu x drjdv is normal to C, as illustrated in Figure 12.6. 

Suppose that C* is described by a function a defined on an interval [a, b], say 

aft) = U (t)i + V(t)j. 

Then the image curve C is described by the composite function 

p(t) = r[o(0] = ^[o (t)]i + Y[a(t)]j + Z[a(t)]k. 

We wish to prove that the derivative p ’ft) is perpendicular to the vector drjdu x drjdv 
when the partial derivatives drjdu and drjdv are evaluated at (U(t), To compute 

p 'ft) we differentiate each component of p(?) by the chain mle (Theorem 8.8) to obtain 

(12.6) p'(0 = VX • a'(t)i + VY ■ a'(t)j + VZ • a'(t)k , 

where the gradient vectors OX, V Y, and VZ are evaluated at V (()). Equation (12.6) 

can be rewritten as 

p’(t)= d f U'ft) + ^ V'(t), 

ou ov 

where the derivatives drjdu and drjdv are evaluated at (U(t), V(t)). Since drjdu and drjdv 
are each perpendicular to the cross product drjdu x drjdv, the same is true of p’(t). This 
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proves that drjdti x drjdv is normal to C, as asserted. For this reason, the vector product 
drldu x drjdv is said to be normal to the surface r(T). At each regular point P of r(T) the 
vector drjdu x drjdv is nonzero; the plane through P having this vector as a normal is 
called the tangent plane to the surface at P. 


12.4 Exercises 

In Exercises 1 through 6, eliminate the parameters u and v to obtain a Cartesian equation, thus 
showing that the given vector equation represents a portion of the surface named. Also, compute 
the fundamental vector product dr / du x drj dv in terms of u and v. 

1. Plane: 

r{u, v) = (x 0 + a x ii + b x v)i + (y 0 + a 2 u + b 2 v)j + (z 0 + a 3 u + b 3 v)k. 

2. Elliptic paraboloid: 

r(u, v ) = au cos v i + bu sin v j + u 2 k. 

3. Ellipsoid: 

r(u,v) — a sin u cos v i + bsinusinvj +ccosuk. 

4. Surface of revolution: 

r(u , v) = u cos v i + u sin v j + f ( u)k . 

5. Cylinder: 

r{u, v) = ui + a sin v j + a cos v k. 

6. Torus: 

r(u,v) = (a+bcosu)sinvi + (a+bcosu)cosvj + bsinuk,whereO<b <a.Whatare 
the geometric meanings of a and b? 

In Exercises 7 through 10 compute the magnitude of the vector product Sr/dux drjdv. 

7. r(u,v) = a sin m cosh i> i + bcosucoshvj +csinhrfc. 

8. r{u, v) = (u + v)i + (u — v)j + 4 v 2 k. 

9. r(u, v) = (u + v)i + (u 2 + v 2 )j + (u 3 + v 3 )k. 

10. r{u, v) = u cos v i + u sin v j + sin 2v k. 


12.5 Area of a parametric surface 

Let S = r(T) be a parametric surface described by a vector-valued function r defined 
on a region Tin the uv-plane. In Section 12.2 we found that the length of the fundamental 
vector product drjdu x drjdv could be interpreted as a local magnification factor for areas. 
(See Figure 12.6.) A rectangle in 7 of area Au An is mapped by r onto a curvilinear paral¬ 
lelogram on S with area nearly equal to 


dr dr_ 
du X dv I 


A u An, 


This observation suggests the following definition. 


definition of area of a parametric surface. The area of S, denoted by a(S), is defined 

by the double integral 


a(S) = 


// 


— x - 
du dv 


(12.7) 


du dv . 
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In other words, to determine the area of S we first compute the fundamental vector 
product drldu x dr/dv and then integrate its length over the region T. When dr/du x dr/dv 
is expressed in terms of its components, by-means of Equation (12.4), we have 


( 12 . 8 ) 


a(S) = 



du dv. 


Written in this fomr, the integral for surface area resembles the integral for computing 
the arc length of a curve.? 

If S is given explicitly by an equation of the form z = f(x, y) we may use x and y as 
the parameters. The fundamental vector product is given by Equation (12.5), so we have 


dr dr 
— x — 
dx dy 



In this case the integral for surface area becomes 

(12.9) 


a{s> ~ /I fW® dx 


dy, 


where the region T is now the projection of S on the xy-plane, as illustrated in Figure 12.7. 



Figure 12.7 A surface S with an explicit representation, z = f(x, y). The region T 
is the projection of S on the xy-plane. 


f Since the integral in (12.7) involves r, the area of a surface will depend on the function used to describe 
the surface. When we discuss surface integrals we shall prove (in Section 12.8) that under certain general 
conditions the area is independent of the parametric representation. The result is analogous to Theorem 
10.1, in which we discussed the invariance of line integrals under a change of parameter. 
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When S lies in a plane parallel to the xy-plane, the function f is constant, so dfjdx = 
dfjdy = 0, and Equation (12.9) becomes 

a(S) = // dx dy 

T 


This agrees with the usual fomrula for areas of plane regions. 

Equation (12.9) can be written in another form that gives further insight into its geometric 
significance. At each point of S, let y denote the angle between the normal vector 
N = dr I dx x dr/dy and the unit coordinate vector k. (See Figure 12.8.) Since the 2- 
component of N is 1, we have 


COS y 


N-k 


1 1 


dr dr 

dx dy 


- ||(V|| ||*|| = ||iV|| = 

and hence ||9r/9jc x drjdy |j = 1/cos y ■ Therefore Equation (12.9) becomes 
(12.10) a(S) 


= 11 —-— dx dy. 
cos y 

rp > 


Suppose now that S lies in a plane not perpendicular to the xy-plane. Then y is constant 
and Equation (12.10) states that the area of S = (area of T)j COS y , or that 


(12.11) a(T) = a(S) cos y . 

Equation (12.11) is sometimes referred to as the area cosine principle. It tells us that if 
a region S in one plane is projected onto a region Tin another plane, making an angle y 
with the first plane, the area of T is cos y times that of S. This formula is obviously true 



Figure 12.8 


dr dr 

The lensth of — x — is 1/cos y, 
dx dy 


N 




a 



h 


Figure 12.9 The area cosine principle for 
a rectangle. 
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when S is the rectangle shown in Figure 12.9, because distances in one direction are 
shortened by the factor cos y while those in a perpendicular direction are unaltered by 
projection. Equation (12.11) extends this property to any plane region S having an area. 

Suppose now that S is given by an implicit representation F(x, y, z) = 0. If S' can be 
projected in a one-to-one fashion on the xy-plane, the equation F(x, y, z) = 0 defines z 
as a function of x and y, say z = f (x, y) , and the partial derivatives dfldx and df/dy are 
related to those of F by the equations 

df . dF/dx and df _ _ dF/dy 
9 X - dF/dz dy dF/dz 

for those points at which dF/dz 5 ^ 0. Substituting these quotients in (12.9), we find 

(12.12) a(S) = rfV(df/dx) 2 + (dF/dy) 1 + (dF/dz) 2 

Jj \dF/dz\ aXdy 

example 1 . Area of a hemisphere. Consider a hemisphere S of radius a and center at 
the origin. We have at our disposal the implicit representation x 2 + y 2 + z 2 = Cl 2 , Z > 0; 
the explicit representation z = \/a 2 — x 2 — y 2 ; and the parametric representation 

(12.13) r(u, v) = a cos u cos vi + a sin 11 cos vj + a sin v k. 


To compute the area of S from the implicit representation we refer to Equation (12.12) 
with 

F(x,y, z) = x 2 + y 2 + z 2 — a 2 . 


The partial derivatives of F are dF/dx = 2x . dF/dy = 2y, dF/dz = 2 Z. The hemisphere $ 
projects in a one-to-one fashion onto the circular disk D = {(x, y) | x 2 + y 2 < a 2 } in 
the xy-plane. We cannot apply Equation (12.12) directly because the partial derivative 
dF/dz is zero on the boundary of D. However, the derivative dF/dz is nonzero everywhere 
in the interior of D, so we can consider the smaller concentric disk D(R) of radius fi, 
where R < a. If S(R) denotes the corresponding portion of the upper hemisphere. Equa¬ 
tion (12.12) is now applicable and we find 


area of S(R) 


-IF 


x) 2 + (2 y) 2 + (2z) a 


DIB) 


|2z| 

= [ [ i dx dy = a f 

J J Z JJ 


dx dy 
1 


Va 2 - 


2 2 
x — y 


-dx dy. 


DIR) DIR) 

The last integral can be easily evaluated by the use of polar coordinates, giving us 


area of 


f 2 T C R L /- 

SfRJ = a —■ r dr dd = 2na{a — V a 2 — i? ! 

Jo LJo Vfl 2 _ r 2 / 


‘)- 


When R 


a this approaches the limit 277 a 2 . 
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We can avoid the limiting process in the foregoing calculation by using the parametric 
representation in (12.13). The calculations of Example 2 in Section 12.2 show that 


— X — 
3 u dv 


|| a cos vr(u, u)|| = a 2 |cos t;|. 


Therefore we can apply Equation (12.7), taking for the region T the rectangle [0, 2tt] x 
[0, |tt] . We fmd 

a(S) = a 2 J J |cos v\du dv = du] du = 2na s . 

T 

example 2. Another theorem of Pappus. One of the theorems of Pappus states that a 
surface of revolution, obtained by rotating a plane curve of length L about an axis in the 
plane of the curve, has area 2vLh, where h is the distance from the centroid of the curve 
to the axis of rotation. We shall use Equation (12.7) to prove this theorem. 



Figure 12.10 Area of a surface of revolution determined by Pappus’ theorem. 


Suppose a curve C, initially in the xz-plane, is rotated about the z-axis. Let its equation 
in the xz-plane be z = f(x), where a<x<b,a>0. The surface of revolution S so 
generated can be described by the vector equation 

r(u, v) = u cos v i + u sin vj + f{u)k, 

where (u, v) e [a, b] X [0,277], The parameters u and V can be interpreted as the radius 
and angle of polar coordinates, as illustrated in Figure 12.10. If a < u < b , all points 
(x,-y, z) at a given distance u from the z-axis have the same z-coordinate, f(u), so they 
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all lie on the surface. The fundamental vector product of this representation is 


cjr dr 
du dv 

and hence 


i j k 

cos v sin v f(u) 
-l) sin v u cos v 0 


= —uf\u) cos vi — uf'(u) sin v j + uk, 


dr_ dr 
du dv 


= mVj + [f(u)f. 


Therefore Equation (12.7) becomes 

a(S) = J<T [£ “Vl+ [f(M)f du] dv = 277 £ usl 1 + [f{u)Y du . 

The last integral can be expressed as x ds, a line integral with respect to arc length along 
the curve C. As such, it is equal to xL, where x is the x-coordinate of the centroid of C and 
L is the length of C. (See Section 10.8.) Therefore the area of S is In Lx. This proves the 
theorem of Pappus. 


12.6 Exercises 

1. Let S be a parallelogram not parallel to any of the coordinate planes. Let S x , S 3 , and S 3 
denote the areas of the projections of S on the three coordinate planes. Show that the area of S 

is JSf+SI + Sl 

i V2. Compute the area of the region cut from the plane x + j + z = abythe cylinder 
x 2 + y 2 = a 2 . 

3. Compute the surface area of that portion of the sphere x 2 + y 2 + z 2 = a 2 lying within the 
cylinder x 2 + y 2 = ay , where a > 0. 

4. Compute the area of that portion of the surface z 2 = 2 xy which lies above the fust quadrant 
of the xy-plane and is cut off by the planes x s= 2 and y = 1. 

Q§, A parametric surface S is described by the vector equation 

r{u,v) = ucosvi + usinvj + u 2 k, 
whereO <, u < 4 and 0 <, v <, 2n. 

(a) Show that S is a portion of a surface of revolution. Make a sketch and indicate the 
geometric meanings of the parameters U and v on the surface. 

(b) Compute the fundamental vector product dr/ du x dr / dv in terms of U and v. 

(c) The area of S is w(65^/65 — 1 )/n, where n is an integer. Compute the value of n. 

6. Compute the area of that portion of the conical surface x 2 + y 2 = z 2 which lies above the 
xy-plane and is cut off by the sphere x 2 + y 2 + z 2 = 2ax. 

7. Compute the area of that portion of the conical surface x 2 + y 2 = z 2 which lies between the 
two planes z = 0 and x + 2z = 3. 

8. Compute the area of that portion of the paraboloid x 2 + Z 2 = lay which is cut off by the 
planey = a. 

9. Compute the area of the toms described by the vector equation 

r(u, v) = (a + b cos u ) sin v i + (a + b cos u) cos v j + b sin u k , 
where 0 < b < a and 0 < u <, hr, 0 <,v <=2n. [Hint: Use the theorem of Pappus.] 




430 


Surface integrals 


10. A sphere is inscribed in a right circular cylinder. The sphere is sliced by two parallel planes 
perpendicular to the axis of the cylinder. Show that the portions of the sphere and cylinder 
lying between these planes have equal surface areas. 

11. Let T be the unit disk in the uv-plane, T = {(u, v) | u 2 + v 2 <, 1}, and let 


r(u, v ) = 


2u 


U 2 + v 2 + 1 


; + 


2v 


u 2 + v 2 — 1 
\ 3 H 3 ; 3 ; r ^ ■ 


K 2 + V 2 + 1 J U 2 + V 2 + 1 


(a) Determine the image of each of the following sets under r; the unit circle u 2 + v 2 = 1 ; 
the interval -1 < « < I ; that part of the line u = V lying in T. 

(b) The surface S = r(T) is a familiar surface. Name and sketch it. 

(c) Determine the image of the uv-plane under r. Indicate by a sketch in the xyz-space the 
geometric meanings of the parameters u and V. 


12.7 Surface integrals 

Surface integrals are, in many respects, analogous to line integrals; the integration takes 
place along a surface rather than along a curve. We defined line integrals in terms of a 
parametric representation for the curve. Similarly, we shall define surface integrals in 
terms of a parametric representation for the surface. Then we shall prove that under 
certain general conditions the value of the integral is independent of the representation. 


definition of a surface intLgral. Let S = r(T) be a parametric surface described 
by a differentiable function r defined on a region T in the uv-plane^ and let f be a scalar field 
defined and bounded on S. The surface integral off over S is denoted by the symbol JJ f dS 

[or by JJ f(x, y, z) dS], and is defined by the equation r(T) 

s 


(12.14) 


f \fdS = 


dr 

dr 

X — 

JJ 

r(T) 

JJ 

T 

du 

dv 


whenever the double integral on the right exists. 


The following examples illustrate some applications of surface integrals. 


EXAMPLE 1. Surface area. When f = 1 , Equation (12.14) becomes 


JJ-JJ 

r(T) T 


dr dr 
— x — 
du dv 


du dv. 


The double integral on the right is that used earlier in Section 12.5 to define surface area. 
Thus, the area of S is equal to the surface integral JJ dS. For this reason, the symbol 

r(T) 

dS is sometimes referred to as an “element of surface area,” and the surface integral 

JJy~ dS is said to be an integral off with respect to the element of surface area, extended 
r(T) 

over the surface r(T). 
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example 2. Center of mass. Moment of inertia. If the scalar field f is interpreted as 
the density (mass per unit area) of a thin material in the shape of the surface S, the total 
mass m of the surface is defined by the equation 

m = jjf( x >y> z )d s - 

s 

Its center of mass is the point (x, y, z) determined by the equations 

xm = | J x/(x, y,z)ds, ym = j j yf(x, y,z) dS, zm = j j zf(x, y,z) dS . 

s s s 

The moment of inertia I L of S about an axis L is defined by the equation 


h = j j y,z)f(x,y,z)ds, 
s 

where S(x, y, z) denotes the perpendicular distance from a general point (x, y, z) of S 
to the line L. 

To illustrate, let us determine the center of mass of a uniform hemispherical surface of 
radius a. We use the parametric representation 

r(u, v) = a cos u cos v i + a sin u cos vj + a sin v k , 

where (u, v) £ [0, 2n] x [0, ^7r] . This particular representation was discussed earlier in 
Example 2 of Section 12.2, where we found that the magnitude of the fundamental vector 
product is a 2 (COS vj. hi this example the density f is constant, say f = C, and the mass 
m is 2tt a 2 C, the area of S times c. Because of symmetry, the coordinates x and y of the 
center of mass are 0. The coordinate Z is given by 


Pm = c j z d S = c a sin v. a 2 |cos »| du dv 


so 2 = a/2. 


■r 


= lircfc I sin v cos v dv = 7 ra 3 C = - W, 


example 3. Fluid flow through a surface. We consider a fluid as a collection of points 
called particles. At each particle (x, y, z) we attach a vector V(x, y, z) which represents the 
velocity of that particular particle. This is the velocity field of the flow. The velocity field 
may or may not change with time. We shall consider only Steady-State flows, that is, flows 
for which the velocity V(x, y, z) depends only on the position of the particle and not on 
time. 

We denote by p(x, y, z) the density (mass per unit volume) of the fluid at the point 
(x, y, z). If the fluid is incompressible the density p will be constant throughout the fluid. 
For a compressible fluid, such as a gas, the density may vary from point to point. In any 
case, the density is a scalar field associated with the flow. The product of the density and 
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the velocity we denote by F; that is. 


F(x, y, z) = p(x, y, z)V(x, y, z). 

This is a vector field called the flux density of the flow. The vector F(x, y, z) has the same 
direction as the velocity, and its length has the dimensions 


mass distance mass 

unit volume unit time (unit area)(unit time) . 


In other words, the flux density vector F(x, y, z) tells us how much mass of fluid per unit 
area per unit time is flowing in the direction of V{x, y, z) at the point (x, y, z). 

Let S = r(T) be a simple parametric surface. At each regular point of S let n denote the 
unit normal having the same direction as the fundamental vector product. That is, let 


(12.15) 


n 


— x — 

du dv 

dr_ dr 

du X dvH 


The dot product F • n represents the component of the flux density vector in the direction 
of n. The mass of fluid flowing through S in unit time in the direction of n is defined to be 
the surface integral 


//'■""'/J f F " 

r(T) T 


dr dr 

— X — 

du dv 


du dv. 


12.8 Change of parametric representation 

We turn now to a discussion of the independence of surface integrals under a change 
of parametric representation. Suppose a function r maps a region A in the uv- plane onto 
a parametric surface r(A). Suppose also that A is the image of a region B in the st-planc 
under a one-to-one continuously differentiable mapping G given by 

(12.16) G(s, t) = U (s, t)i + t)j if (s, t) e B. 

Consider the function R defined on B by the equation 

(12.17) R(s, t) = r[G(i, t )]. 

(See Figure 12.11.) Two functions r and R so related will be called smoothly equivalent. 
Smoothly equivalent functions describe the same surface. That is, r(A) and R(B) are 
identical as point sets. (This follows at once from the one-to-one nature of G.) The next 
theorem describes the relationship between their fundamental vector products. 
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Figure 12.11 Two parametric representations of the same surface. 


theorem 12.1. Let r and R be smoothly equivalent functions related by Equation (12.17), 
where G = Ui + Vj is a one-to-one continuously differentiable mapping of a region B in the 
st-plane onto a region A in the uv-plane given by Equation (12.16). Then we have 

,12.18) 

ds dt \du dvj d(s, t) 

where thepartial derivatives dr/du and drjdv are to be evaluated at the point ( U ( s , t), V (s, t)) . 
In other words, the fundamental vector product of R is equal to that of r, times the Jacobian 
determinant of the mapping G. 

Proof. The derivatives dRjds and dR/dt can be computed by differentiation of Equation 
(12.17). If we apply the chain rule (Theorem 8.8) to each component of R and rearrange 
terms, we find that 

dR _ dr dll' 1 ^ drJdV) ^ dR _dr^ 01/ dr dV 
ds du/ds diyds Bt du dt dv/dt 

where the derivatives dr/du and dr/dv are evaluated at (U(s, t), V(s, t)). Now we cross 
multiply these two equations and, noting the order of the factors, we obtain 


dR 

ds 


dR 


/dU dV 

dU 9E\ 

11 

1 ^ 

I 

X 

IS* 

MU, V) 

dt 

\du dvj 

Us dt 

dt ds) 

[du dv) 

d(s,t) 


x — = 


This completes the proof. 


The invariance of surface integrals under smoothly equivalent parametric representa¬ 
tions is now an easy consequence of Theorem 12.1. 
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theorem 12.2. Let r and R be smoothly equivalent functions, as described in Theorem 
12.1. If the surface integral fff dS exists, the surface integral JJ' / dS also exists and we 
have " r(A) R(B) 

jjfdS=jjfdS. 

rU) RIB) 

Proof. By the definition of a surface integral we have 


ff f 

f 

dr dr 

JJ fds - JJ 

r(A) A 

/[K», f)l 

du dv 


du dv. 


Now we use the mapping G of Theorem 12.1 to transform this into a double integral over 
the region B in the St-plane. The transformation formula for double integrals states that 


j f[r(u,v)] 


dr dr 

— x — 
du dv 


du dv = 


JJ/{r[G(s,0]} 

B 


dr_ dr 
du dv 


d(U, V) 
d(s, t) 


ds dt, 


where the derivatives dr/du and drjdv on the right are to be evaluated at ( U(s, t), V(s, t)). 
Because of Equation (12.18), the integral over B is equal to 


ff 

dR dR 

J f[R(s, *)] 

ds dt 


B 


ds dt. 


This, in turn, is the definition of the surface integral JJ f dS. The proof is now complete. 

RIB) 


12.9 Other notations for surface integrals 

If S = r(T) is a parametric surface, the fundamental vector product N = dr/du x dr/dv 
is normal to S at each regular point of the surface. At each such point there are two unit 
normals, a unit normal n x which has the same direction as N, and a unit normal « 2 which 
has the opposite direction. Thus, 

N 

tl i - and n 2 = — «i • 

1 = II Ml 2 


Let tl be one of the.two normals n 1 or w 2 . Let F be a vector field defined on S and assume 
the surface integral j"J F • n dS exists. Then we can write 
S 1 


(12.19) 


dr 

dr 

du * 

dv 


jj F ■ n dS = jjV[r(u, vj] . tt(u, 

S T 

= ± f| F[r(u, V)l < ^ X ^ du dv, 
JJ du dv 


\du dv 


where the + sign is used if tl = n x and the — sign is used if tl = n 2 . 
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Suppose now we express F and y in terms of their components, say 

F{x, y, z ) = P{x, y, z)i + Q(x, y, z)j + R{x, y, z)k 

and 

r(u, v ) = X(u, v)i + Y(u, v)j + Z{u, v)k. 

Then the fundamental vector product of r is given by 

A , _ dr ,, dr_ d(Y, Z) . d(Z, X) d(X, Y) 

du dv d(u, v) d(u, v ) d(u, v) 


If n = iti , Equation (12.19) becomes 


( 12 . 20 ) 


JJ r ■ n <fS - JJ f Ku, »)] * 

S T 

♦ f f Q[<u, »)] du dv + f f *[*«, o)] ^ dv ; 

JJ 3(m, ») JJ o(u,v) 


if n = n 2 , each double integral on the right must be replaced by its negative. The sum of 
the double integrals on the right is often written more briefly as 

(12.21) || P(x, y, z) dy a dz + || Q(x, y, z) dz A dx + j | R(x, y, z) dx A dy, 

s s s 

or even more briefly as 

(12.22) || P dy A dz + Q dz A dx + R dx A dy. 

s 


The integrals which appear in (12.21) and (12.22) are also referred to as surface integrals. 

Thus, for example, the surface integral $$ P dy a dz is defined by the equation 

s 

(12.23) J j P dy a dz = jj P[r(u, t>)] du dv ■ 

This notation is suggested by the formula for changing variables in a double integral. 

Despite similarity in notation, the integral on the left of (12.23) is not a double integral. 
First of all, P is a function of three variables. Also, we must take into consideration the 
order in which the symbols dy and dz appear in the surface integral, because 

1 d{Y, Z ) = _ d(Z, Y) 

d(u, v ) d(u, v) 


jjpdy Adz = — j s Pdz a dy. 

s s 


and hence 
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In this notation, formula (12.20) becomes 

(12.24) || F • n dS = 11 P dy A dz + Q dz A dx + R dx A dy 

s s 

ifn = n,. If n = « 2 the integral on the right must be replaced by its negative. This formula 
resembles the following formula for line integrals: 

| F ■ da = | P dx + Qdy + Rdz. 

If the unit normal n is expressed in terns of its direction cosines, say 
n = cos a i + cos /9y + cos y k , 
then F ■ n = P cos a + Q cos /? + R cos y, and we can write 

|| F ■ n dS = || (P cos a + Q cos ft + R cos y) dS. 
s s 

This equation holds when n is either /q or n 2 . The direction cosines will depend on the 
choice of the normal. If n = iqwe can use (12.24) to write 

(12.25) 

|| (P cos a + Q cos j8 + R cos y) dS = || P dy A dz + Q dz A dx + R dx A dy. 

s s 

we have, instead, 

(12.26) 

|| (P cos a + Q cos (1 + R cos y) dS 
s 

12.10 Exercises 

1. Let S denote the hemisphere x 2 + y 2 + # = 1, z>0, and let F(x, y, z) = xi + yj . Let 

n be the unit outward normal of S. Compute the value of the surface integral JJ F n dS, 
using: s 

(a) the vector representation r(u, v) - sin u cos v i + sin u sin v j + cos u k, 

(b) the explicit representation z = y/l — x 2 — y 2 . 

2. Show that the moment of inertia of a homogeneous spherical shell about a diameter is equal to 
| ma 2 , where m is the mass of the shell and a is its radius. 

3. Find the center of mass of that portion of the homogeneous hemispherical surface x 2 + y 2 + 
z 2 = a 2 lying above the first quadrant in the xy-plane. 
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4. Let S denote the plane surface whose boundary is the triangle with vertices at (1, 0, 0), (0, 1, 0), 

and (0, 0, 1), and let F(x, y, z) = xi + yj + zk . Let n denote the unit normal to S having 

a nonnegative z-component. Evaluate the surface integral JJ F- n dS, using: 

S 

(a) the vector representation r(li, V ) = (u + v)i + (u v)j + (1 — 2 li)k, 

(b) an explicit representation of the form z = f{x, y) . 

5. Let S be a parametric surface described by the explicit formula z = fix , y) , where (x, y) varies 

over a plane region T, the projection of S in the xy-plane. Let F = Pi + Qj + Rk and let 

fl denote the unit normal to S having a nonnegative z-component. Use the parametric re¬ 

presentation r{x, y) = xi + yj + f(x, y)k and show that 

II" 

S T 


where each of P, Q, and R is to be evaluated at (x, y,f(x, y)). 

6. Let S be as in Exercise 5, and let <p be a scalar field. Show that: 


(a) 

(b) 

(C) 


J ¥>(*. y, z) dS = |j <p[x,y,f(x,y)]J 1 + dxdy. 

fix, y, z) dy xdz = - f f <p [x, y,f(x, y)] ~ dx dy . 


<p{x 


, y, z) dz a dx = - <Plx, y,f(x,y)]-^dxdy. 


7. If S is the surface of the sphere x^ + J 2 + Z 2 = fit 2 , compute the value of the surface integral 

JJ xzdy a dz + yz dz a dx + x 2 dx a dy. 


Choose a representation for which the fundamental vector product points in the direction of the 
outward normal. 

8. The cylinder x 2 + y 2 = 2x cuts out a portion of a surface S from the upper nappe of the cone 
X 2 + y 2 = Z 2 . Compute the value of the surface integral 

|| (x 4 — j 4 + y 2 z 2 — z 2 x 2 + 1 )dS. 
s 


9. A homogeneous spherical shell of radius a is cut by one nappe of a right circular cone whose 

vertex is at the center of the sphere. If the vertex angle of the cone is a, where 0 < a < 77, 

determine (in terms of a and a) the center of mass of the portion of the spherical shell that lies 
inside the cone. 

10. A homogeneous paper rectangle of base 2ttCI and altitude h is rolled to form a circular cylindrical 

surface S of radius a. Calculate the moment of inertia of S about an axis through a diameter 

of the circular base. 
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11. Refer to Exercise 10. Calculate the moment of inertia of S about an axis which is in the plane 
of the base and is tangent to the circular edge of the base. 

12. A fluid flow has flux density vector F(x, y, z) = xi — (2x + y)j + zk. Let S denote the hemi¬ 
sphere x 2 + y 2 + z 2 = 1, z >_0, and let n denote the unit normal that points out of the sphere. 
Calculate the mass of fluid flowing through S in unit time in the direction of tt. 

13. Solve Exercise 12 if S also includes the planar base of the hemisphere. On the lower base the 
unit normal is -k . 

14. Let S denote the portion of the plane x + y + z = t cut off by the unit sphere x 2 + y 2 + 
z 2 = 1. Let <f{x,y, z) = 1 - x 2 — y 2 — z 2 if (x, y, z) is inside this sphere, and let y(x, y, z) 
be 0 otherwise. Show that 


II 


<p(x, y, z) dS 



, 2)2 


0 


if |/| < yfi, 

if |/| > y/3. 


[Hint: Introduce new coordinates (x 1 , y\ ./,) with the z 1 -axis normal to the plane 
x + y + z = t . The use the polar coordinates in the Xjj,-plane as parameters for S.] 


12.11 The theorem of Stokes 

The rest of this chapter is devoted primarily to two generalizations of the second funda¬ 
mental theorem of calculus involving surface integrals. They are known, respectively, as 
Stokes' theorem? and the divergence theorem. This section treats Stokes’ theorem. The 
divergence theorem is discussed in Section 12.19. 

Stake's theorem is a direct extension of Green’s theorem which states that 

where S is a plane region bounded by a simple closed curve C traversed in the positive 
(counterclockwise) direction. Stokes’ theorem relates a surface integral to a line integral 

and can be stated as follows. 


theorem 12.3 stokes’ theorem. Assume that S is a smooth simple parametric surface, 
say S = r(T), where T is a region in the uv-plane bounded by a piecewise smooth Jordan 
curve I'. (See Figure 12.12.) Assume also that r is a one-to-one mapping whose components 
have continuous second-order partial derivatives on some open set containing T (J I'. Let C 
denote the image of Y under r, and let P, Q, and R be continuously differentiable scalar fields 
on S. Then we have 


(12.27) 



3Q\ 

dz ) 


dy A dz + 



S £) dz A dx + (~ ~~)dx a dy 


dx dy) 

= j" P dx + Q dy + R dz , 


f In honor of G. G. Stokes (1819-1903), an Irish mathematician who made many fundamental contributions 
to hydrodynamics and optics. 
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FIGURE 12.12 An example of a surface to which Stokes’ theorem is applicable. 


The curve T is traversed in thepositive (counterclockwise) direction and the curve C is traversed 
in the direction inherited from F through the mapping function r. 

Proof. To prove the theorem it suffices to establish the following three formulas, 

Q - O ft ^ 


9 ■ 0 c< 


Addition of these three equations gives the formula (12.27) in Stokes' theorem. Since the 
three are similar, we prove only Equation (12.28). 

The plan of the proof is to express the surface integral as a double integral over T. Then 
we use Green’s theorem to express the double integral over T as a line integral over F. 
Finally, we show that this line integral is equal to f, P dx. 

We write 

r(u, v) = X(u, v)i + Y{u, v)j + Z(u, v)k 


(12.28) 


Jc 


P dx — 


f Qdy = 


dP , dp \ 

— — dx A dy + — dz a dx L 
oy dz ] 


— — dy a dz + ~ dx a dy) , 

dz dx 


') 


j R dz = JJ dz A dx + ~ dy A dz^j . 


and express the surface integral over S in the form 


dp . A , , dp , , 

— — dx A dy H- dz A dx 

oy dz 



T 


sjtmi} + ^A2Q] dudv 

dy d(u, v ) dz d(u, v) j 
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Now let p denote the composite function given by 


p(u, v) - P[X(u, v), Y(u, v), Z{u, t?)] • 


The last integrand can be written as 


(12.29) 


dP d(X, Y )+ dP d(Z,X) _ a / ax\_ d_l 9X\ 
dy d(u, v) dz d(u,v) du\ dv) dv\ duj 


The verification of (12.29) is outlined in Exercise 13 of Section 12.13. Applying Green’s 
theorem to the double integral over T we obtain 



du dv 



~du + p 
ou 


dX 

dv 


dv, 


where T is traversed in the positive direction. We parametrize T by a function y defined on 
an interval [a, b] and let 


(12.30) 


o i(t) - r[y(0] 


be a corresponding parametrization of C. Then by expressing each line integral in terms 
of its parametric representation we find that 



§u dv 


L 


Pdx, 


which completes the proof of (12.28). 


12.12 The curl and divergence of a vector field 

The surface integral which appeals in Stokes’ theorem can be expressed more simply in 
terms of the curl of a vector field. Let F be a differentiable vector field given by 


Fix, y, z ) = P(x, y, z)i + Q(x, y, z)j + R(x, y, z)k. 

The curl of F is another vector field defined by the equation 


(12.31) curl F = I — 

Wj.’ 

The components of curl F are 
formula (12.27). Therefore, this 



the functions appealing in the surface integral in Stokes’ 
surface integral can be written as 


j"J (curl F) - n dS, 

s 
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where n is the unit normal vector having the same direction as the fundamental vector 
product of the surface; that is. 


n = 


dr_ x dr 
du dv 
dr dr 
du dv 


The line integral in Stokes' formula (12.27) can be written as F • da, where a is the 
representation of C given by (12.30). Thus, Stokes’ theorem takes the simpler form 


|| (curl F)- ndS = 

s 


F ■ da. 
c 


For the special case in which S is a region in the X}’-plane and n = k , this formula reduces 
to Green’s theorem. 



dx dy 


= 1 


P dx + Q dy. 


Equation (12.31) defining the curl can be easily remembered by writing it as an expansion 
of a 3 x 3 determinant, 


curl F = 


i j k 

111 

dx dy dz 


P Q R 


IdR 

w 



\3z dx) \dx dy) 


This determinant is to be expanded in terms of first-row minors, but each “product” such 
as d/dy times R is to be interpreted as a partial derivative dR/dy. We can also write this 
formula as a cross product, 

curl F = V x F, 


where the symbol V is heated as though it were a vector, 





If we form the “dot product” V . F in a purely formal way, again interpreting products 
such as djdx times P as dP/dx, we find that 


(12.32) 


V • F = 


dP dQ dR 
dx dy dz 


Equation (12.32) defines a scalar field called the divergence of F, also written as div F. 
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We have already used the symbol Yep to denote the gradient of a scalar field <p, given by 


OX ov 



This formula can be interpreted as formal multiplication of the symbolic vector Y by the 
scalar field cp. Thus, the gradient, the divergence, and the curl can be represented sym¬ 
bolically by the three products V <p , V . F, and V x F, respectively. 

Some of the theorems proved earlier can be expressed in terms of the curl. For example, 
in Theorem 10.9 we proved that a vector field / = ( f x , . . . ,f n ) , continuously differentiable 
on an open convex set Sin n-space, is a gradient On S if and only if the partial derivatives of 
the components off satisfy the relations 

(12.33) D k f (x) = DJ k (x) (j, k = 1,2, . . . , n) 


In the 3-dimensional case Theorem 10.9 can be restated as follows. 


theorem 12.4. Let F = Pi + Qj + Rk be a continuously differentiable vector field on an 
open convex set S in 3-space . Then F is a gradient onS if and only if we have 

(12.34) curlF = 0 on S. 

Proof. In the 3-dinrensional case the relations (12.33) are equivalent to the statement 
that curl F = 0. 


12.13 Exercises 

hi each of Exercises 1 through 4, transform the surface integral J j (curl F) ■ n dS to a line integral 
by the use of Stokes’ theorem, and then evaluate the line integral! 

1. F(x, y, z) = y 2 i + xyj + XZk, where S is the hemisphere x 2 -f- y 2 + z 2 = 1, z >0, and n is 
the unit normal with a nonnegative z-component. 

2. F(x, y. z) = yi + zj + xk, where S is the portion of the paraboloid z = 1 — x 2 — y 2 with 
z > 0, and n is the unit normal with a nonnegative z-component. 

3. F(x, y, z) = (y — z)i + yzj — XZk, where S consists of the five faces of the cube 0 < x < 2, 

0 < y < 2, 0 < z < 2 not in the xy-plane. The unit normal n is the outward normal. 

4. F(x, y, z ) = xzi — yi + x 2 yk, where S consists of the three faces not in the xz-plane of the 
tetrahedron bounded by the three coordinate planes and the plane 3x + y + 3z = 6. The 
normal n is the unit normal pointing out of the tetrahedron, 

In Exercises 5 through 10, use Stokes' theorem to show that the line integrals have the values 
given. In each case, explain how to traverse C to arrive at the given answer. 

5. fy, y dx + z dy + x dz = na 2 ^J 3, where C is the curve of intersection of the sphere x 2 + 

y 2 + z 2 = a 2 and the plane x + y + z = 0, 

6. J (-• (y + z) dx + (z + x) dy + (x + y) dz = 0, where C is the curve of intersection of the 

cylinder x 2 + y 2 = 2y and the plane y = z. 

7. f c y 2 dx + xy dy + xl dz = 0 , where C is the curve of Exercise 6. 
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8. (y — z) dx + (z — x) dy + (.v — y) dz = India + b), where C is the intersection of the 
cylinder x 2 + y 2 = a 2 and the plane xja + zjb = l, a > 0, b > 0. 

9. \ c (y 2 + z 2 ) dx + (x 2 + z”) dy + (x 2 + y 2 ) dz = 2nab 2 , where C is the intersection of the 

hemisphere x 2 + y 2 + z 2 = 2ax, z > 0, and the cylinder x 2 + y 2 = 2Fx, where 0 < b < a. 

10. J'p (y 2 — z 2 ) dx -f- (z 2 —x 2 ) dy + (x 2 — _y 2 ) dz = 9« 3 /2, where C is the curve cut from the 
boundary of the cube 0 <x<a,0<y<a,0<z<abythe plane x + y + z — 3n/2. 

11. If i* = xi + vj + zk and Pi + Qj + Rk = a X r, where a is a constant vector, show that 

jp P dx + Q dy + R dz =2 Jj a . n dS, where C is a curve bounding a parametric surface S 

S 

and It is a suitable normal to S. 

12. Let F = Pi + Qj + Rk , where P = —yj{x 2 + y 2 ), Q = x/(x 2 + y 2 ), R = Z, and let D be 
the torus generated by rotating the circle (x — 2) 2 + Z 2 = 1, y = 0, about the z-axis. Show 
that curl F = 0 in D but that Jp P dx + Q dy + R dz is not zero if the curve C is the circle 
x 2 y y 2 =4,z = O . 

13. This exercise outlines a proof of Equation (12.29), used in the proof of Stokes’ theorem. 

(a) Use the formula for differentiating a product to show that 

0 / dX\ 3 / dX\ dp dX dp dX 
duy dv J dv l / 1 du J du dv dv du 

(b) Now let p(u, V ) = P[X(ll, V ), Y{li, v), Z{ll, p)]. Compute dp/du and dp/dv by the chain 
rule and use part (a) to deduce Equation (12.29), 

3 / dX\ d / dX\ _ dP d(X, Y ) dP d(Z, X) 
buy dv / ay\^ du / dy d(u, v) ^ dz d{u, v) 


12.14 Further properties of the curl and divergence 

The curl and divergence of a vector field are related to the Jacobian matrix. If F = 
Pi + Qj + Rk, the Jacobian matrix of F is 


DF(x, y, z) 


dP 

dx 

BP 

dy 

d£~ 

dz 


Q_ 

1_ 

dQ 

?£. 



\7& 

dx 

dy 

dz 



dR 

dR 

df 


7K 

_dx 

dy 

dz 



The trace of this matrix (the sum of its diagonal elements) is the divergence of F. 

Every real matrix A can be written as a sum of a symmetric matrix, + A f ), and a 

skew-symmetric matrix, J (A — A*). When A is the Jacobian matrix DF, the skew-symmetric 
paid becomes 



0 


dP 

dQ 

. dP 




dy 

dx 

dz 

dx 

1 

dQ - 

dP 


0 

dQ 

dR 

2 

dx 

dy 


dz 

dy 


dR . 

dP 

. dR 



0 


Jdx 

dz 

dy 

dz 
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The nonzero elements of this matrix are the component of curl F and their negatives. If the 
Jacobian matrix DF is symmetric, each entry in (12.35) is zero and curl F - 0. 

example 1. Let F(x, y, z) = xi + yj + zk. Then we have 

P(x,y, z) = x, Q(x,y,z ): y , R(x,y, z) = z, 

and the corresponding Jacobian matrix is the 3 x 3 identity matrix. Therefore 

div F - 3 and curl F = 0 . 


More generally, if F(x,y, l) — f(x)i + g(y)j + h(z)k , the Jacobian matrix has the elements 
f'(x), g'(y), h'{z ) on the main diagonal and zeros elsewhere, so 

div F = f'(x) + g’(y) + h’(z) and curl F = 0 . 


EXAMPLE 2. 


Therefore, 

and 


Let F(x, y, z) = xy 2 z 2 i + z 2 sinyj + x 2 e y k . The Jacobian matrix is 


~y 2 z 2 

t2 xyz 2 

2 xy 2 z ' 

\\ A 


0 

/ 

z 2 cos y 

2z sin y 

• W :• 


2xe*~ 

x 2 e v 

0 






V\ " K ^ * 

div F 

= y 2 z 2 + 

Z 2 cos y 


is 


curl F = (x 2 e v — 2z sin y)i + (2xy 2 z — 2xe v )j — 2xyz 2 k . 


example 3. The divergence and curl of a gradient. Suppose F is a gradient, say 
F = grad cp = dcp/dx i + dtp/dy j + d<pjdz k. The Jacobian matrix is 


(12.36) 


Therefore, 


d 2 (p 

3 2 <p 

d 2 tp 

dx 2 

dy dx 

dz dx 

3 2 <p 

3 2 (p 

d 2 q> 

dx dy 

3? 

dz dy 

.3 z cp 

d 2 q> 

d 2 cp 

_dx dz 

dy 

dz dz 2 _ 


div F = 


d 2 (p d 2 (p 



The expression on the right is called the Laplacian of (f> and is often written more briefly 
as V 2 r/:. Thus, the divergence of a gradient V rf is the Laplacian of q>. In symbols, this is 
written 


(12.37) 


div (V 9 ?) = V 2 q). 
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When X 2 (f = 0, the function <f is called harmonic. Equation (12.37) shows that the gradient 
of a harmonic function has zero divergence. When the mixed partial derivatives in matrix 
(12.36) are continuous, the matrix is symmetric and curl F is zero. In other words. 


curl (grad q>) = 0 

for every scalar field (p with continuous second-order mixed partial derivatives. This 
example shows that the condition curl F = 0 is necessary for a continuously differentiable 
vector field F to be a gradient. In other words, if curl F ^ 0 on an open set S, then F is 
not a gradient on S. We know also, from Theorem 12.4 that if curl F = O on an open 
convex set S, then F is a gradient on S. A field with zero curl is called irrotational. 


example 4. A vector field with zero divergence and zero curl. Let S be the set of all 

(x, y) ^ (0, 0), and let 


F(x, y) 


2 2 
x + y 



if (x, >’) E S. From Example 2 in Section 10.16 we know that F is not a gradient on S 
(although F is a gradient on every rectangle not containing the origin). The Jacobian 
matrix is 


DF(x, y) 


2XT V 2 ~ X 2 ' 

(x 2 + /) 2 (x 2 + y 2 ) 2 
/ - x 2 —2xy 
(x” + y % f (x 2 + y 2 ) 2 
0 0 0 


and we see at once that div F = 0 and curl F = 0 on S. 


EXAMPLE 5. The divergence and curl oj’ a curl. If F = Pi + Qj + Rk, the curl of F 
is a new vector field and we can compute its divergence and curl. The Jacobian matrix of 
curl F Is 


3 2 r 

d l Q 

d 2 R 

d' l Q 

d’R 

d 2 Q 

dx dy 

dx dz 

dy 2 

dy dz 

dz dy 

dz 2 

d 2 P 

d 2 R 

a 2 p 

d l R 

d 2 P 

d 2 R 

dx dz 

dx 2 

dy dz 

dy dx 

dz 2 

dz dx 

dfiQ_ 

d 2 P 

d 2 Q 

d 2 P 

d 2 Q 

d 2 p 

_ dx z 

dx dy 

dy 

dx dy 2 dz 

dx 

dz dy_ 


If we assume that all the mixed partial derivatives are continuous, we find that 


and 


div (curl F) = 0 


(12.38) 


curl (curl F) = grad (div F) — X 2 F 
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where V 2 F is defined by the equation 

V 2 F = (V 2 F)i + (V 2 Q)j + (V 2 R)fc. 

The identity in (12.38) relates all four operators, gradient, curl, divergence, and Laplacian. 
The verification of (12.38) is requested in Exercise 7 of Section 12.15. 

The curl and divergence have some general properties in common with ordinary 
derivatives. First, they are linear operators. That is, if a and b are constants, we have 

(12.39) div(aF+ bG ) =a d / V F + ZtdivC, 
and 

(12.40) curl (oF + bG) = a curl F + b curl G. 


They also have a property analogous to the formula for differentiating a product: 


(12.41) 

div ( <pF ) = y div F + ' F, 

and 


(12.42) 

curl ((pF) = (p curl F + V q> x F, 


where (p is any differentiable scalar field. These properties are immediate consequences 
of the definitions of curl and divergence; their proofs are requested in Exercise 6 of 
Section 12.15. 

If we use the symbolic vector 


V = — i + — / H- k 

dx dy dz 


once more, each of the formulas (12.41) and (12.42) takes a form which resembles more 
closely the usual rule for differentiating a product: 

V • (cpF) = <p \ • F + Vy ' F 

and 

V x (cpF) = 9 ?V x F + V<p x F. 

hi Example 3 the Laplacian of a scalar field, V 2 (p, was defined to be d 2 q'ldx 2 + d 2 (p/dy 2 + 
d 2 (pjdz 2 . hi Example 5 the Laplacian V 2 F of a vector field was defined by components. We 
get correct formulas for both \ 2 ff and V 2 F if we interpret V 2 as the symbolic operator 

v 2 = -^ + ^ + il. 

dx 2 dy 2 dz 2 


This formula for V 2 also arises by dot multiplication of the symbolic vector V with itself. 
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Thus, we have V 2 = V • V and we can write 


V 2 ?; = (V • V)y 


and 


V 2 F = (V • V)F, 


Now consider the formula V • V <f . This can be read as (V . V)(p, which is V 2 r/i; or as 
V . (Vgj), which is div (V< tp). In Example 3 we showed that div (Vr/r) = V 2 <??, so we have 

(V ■ V)<p = V • (Vy); 

hence we can write V • V tp for either of these expressions without danger of ambiguity. 
This is not true, however, when q is replaced by a vector field F. The expression (V • V)F 
is V 2 F, which has been defined. However, V • (VF) is meaningless because VF is not 
defined. Therefore the expression V . VF is meaningful only when it is interpreted as 
(V • V)F. These remarks illustrate that although symbolic formulas sometimes serve as a 
convenient notation and memoiy aid, care is needed in manipulating the symbols. 


12.15 Exercises 

1. For each of the following vector fields determine the Jacobian matrix and compute the curl 
and divergence. 

(a) F(x, y, z) = (x 2 + yz)i + (y 2 + xz)j + (z 2 + xy)k. 

(b) F(x, y, z) = (2z - 3 y)i + (3x - z)j + (y - 2 x)k . 

(c) F(x, y, z) = (z + sin y)i — (z - x cos y)j. 

(d) F(x, y, z) = e x,J i + cos xy j + cos xz 2 k. 

(e) F(x, y, z) = x 2 sin y i + y 2 sin xzj + xy sin (cos z)k ■ 

2. If r = xi + yj + zk and r = ||r]| , compute curl [f(r)r], where yis a differentiable function. 

3. If r = xi + yj + zk and A is a constant vector, show that curl (A x r) = 2A. 

4. If r = xi + yj + zk and r = |(r|| , fmd all integers n for which div (r”r) = 0. 

5. Find a vector field whose curl is xi + yj + zk or prove that no such vector field exists. 

6. Prove the elementary properties of curl and divergence in Equations (12.39) through (12.42). 

7. Prove that curl (curl F) = grad (div F) — V 2 F if the components of F have continuous mixed 
partial derivatives of second order. 

8. Prove the identity 

V (F x G) = G ■ (V x F) — F'(VxG), 
where F and G are differentiable vector fields. 

9. A vector field F will not be the gradient of a potential unless curl F = 0. However, it may be 

possible to find a nonzero scalar field such that uF is a gradient. Prove that if such a /< 

exists, F is always perpendicular to its curl. When the field is two-dimensional, say F = Pi + Qj, 
this exercise gives us a necessary condition for the differential equation Pdx + Q dy = 0 to 
have an integrating factor. (The converse is also true. That is, if F • curl F = 0 in a suitable 
region, a nonzero !' exists such that /iF is a gradient. The proof of the converse is not required.) 

10. Let F(x,y, z) = y 2 z 2 i + z 2 x 2 j + x 2 y 2 k. Show that curl F is not always zero, but that 
F ■ curl F = 0. Find a scalar field ft such that fiF is a gradient. 

11. Let V(x, y) = y c i + x c j, where c is a positive constant, and let r(x, y) = xi + yj. Let R be 

a plane region bounded by a piecewise smooth Jordan curve C. Compute div ( V x /-) and 
curl (Fx r), and use Green’s theorem to show that 


V x r ■ da =0, 


where a describes C. 
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12. Show that Green’s theorem can be expressed as follows: 

JJ (curl V) kdxdy = <J> V ■ Tds, 

R c 

where T is the unit tangent to C and s denotes arc length. 

13. A plane region R is bounded by a piecewise smooth Jordan curve C. The moments of inertia 
of R about the x- and y-axes are known to be a and b, respectively. Compute the line integral 

j> V(r 4 ) nds 

in terms of a and b. Here r = || xi + yj || , n denotes the unit outward normal of C, and S denotes 
arc length. The curve is traversed counterclockwise. 

14. Let F be a two-dimensional vector field. State a definition for the vector-valued line integral 
j c , F x da. Your definition should be such that the following formula is a consequence of 
Green’s theorem: 

F x da = jj (divF)dxdy, 

R 

where R is a plane region bounded by a simple closed curve C. 


% 


★12.16 Reconstruction of a vector field from its curl 

In our study of the gradient we learned how to determine whether or not a given vector 
field is a gradient. We now ask a similar question concerning the curl. Given a vector field 
F, is there a G such that curl G = F? Suppose we write F = Pi + Qj + Rk and G = 
Li + Mj + Nk. To solve the equation curl G = F we must solve the system of partial 
differential equations 


( 1 2 


4 dN } dKL^_ _ ™ Z] p dN_ dL„__ 

dy dv dz dz dx ’ dx dy 


for the three unknown functions L, M, and N when P, Q, and R are given. 

It is not always possible to solve such a system. For example, we proved in Section 

12.14 that the divergence of a curl is always zero. Therefore, for the system (12.43) to have 

a solution in some open set S it is necessary to have 


(12.44) 


?£ + ?2 + 8 S _ 0 

dx dy dz 


everywhere in S. As it turns out, this condition is also sufficient for system (12.43) to have 
a solution if we suitably restrict the set S in which (12.44) is satisfied. We shall prove now 
that condition (12.44) suffices when S is a three-dimensional interval. 


theorem 12.5 Let F be continuously differentiable on an open interval S in 3-space. 
Then there exists a vector field G such that curl G = F if and only if div F = 0 everywhere 
in S. 
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Proof. The necessity of the condition div F = 0 has already been established, since 
the divergence of a curl is always zero. To establish the sufficiency we must exhibit three 
functions L, M, and N that satisfy the three equations in (12.43). Let us try to make a 
choice with L = 0. Then the second and third equations in (12.43) become 


BN 

dx 


= - Q 


and 



This means that we must have 


N(x, y, z ) = - J” Q(t, y, z) dt + f(y, z ) 
v «*0 

and 

M{x, y,z)= r R(t, y, z) dt + g(y, z), 

J Xq 


where each integration is along a line segment in S and the “constants of integration” 
f(y, z) and g(y, z) are independent of x. Let us try to find a solution with f(y, z) = 0. 
The first equation in (12.43) requires 


(12.45) 


BN _B_M 
By 3z 


For the choice of M and N just described we have 


(12.46) 


BN_BM 
By dz 


3_ 

By 


Q(t,y, z) dt - — R(t,y,z)dt 

O2ZJ0X 


'**0 


dz 


At this stage we interchange the two operations of partial differentiation and integration, 
using Theorem 10.8. That is, we write 


(12.47) 
and 

(12.48) 


d_ 

dy 


dz 


Xo 


l' £ 


Q(t, y, z) dt = D 2 Q(t, y, z) dt 


R(t, y, z) dt 


= [ D. i R(t,y,z)dt . 

J* 0 


Then Equation (12.46) becomes 


(12.49) 


BN BM n n( . , n of . .. , Bg 

-— = [- D 2 Q(t, y, z) - D 3 R(t, y, z)] dt - 

oy oz Jx o dz 


Using condition (12.44) we may replace the integrand in (12.49) by y, z); Equation 

(12.49) becomes 


Bn . bm _ 

By Bz 


- f y, z) dt — ~ - P{x,y, z) - P(x 0 ,y, z) - 

Jx o OZ 


Bg 

Bz 




450 


Surface integrals 


Therefore (12.45) will be satisfied if we choose g so that dg/dz — —P(x 0 , y, z) . Thus, for 
example, we may take 

g(y, z) = - f P(x„ , y, u) du . 

•'Zo 

This argument leads us to consider the vector field G = Li + Mj + Nk, where 
L(x, y, Z) = 0 and 

M(xy, z) = j R(t, y,z) dt — J P(x Q , y , u ) du, N(x, y, z) = - | Q(t.yzfit. 

j Xq j Zq j Xq 

For this choice of L, M, and N it is easy to verify, with the help of (12.47) and (12.48), 
that the three equations in (12.43) are satisfied, giving us curl G = F, as required. 

It should be noted that the foregoing proof not only establishes the existence of a vector 
field G whose curl is F, but also provides a straightforward method for determining G by 
integration involving the components of F. 

For a given F, the vector field G that we have constructed is not the only solution of the 
equation curl G = F. If we add to this G any continuously differentiable gradient V q we 
obtain another solution because 

curl (G + V<p) = curl G + curl (V<jp) = curl G = f, 

since curl (Vy?) = 0. Moreover, it is easy to show that all continuously differentiable 

solutions must be of the form G + V <{. Indeed, if H is another solution, then curl H = 
curl G, so curl (H — G) = 0. By Theorem 10.9 it follows that H — G = V <p for some 
continuously differentiable gradient V <f \ hence H = G + V <p, as asserted. 

A vector field F for which div F = 0 is sometimes called s olenoidal. Theorem 12.5 
states that a vector field is solenoidal on an open interval S in 3-space if and only if it is the 
curl of another vector field on S. 

The following example shows that this statement is not true for arbitrary open sets. 

example. A solenoidal vector field that is not a curl. Let D be the portion of 3-space 
between two concentric spheres with center at the origin and radii a and b, where 
0 < a < b . Let V = r/r ! , where r = xi + yj + zk and r = Jr || . It is easy to verify that 

div V = 0 everywhere in D. In fact, we have the general formula 

div ( r n r ) = (« + 3)r", 

and in this example n = -3. We shall use Stokes' theorem to prove that this V is not a 
curl in D (although it is a curl on every open three-dimensional interval not containing the 
origin). To do this we assume there is a vector field U such that V = curl U in D and obtain 
a contradiction. By Stokes’ theorem we can write 

JJ (curl U)- ndS = j> 0 U ■ da, 

s 


(12.50) 
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Figure 12.13 The surface S and curve C in Equation (12.50). 


where S and C are the surface and curve shown in Figure 12.13. To construct S, we take 
a spherical surface of radius R concentric with the boundaries of D, where a < R < fa, 
and we remove a small “polar cap,” as indicated in the figure. The portion that remains 
is the surface S. The curve C is the circular edge shown. Let n denote the unit outer normal 
of S, so that n = rjr. Since curl U = V = rjr 3 , we have 


(curl U)> n = — . - = 
r r 


1 


r 


2 ’ 


On the surface S this dot product has the constant value 1 jR‘ l . Therefore we have 

JJrcinU/). »<fS= 5I£L2L?. 

S S 

When the polar cap shrinks to a point, the area of S approaches 4~R 2 (the area of the 
whole sphere) and, therefore, the value of the surface integral in (12.50) approaches 477. 

Next we examine the line integral in (12.50). It is easy to prove that for any line integral 
J 0 U • da we have the inequality 

j c U ■ da < M ■ (length of C ), 

where M is a constant depending on U. (In fact, M can be taken to be the maximum value 
of j|[/|| on C.) Therefore, as we let the polar cap shrink to a point, the length of C and the 
value of the line integral both approach zero. Thus we have a contradiction; the surface 
integral in (12.50) can be made arbitrarily close to 477, and the corresponding line integral 
to which it is equal can be made arbitrarily close to 0. Therefore a function (J whose curl 
is 1/ cannot exist in the region D. 

The difficulty here is caused by the geometric structure of the region D. Although this 
region is simply connected (that is, any simple closed curve in D is the edge of a parametric 
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surface lying completely in D ) there are closed surfaces in D that are not the complete 

boundaries of solids lying entirely in D. For example, no sphere about the origin is the 
complete boundary of a solid lying entirely in D. If the region D has the property that 

every closed surface in D is the boundary of a solid lying entirely in D, it can be shown that a 

vector field U exists such that V = curl (J in D if and only if div M = 0 everywhere in D. 

The proof of this statement is difficult and will not be given here. 


★12.17 Exercises 

1. Find a vector field G(x, y, z) whose curl is 2i + j + 3 k everywhere in 3-space. What is the 
most general continuously differentiable vector field with this property? 

2. Show that the vector field F(x, y, z) = (y — z)i + (z — x)j + (x — y)k is solenoidal, and 
find a vector field G such that F = curl G everywhere in 3-space. 

3. Let F(x, y, z) = -zi + xyk. Find a continuously differentiable vector field G of the form 
G(x, y, z) = L(x, y, z)i + M(x, y, z)j such that F = curl G everywhere, in 3-space. What is 
the most general G of this form? 

4. If two vector fields Uand Vare both irrotational, show that the vector field V x Vis solenoidal. 

5. Let r = xi + yj + zk and let r = ||r|j . Show that n = -3 is the only value of n for which 

r n r is solenoidal for r ^ 0. For this n, choose a 3-dimensional interval S not containing the 

origin and express r : V as a curl in S. Note: Although r 3 r is a curl in every such S, it is not 
a curl on the set of all points different from (0, 0, 0). 

6. Find the most general continuously differentiable functionfof one real variable such that the 
vector field f{r)r will be solenoidal, where r = xi -)- yj + zk and r = |[r|| . 

7. Let V denote a vector field that is continuously differentiable on some open interval S in 3- 
space. Consider the following two statements about V: 

(i) curl V = 0 and V = curl U for some continuously differentiable vector field U (everywhere 
on S). 

(ii) A scalar field p exists such that \p is continuously differentiable and such that 

V = grad p and V 2 <p = 0 everywhere on S. 

(a) Prove that (i) implies (ii). In other words, a vector field that is both irrotational and 
solenoidal in S is the gradient of a harmonic function in S. 

(b) Prove that (ii) implies (i), or give a counterexample. 

8. Assume continuous differentiability of all vector fields involved, on an open interval S. Suppose 
H = F + G, where F is solenoidal and G is irrotational. Then there exists a vector field U 
such that F = curl U and a scalar field p such that G = V p in S. Show that U and p satisfy 
the following partial differential equations in S: 


\ 2 p = div H, grad (div U) — V 2 (7 = curl II. 

Note: This exercise has widespread applications, because it can be shown that every 

continuously differentiable vector field H on Scan be expressed in the fomi H = F + 

G, where F is solenoidal and G is invitational. 

9. Let ll(x, y, z) = x 2 yi + y 2 zj + z 2 xk. Find vector fields F and G, where F is a curl and G 
is a gradient, such that H = F + G. 

10. Let u and v be scalar fields that are continuously differentiable on an open interval R in 3-space, 
(a) Show that a vector field F exists such that V« x Vr = curl F everywhere in R. 
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(b) Determine whether or not any of the following three vector fields may be used for F in 
part (a): (i) V(«r); (ii) n\v, (iii) v^u. 

(c) If u(x, y, z)= x 3 — y 3 + zr and v(x, y, z) = x + y + z, evaluate the surface integral 

I f Vu x VvndS, 

S 

where S is the hemisphere x 2 + y 2 + z 2 = 1, z > 0, and n is the unit normal with a non¬ 
negative z-component. 

12.18 Extensions of Stokes’ theorem 

Stokes’ theorem can be extended to more general simple smooth surfaces. If T is a 
multiply connected region like that shown in Figure 12.14 (with a finite number of holes), 
the one-to-one image S = r(T) will contain the same number of holes as T. To extend 



Figure 12.14 Extension of Stokes’ theorem to surfaces that are one-to-one images 
of multiply connected regions. 


Stokes’ theorem to such surfaces we use exactly the same type of argument as in the proof 
of Stokes’ theorem, except that we employ Green’s theorem for multiply connected regions 
(Theorem 11.12). In place of the line integral which appears in Equation (12.27) we need 
a sum of line integrals, with appropriate signs, taken over the images of the curves forming 
the boundary of T. For example, if T has two holes, as in Figure 12.14, and if the boundary 
curves I’, 1\. and P 2 are traversed in the directions shown, the identity in Stokes' theorem 
takes the form 

|| (curl F)- ndS = j c F ■ dp + j c ^F ■ dp j + j c ^F ■ dp z , 

s 

where C, C v , and C 2 are the images of F, F x . and F 2 , respectively, and p, p x , and p 2 are 
the composite functions p(i) = r[y(F)], Pi(0 = *"[71(0]’ P 2 M = ■ Here y, . and 

y 2 are the functions that describe F, Fj, and r 2 in the directions shown. The curves C, 
C t , and C 2 will be traversed in the directions inherited from F, T 1 , and F., through the 
mapping function r. 
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Stokes’ theorem can also be extended to some (but not all) smooth surfaces that are not 
simple. We shall illustrate a few of the possibilities with examples. 

Consider first the cylinder shown in Figure 12.15. This is the union of two simple smooth 
parametric surfaces and S .,, the images of two adjacent rectangles 7\ and T 2 ■ under 
mappings r 1 and r 2 ■ respectively. If y L describes the positively oriented boundary I\ of 
T 1 and y 2 describes the positively oriented boundary T 2 of T 2 , the functions p x and p 2 
defined by 

Pi(0= '•JYiCO], Pa(0 = *- 2 [Y2(0] 

describe the images C 1 and C 2 of l\ and F 2 , respectively. In this example the representa¬ 
tions ly and 1*2 can be chosen so that they agree on the intersection l\ a F 2 . If we apply 



Figure 12.15 Extension of Stokes’ theorem to a cylinder. 


Stokes’ theorem to each piece Sr and S 2 and add the two identities, we obtain 
(12.51) Jj (curl F) ■ /»! dS + Jj (curl F) . n 2 dS = J F ■ dp t + j c F- dp z , 

Si Si 1 2 

where flj and n 2 are the normals determined by the fundamental vector products of l*i 
and »* 2 , respectively. 

Now let r denote the mapping of T x U T 2 which agrees with on 7j and with J* 2 on 
T 2 , and let n be the corresponding unit normal determined by the fundamental vector 
product of r. Since the normals b, and « 2 agree in direction on .S\ n S->, the unit normal 
II is the same as n 1 on and the same as n 2 on S,. Therefore the sum of the surface 
integrals on the left of (12.51) is equal to 

f [ (curl F) • n dS ■ 


For this example, the representations r 1 and r 2 can be chosen so that and p 2 deteimine 
opposite directions on each arc of the intersection C { n C 2 , as indicated by the arrows 
in Figure 12.15. The two line integrals on the right of (12.51) can be replaced by a sum 
of fine integrals along the two circles C[ and Cj forming the upper and lower edges of 
S'l tj S 2 ■ since the line integrals along each arc of the intersection C, n C 2 cancel. There¬ 
fore, Equation (12.51) can be written as 


(curl F) . n dS = J F ■ dp-t + F • dp 2 

- JCY JCi' 


(12.52) 


S^Si 



Extensions of Stokes’ theorem 


455 


where the line integrals are traversed in the directions inherited from I\ and P 2 . The two 
circles C[ and C',, are said to form the complete boundary of 5, u S 2 . Equation (12.52) 
expresses the surface integral of (curl F ) ' W over S 1 U S 2 as a line integral over the 
complete boundary of S l u S 2 . This equation is the extension of Stokes’ theorem for a 
cylinder. 

Suppose now we apply the same concepts to the surface shown in Figure 12.16. This 
surface is again the union of two smooth simple parametric surfaces ,S\ and S 2 , the images 
of two adjacent rectangles T l and T, . This particular surface is called a Mobius band ;f a 





Figure 12.16 A Mobius band considered as the union of two simple parametric 
surfaces. Stokes’ theorem does not extend to a Mobius band. 


model can easily be constructed from a long rectangular strip of paper by giving one end a 
half-twist and then fastening the two ends together. We define pj, p 2 , C \, and C 2 for the 
Mobius band as we defined them for the cylinder above. The edge of S x u S 2 in this case is 
one simple closed curve C’, rather than two. This curve is called the complete boundary 
of the Mbbius band. 

If we apply Stokes’ theorem to each piece S x and S 3 , as we did for the cylinder, we obtain 
Equation (12.51). But if we try to consolidate the two surface integrals and the two line 
integrals as we did above, we encounter two difficulties. First, the two normals n x and n 2 
do not agree in direction everywhere on the intersection Cj n C 2 . (See Figure 12.16.) 
Therefore we cannot define a normal n for the whole surface by taking n = tl t on Si and 
tl = n,, on S 2 , as we did for the cylinder. This is not serious, however, because we can define 
n to be n x on ,S\ and on C 1 H C 2 , and then define n to be n 8 everywhere else. This gives a 
discontinuous nomral, but the discontinuities so introduced form a set of content zero in 
the rru-plane and do not affect the existence or the value of the surface integral 

JJ (curl F) ■ n dS. 

8 ^ 

A more serious difficulty is encountered when we try to consolidate the line integrals. 
In this example it is not possible to choose the mappings r s and r 2 in such a way that p t 
and p 2 determine opposite directions on each arc of the intersection C x O C,. This is 
illustrated by the arrows in Figure 12.16; one of these arcs is traced twice in the same 
direction. On this arc the corresponding line integrals will not necessarily cancel as they 


f After A. F. Mobius (1790-1868), a pupil of Gauss. At the age of 26 he was appointed professor of 
astronomy at Leipzig, a position he held until his death. He made many contributions to celestial mechanics, 
but his most important researches were in geometry and in the theory of numbers. 
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did for the cylinder. Therefore the sum of the line integrals in (12.51) is not necessarily 
equal to the line integral over the complete boundary of Si U S 2 , and Stokes’ theorem 
cannot be extended to the Mobius band. 

Note: The cylinder and the Mobius band are examples oforientable and nonorientable 

surfaces, respectively. We shall not attempt to define these terms precisely, but shall 
mention some of their differences. For an orientable surface S 2 u S 2 formed from two 
smooth simple parametric surfaces as described above, the mappings and r„ can always 
be chosen so that Pj and p> determine opposite directions on each arc of the intersection 
fj H Q . Fora nonorientable surface no such choice is possible. For a smooth orientable 
surface a unit normal vector can be defined in a ‘continuous fashion over the entire surface. 

For a nonorientable surface no such definition of a normal is possible. A paper model of 
an orientable surface always has two sides that can be distinguished by painting them with 
two different colors. Nonorientable surfaces have only one side. For a rigorous discussion 
of these and other properties of orientable and. nonorientable surfaces, see any book on 
combinatorial topology. Stokes’ theorem can be extended to orientable surfaces by a 
procedure similar to that outlined above for the cylinder. 

Another orientable surface is the sphere shown in Figure 12.17. This surface is the 
union of two simple parametric surfaces (hemispheres) Si and S %, which we may consider 


n, 



Si 



n. 






Figure 12.17 Extension of Stokes’ theorem to a sphere. 

images of a circular disk in the A'l'-plane under mappings fj and r 2 , respectively. We give 
r, Pi, p 2 j Ci, C 2 the same meanings as in the above examples. In this case the curves C\ 
and C 2 are completely matched by the mapping r (they intersect along the equator), and the 
surface S l U S., is said to be closed. Moreover, r x and r 2 can be chosen so that the directions 
determined by p x and p 2 are opposite on C 1 and C 2 , as suggested by the arrows in Figure 
12.17. (This is why S x U S 2 is orientable.) If we apply Stokes’ theorem to each hemisphere 
and add the results we obtain Equation (12.51) as before. The normals n x and n, agree on 
the intersection C x n C 2 , and we can consolidate the integrals over and S 2 into one 
integral over the whole sphere. The two line integrals on the right of (12.51) cancel 
completely, leaving us with the formula 

|| (curl F)- ndS = 0. 

SiuS 2 

This holds not only for a sphere, but for any orientable closed surface. 
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12.19 The divergence theorem (Gauss’ theorem) 

Stokes’ theorem expresses a relationship between an integral extended over a surface 
and a line integral taken over the one or more curves forming the boundary of this surface. 
The divergence theorem expresses a relationship between a triple integral extended over a 
solid and a surface integral taken over the boundary of this solid. 


theorem 12.6. divergence theorem. Let V be a solid in 3-space bounded by an orient- 

able closedsurface S, and let n be the unit outer normal to S. IfF is a continuously differentiable 
vector field defined on V, we have 


(12.53) 


jjj(divF)dxdydz = j FndS. 


and 


v s 

Note: If we express F and n in terms of their components, say 

F(x, y, z) - P(x, y, z)i + Q{x,y, z)j + R(x, y, z)k 
it = cos a j + cos fij + cos y k, 


then Equation (12.53) can be written as 
(12.54) 


* JJ W 


If< 


dO dR\ 

+ ~ + — \ dx dy dz = | | (Pcos a + Q cos £ + Rcosy)dS. 


3y d z, 

v ' s 

Proof. It suffices to establish the three equations 

M¥ x dxdyd2 J/ p cos a dS, 
v s 

JJJ ~ dx dy dz = JJ Q cos (3 dS, 

V s 

JJJ y dx dy dz = JJ R cos y dS, 


v s 

and add the results to obtain (12.54). We begin with the third of these formulas and prove 
it for solids of a very special type. 

Assume V is a set of points (x, y, z) satisfying a relation of the form 


g(x, y)<2<f{x,y) for (x, y) in T, 

where T is a connected region in the xy-plane, and f and g are continuous functions on T, 
with g(x, y) < f(x, y) for each (x, y) in T. Geometrically, this means that T is the projec¬ 
tion of V on the xy-plane. Every line through T parallel to the z-axis intersects the solid V 
along a line segment connecting the surface Z = g(x, y) 1.0 the surface z — f(x, y). The 
boundary surface S consists of an upper cap S 1 , given by the explicit formula z = f(x, y) ; 
a lower part S 2 , given by z = g(x, y) ; and (possibly) a portion S 3 of the cylinder generated 
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by a line moving parallel to the z-axis along the boundary of T. The outer normal to S has a 
nonnegative z-component on S 1 , has a nonpositive component on S 2 , and is parallel to the 
xy-plane on S 3 . Solids of this type will be called “xy-projectable.” (An example is shown 
in Figure 12.18.) They include all convex solids (for example, solid spheres, ellipsoids, 
cubes) and many solids that are not convex (for example, solid tori with axes parallel to the 
z-axis). 

The idea of the proof is quite simple. We express the triple integral as a double integral 
extended over the projection T. Then we show that this double integral has the same value 



Figure 12.18 An example of a solid that is xy-projectable. 


as the surface integral in question. We begin with the formula 


Wi ixiydz 


If [T 

JJ L * g'ix.i 


•>dR 

g‘(x.v) Bz 


dz 


dx dy. 


The one-dimensional integral with respect to z may be evaluated by the second fundamental 
theorem of calculus, giving us 


(12.55) JJJ —■ dx dy dz = Jj* {R[x, y,f(x, y)] - R[x, y , g(x, y)]} dx dy. 

V T 

For the surface integral we can write 

(12.56) JJ R cos y dS = J J R cos y dS + J J R cos y dS + J J R cos y dS. 

X Si s 2 s 3 

On S 3 the normal n is parallel to the xy-plane, so cos y = 0 and the integral over S 3 is zero. 
On the surface 5) we use the representation 


r(x, y) - xi | yj + fix, y)k, 
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and on S 2 we use the representation 

r(x, y) = xi + yj + g(x, y)k . 

On S 1 the normal n has the same direction as the vector product drjdx x dr/dy , so we can 
write [see Equation (12.25), p. 436] 

jj R cos y dS = j j R dx a dy = j j R[x, y, fix, y)] dx dy . 

Si Si T 

On S 2 the normal n has the direction opposite to that of drjdx x drjdy so, by Equation 
(12.26), we have 

M r cos y dS — jj R dx a dy = - jj R[x, y, g(x, y)] dx dy . 

S 2 S 2 T 

Therefore Equation (12.56) becomes 


jj R cos y dS =jj {K[x, y,f(x, y)] - R[x, y, g(x, y)]} dx dy. 

S T 


Comparing this with Equation (12.55) we see that 



J R cos y dS. 

S 


In the foregoing proof the assumption that V is xy-projectable enabled us to express 
the triple integral over V as a double integral over its projection T in the xy-plane. It is 
clear that if V is yz-projectable we can use the same type of argument to prove the identity 



— dx dy dz = 

dx 


v 



cosxdS; 


and if V is xz-projectable we obtain 

JJJ jp dx dy dz = JJ Q cos fi dS. 

V y s 


Thus we see that the divergence theorem is valid for all solids projectable on all three 
coordinate planes. In particular the theorem holds for every convex solid. 


A solid toms with its axis parallel to the z-axis is xy-projectable but not xz-projectable 
or yz-projectable. To extend the divergence theorem to such a solid we cut the toms into 
foui' equal parts by planes through its axis parallel to the xz- and yz-planes, respectively, 
and we apply the divergence theorem to each part. The triple integral over the whole toms 
is the sum of the triple integrals over the four parts. When we add the surface integrals over 
the foui' parts we find that the contributions from the faces common to adjacent parts cancel 
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each other, since the outward normals have opposite directions on two such faces. There¬ 
fore the sum of the surface integrals over the four parts is equal to the surface integral over 
the entire toms. This example illustrates how the divergence theorem can be extended to 
certain nonconvex solids. 


12.20 Applications of the divergence theorem 


The concepts of curl and divergence of a vector field F = Pi + Qj + Rk were introduced 
in Section 12.12 by the formulas 


(12.57) 


div .= 


J)P fiP + dR 
dx dy dz 


and 


(12.58) 


curl F — 


tdR 

w 



dP\ 

dy) 


k. 


To compute div F and curl F from these formulas requires a knowledge of the components 
of F. These components, in turn, depend on the choice of coordinate axes in 3-space. A 
change in the position of the coordinate axes would mean a change in the components of F 
and, presumably, a corresponding change in the functions div F and curl F. With the help 

of Stokes’ theorem and the divergence theorem we can obtain formulas for the divergence 
and curl that do not involve the components of F. These formulas show that the curl and 
divergence represent intrinsic properties of the vector field F and do not depend on the 
particular choice of coordinate axes. We discuss first the formula for the divergence. 


theorem 12.7. Let V(t) be a solid sphere of radius t > 0 with center at a point a in 
3 -space, and let S(t) denote the boundary of V(t). Let F be a vector field that is continuously 
differentiable on V(t). Then if [ V(t)\ denotes the volume of V(t), and if n denotes the unit 
outer normal to S, we have 

(12.59) div F(a) = lira —— I F • n dS. 

t-*o | V ( 1)1 

Sit) 


Proof Let <f = div F. If e > 0 is given we must find a d > 0 such that 


( 12 . 60 ) 


99(a) — —-— II F ■ n 

n inoi 


dS 


< e whenever 0 < t < S. 


Sit) 


Since 99 is continuous at a, for the given e there is a 3-ball B(a ; h) such that 


\¥,x) ~ <?’(«)I < ^ 


whenever x € B(u ; h) . 


Therefore, if we write 99(a) = 9 fx) + [99(a) — 99(0:)] and integrate both sides of this 
equation over a solid sphere V(t) of radius t < h, we find 


99(a) \V(t)\ = JJJ <f(x) dx dy dz + JJj [99(a) - 99(A)] dx dy dz 


Vit ) 


Vit) 



Applications of the divergence theorem 


461 


If we apply the divergence theorem to the first triple integral on the right and then trans¬ 
pose this term to the left, we obtain the relation 

<p(o) |K(t)| - JJV' ndS < jjj* \<p(d) - y(x)\ dx dydz<^\V{t)\<(\V(t)\, 

SU) YU) 

When we divide this inequality by | V(t) | we see that (12.60) holds with d = h. This proves 
the theorem. 

In the foregoing proof we made no special use of the fact that V(t) was a sphere. The 
same theorem holds true if, instead of spheres, we use any set of solids V(t) for which 
the divergence theorem is valid, provided these solids contain the point a and shrink to 

a as t —*■ 0. For example, each V(t) could be a cube inscribed in a sphere of radius t about 

a; exactly the same proof would apply. 

Theorem 12.7 can be used to give a physical interpretation of the divergence. Suppose F 
represents the flux density vector of a steady flow. Then the surface integral JJ F 1 « dS 

SU ) 

measures the total mass of fluid flowing through S in unit time in the direction of n. The 

quotient JJ F' /I dS/\ V(t)\ represents the mass per unit volume that flows through S in 
SU ) 

unit time in the direction of n. As t —y 0, the limit of this quotient is the divergence of F at 

a. Hence the divergence at a can be interpreted as the time rate of change of mass per unit 

volume per unit time at a. 

In some books on vector analysis, Equation (12.59) is laken as the dejnition of diver¬ 
gence. This makes it possible to assign a physical meaning to the divergence immediately. 
Also, formula (12.59) does not involve the components of F. Therefore it holds true in 
any system of coordinates. If we choose for V(t) a cube with its edges parallel to the 
xjz-coordinate axes and center at a, we can use Equation (12.59) to deduce the formula 
in (12.57) which expresses div F in terms of the components of F. This procedure is out¬ 
lined in Exercise 14 of Section 12.21. 

There is a formula analogous to (12.59) that is sometimes used as an alternative definition 
of the curl. It states that 

(12.61) curl F(a) = lim - I I n X F dS, 

t-*o |F(t)| JJ 
v SU ) 

where V(t) and S(t ) have the same meanings as in Theorem 12.7. The surface integral 
that appears on the right has a vector-valued integrand. Such integrals can be defined in 
terms of components. The proof of (12.61) is analogous to that of Theorem 12.7. 

There is another formula involving the curl that can be deduced from (12.61) or derived 
independently. It states that 

(12.62) n ■ curl F(a) = lim —!—® F ‘ da. 

t-10|S(0l Job) 

In this formula, S(t) is a circular disk of radius t and center at a, and denotes its 

area. The vector /j is a unit normal to S(t), and a is the function that traces out C(t) in a 
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direction that appears counterclockwise when viewed from the tip of n. The vector field 
F is assumed to be continuously differentiable on S(t). A proof of (12.62) can be given by 
the same method we used to prove (12.59). We let <f (x) = n • curl F(x) and argue as 
before, except that we use surface integrals instead of triple integrals and Stokes’ theorem 
instead of the divergence theorem. 

If F is a velocity field, the line integral over C(t) is called the circulation of F along C(t); 
the limit in (12.62) represents the circulation per unit area at the point a. Thus, n • curl F(a) 
can be regarded as a “circulation density” of F at point a, with respect to a plane perpen¬ 
dicular to n at a. 

When n takes the successive values i, j, and k, the dot products i ■ curl F, j > curl /•’, 
and k . curl F are the components of curl F in rectangular coordinates. When Equation 
(12.61) is taken as the stalling point for the definition of curl, the formula in (12.58) for the 
rectangular components of curl F can be deduced from (12.62) in exactly this manner. 


12.21 Exercises 

1. Let S be the surface of the unit cube, 0 <*<1,0 < / < 1,0 < z < 1, and let n be the 
unit outer normal to S. If F(x, y, z) = xH + y 2 j + z 2 k, use the divergence theorem to evaluate 
the surface integral JJ F ■ n dS. Verily the result by evaluating the surface integral directly. 

S 

2. The sphere x 2 + y 2 + z 2 = 25 is intersected by the plane z = 3. The smaller portion forms a 
solid V bounded by a closed surface S 0 made up of two parts, a spherical part and a planar 
part S 2 ■ If the unit outer normal of V is cos a i -f cos ft j -j- cos y k, compute the value of the 
surface integral 

JJ (xz cos a + yz cos + cos y) dS 

8 


if (a) S is the spherical cap S lt (b) S is the planar base S 2 , (c) S is the complete boundary S Q . 
Solve part (c) by use of the results of parts (a) and (b), and also by use of the divergence 
theorem. 

3. Let n = cos a i + cos fj j + cos y k be the unit outer normal to a closed surface S whichbounds 
a homogeneous solid V of the type described in the divergence theorem. Assume that the 
center of mass (x, y, z) and the volume | V\ of V are known. Evaluate the following surface 
integrals in terms of | V\ and x, y, z. 

(a) JJ (x cos a -)- y cos P + z cos y) dS. 
s 

(b) Jf (xz cos a + 2jz COS /? + 3z 2 cos y ) dS. 

S 

( c ) IS (y 2 cos a + 2 xy cos ft — xz cos y) dS. 

8 

(d) Express jj (x 2 + y 2 j(xi + yj) It dS in terms of the volume | V7 and a moment of inertia 
of the solid. S 


In Exercises 4 through 10, dfj a n and dgj drt denote directional derivatives of scalar fields f and g 
in the direction of the unit outer normal n to a closed surface S which bounds a solid V of the type 




Exercises 


463 


described in the divergence theorem. That is, dfj dn = Vf < n and dgj dn = Vg ■ n • In each of these 
exercises prove the given statement. You may assume continuity of all derivatives involved. 


1 //£"-/![ ****** 

8 V 

’If 


dS = 0 whenever f is harmonic in V 


1 fV 2 g dx dy dz + J"^j* Vy • Vg dx dy dz . 

7 - JJ(/| -<•!) " - ||J</ v V 

S F 

<S. J"J" f ~ dS = g-^- dS if both f and g are harmonic in V. 

S S 

9. ~ JjJ ^ dy ^ f is hatmonic in V. 

sw 

S(t) is the surface of V(t), and | V(t )| is the volume of V(t). 

11. Let V be a convex region in 3-space whose boundary is a closed surface S and let n be the 
unit outer normal to S. Let F and G be two continuously differentiable vector fields such that 


where V(t) is a solid sphere of radius t with center at a, 


curl F = curl G 


and 


div /•’ = div G everywhere in V, 


and such that 

G ■ n = F ■ n everywhere on S , 

Prove that F = G everywhere in V. [Hint: Let H = F — G, find a scalar field f such that 
H=Vf, and use a suitable identity to prove that jjj || Vy [j 2 dx dy dz = 0. From this deduce 
that H = 0 in V.] v 

12. Given a vector field G and two scalar fields y and g, each continuously differentiable on a 
convex solid V bounded by a closed surface S. Let n denote the unit outer normal to S. Prove 
that there is at most one vector field F satisfying the following three conditions: 

curl F = G and div F = g in F, F ■ n = f on S. 

13. Let S be a smooth parametric surface with the property that each line emanating from a point 
P intersects S once at most. Let Q(S) denote the set of lines emanating from P and passing 
through S. (See Figure 12.19.) The set n(S) is called the solid angle with vertex P subtended 
by S. Let 2(a) denote the intersection of 0.(S) with the surface of the sphere of radius a 
centered at P. The quotient 

area of 2(a) 
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Figure 12.19 The solid angle fl(5) with vertex P subtended by a surface S. It is 

area of 2(a) 

measured by the quotient 10(5)1 = - 2 -■ 


is denoted by | 0(5)| and is used as a measure of the solid angle 0(5). 
(a) Prove that this quotient is equal to the surface integral 



where r is the radius vector from P to an arbitrary point of S, and r = ||r|| . The vector it is 
the unit nomial to S directed away from P. This shows that the quotient for |0(5)| is inde¬ 
pendent of the radius a. Therefore the solid angle can be measured by the area of the intersection 
of 0(5) and the unit sphere about P. [Hint: Apply the divergence theorem to the portion of 
0(5) lying between S and C(a).J 

(b) Two planes intersect along the diameter of a sphere with center at P. The angle of inter¬ 
section is 0, where 0 < 6 < n . Let S denote the smaller portion of the surface of the sphere 
intercepted by the two planes. Show that 0(5)| = 2%. 

14. Let k’(t) denote a cube of edge 2t and center at a, and let S(t) denote the boundary of the 
cube. Let n be the unit outer normal of S(t) and let | V(t) | denote the volume of the cube. 
For a given vector field F that is continuously differentiable at a, assume that the following 
limit exists : 

I™,f4i JT 

SU) 

and use this limit as the definition of the divergence, div F(a). Choose xyz-coordinate axes 
parallel to the edges of V (t) and let P, Q, and R be the components of F relative to this coordi¬ 
nate system. Prove that div F(a) = D 1 P(a) + D 2 Q(a) + D 3 R(a). [Hint: Express the surface 
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integral as a sum of six double integrals taken over the faces of the cube. Then show that 
1/| V(t )| times the sum of the two double integrals over the faces perpendicular to the z-axis 
approaches the limit Z> 3 R(a) as t -*■ 0. Argue in a similar way for the remaining terms. ] 

15. A scalar field (p which is never zero has the properties 

|| V 9 ?[j 2 = 4 cp and div (<pV<p) = IO 9 ?. 


Evaluate the surface integral 


If 




where S is the surface of a unit sphere with center at the origin, and d<pjdn is the directional 
derivative of <p in the direction of the unit outer normal to S. 
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SET FUNCTIONS AND ELEMENTARY PROBABILITY 


13.1 Historical introduction 

A gambler’s dispute in 1654 led to the creation of a mathematical theory of probability by 
two famous French mathematicians, Blaise Pascal and Pierre de Fermat. Antoine 
Gombaud, Chevalier de Mere, a French nobleman with an interest in gaming and gambling 
questions, called Pascal’s attention to an apparent contradiction concerning a popular dice 
game. The game consisted in throwing a pair of dice 24 times; the problem was to decide 
whether or not to bet even money on the occurrence of at least one “double six” during 
the 24 throws. A seemingly well-established gambling rule led de Mere to believe that 
betting on a double six in 24 throws would be profitable, but his own calculations indicated 
just the opposite. 

This problem and others posed by de Mere led to an exchange of letters between Pascal 
and Fermat in which the fundamental principles of probability theory were formulated 
for the first time. Although a few special problems on games of chance had been solved 
by some Italian mathematicians in the 15th and 16th centuries, no general theory was 
developed before this famous correspondence. 

The Dutch scientist Christian Huygens, a teacher of Leibniz, learned of this corre¬ 
spondence and shortly thereafter (in 1657) published the first book on probability; entitled 
De Ratiociniis in Ludo Aleae, it was a treatise on problems associated with gambling. 
Because of the inherent appeal of games of chance, probability theory soon became popular, 
and the subject developed rapidly during the 18th century. The major contributors during 
this period were Jakob Bernoulli? (1654-1705) and Abraham de Moivre (1667-1754). 

In 1812 Pierre de Laplace (1749-1827) introduced a host of new ideas and mathematical 
techniques in his book, Theorie Analytique des ProbdbiUteS. Before Laplace, probability 
theory was solely concerned with developing a mathematical analysis of games of chance. 
Laplace applied probabilistic ideas to many scientific and practical problems. The theory 
of errors, actuarial mathematics, and statistical mechanics are examples of some of the 
important applications of probability theory developed in the 19th century. 

Like so many other branches of mathematics, the development of probability theory 
has been stimulated by the variety of its applications. Conversely, each advance in the 
theory has enlarged the scope of its influence. Mathematical statistics is one important 
branch of applied probability; other applications occur in such widely different fields as 

f Sometimes referred to as James Bernoulli. 
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genetics, psychology, economics, and engineering. Many workers have contributed to the 
theory since Laplace’s time; among the most important are Chebyshev, Markov, von 
Mises, and Kolmogorov. 

One of the difficulties in developing a mathematical theory of probability has been to 
arrive at a definition of probability that is precise enough for use in mathematics, yet 
comprehensive enough to be applicable to a wide range of phenomena. The search for a 
widely acceptable definition took nearly three centuries and was marked by much 
controversy. The matter was finally resolved in the 20th century by treating probability 
theory on an axiomatic basis. In 1933 a monograph by a Russian mathematician 
A. Kolmogorov outlined an axiomatic approach that forms the basis for the modem theory. 
(Kolmogorov’s monograph is available in English translation as Foundations of Probability 
Theory, Chelsea, New York, 1950.) Since then the ideas have been refined somewhat and 
probability theory is now part of a more general discipline known as measure theory. 

This chapter presents the basic notions of modem elementary probability theory along 
with some of its connections to measure theory. Applications are also given, primarily to 
games of chance such as coin tossing, dice, and card games. This introductory account is 
intended to demonstrate the logical structure of the subject as a deductive science and to 
give the reader a feeling for probabilistic thinking. 


13.2 Finitely additive set functions 

The area of a region, the length of a curve, or the mass of a system of particles is a 
number which measures the size or content of a set. All these measures have certain 
properties in common. Stated abstracdy, they lead to a general concept called a finitely 
additive set function. Later we shall introduce probability as another example of such a 
function. To prepare the way, we discuss first some properties common to all these 
functions. 

A function /; si -»■ R whose domain is a collection si of sets and whose function values 
are real numbers, is called a set function. If A is a set in class si, the value of the function 
at A is denoted by f(A). 


DEFINITION OF A FINITELY ADDITIVE SET FUNCTION. A Set function f\ si R IS Said to be 

finitely additive if 

(13.1) f(A U B) = f(A) +f(B) 

whenever A and B are disjoint sets in si such that A u B is also in si. 

Area, length, and mass are all examples of finitely additive set functions. This section 
discusses further consequences of Equation (13.1). 

hi the usual applications, the sets in si are subsets of a given set S, called a universal set. 

It is often necessary to perform the operations of union, intersection, and complementation 
on sets in si . To make certain that si is closed under these operations we restrict si to be 
a Boolean algebra, which is defined as follows. 
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definition of a boolean algebra of sets. A nonempty class si of subsets of a given 
universal set S is called a Boolean algebra if for every A and B in si we have 

A V) Be si and A’ e si. 

Here A' = S — A, the complement of A relative to S. 

A Boolean algebra si is also closed under intersections and differences, since we have 

A (A B = (A’ u B’)’ and A — B = A P B’. 

This implies that the empty set 0 belongs to si since ,0 = A — A for some A in si. 
Also, the universal set S is in si since S = 0’ ■ 

Many Boolean algebras can be formed from the subsets of a given universal set S. The 
smallest such algebra is the class si 0 = { 0 , S} , which consists of only two special subsets: 
0 and S. At the other extreme is the class si x , which consists of all subsets of S. Every 
Boolean algebra si consisting of subsets of S satisfies the inclusion relations si () c,j/c 
si x . 

The property of finite additivity of set functions in Equation (13.1) requires A and B to 
be disjoint sets. The next theorem drops this requirement. 

theorem 13.1. Let f: s/ —>■ R be a finitely additive set function defined on a Boolean 
algebra si of sets. Then for all A and B in si we have 

(13.2) f(A U B) =f(A) +f(B — A), 

and 

(13.3) f(A 0B)= f(A) + f(B) - f(A P B) . 

Proof. The sets A and B — A are disjoint and their union is A U B. Hence, by applying 
(13.1) to A and B — A we obtain (13.2). 

To prove (13.3) we first note that A n B’ and B are disjoint sets whose union is A u B. 
Hence by (13.1) we have 

(13-4) f (A 0 B) = f (A P B’) + J(B) . 

Also, A pB’ and A p B are disjoint sets whose union is A, so (13.1) gives us 
(13.5) f(A) = f(A n B') + f(A P B). 

Subtracting (13.5) from (13.4) we obtain (13.3). 

13.3 Finitely additive measures 

The set functions which represent area, length, and mass have further properties in 
common. For example, they are all nonnegative set functions. That is, 

/(A) > 0 

for each A in the class si under consideration. 
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definition of a finitely additive measure. A nonnegative set function f: stf —► R that is 
finitely additive is called a finitely additive measure^ or simply a measure 

Using Theorem 13.1 we immediately obtain the following further properties of measures. 

THEOREM 13.2. Let f: sf -*■ R be a finitely additive measure defined on a Boolean algebra&. 
Then for all sets A and B in sf we have 
(a)f(AUB)<f(A) + f(£). 

(b )f(B-A)=f(B)-f(A) if A SB. 

(c) f(A) < f(B) if A c B. (Monotone property) 

(d) f( 0 )= 0. 

Proof. Part (a) follows from (13.3), and part (b) follows from (13.2). Part (c) follows 
from (b), and part (d) follows by taking A = B = 0 in (b). 

example . The number of elements in a finite set. Let S = { a „ a 2 , ... , a ,} be a set 

consisting of n (distinct) elements, and let sf denote the class of all subsets of S. For each 
A in sf , let v(A) denote the number of distinct elements in A (v is the Greek letter “nil”). 
It is easy to verify that this function is finitely additive on s/. In fact, if A has k elements 
and if B has m elements, then v(A ) = k and v(B) = m . If A and B are disjoint it is clear 
that the union A U B is a subset of S with k f m elements, so 

v(A U B) = k + m = v(A) + v(B). 

This particular set function is nonnegative, so v is a measure. 


13.4 Exercises 

1. Let denote the class of all subsets of a given universal set and let A and B be arbitrary sets 
in s/ . Prove that: 

(a) A n S’ and B are disjoint. 

(b) A u B = (A n B’) u B. (This formula expresses A u B as the union of disjoint sets.) 

(c) A n B and A n S’ are disjoint. 

(d) (A n B) U (A O B’) = A. (This fomrula expresses A as a union of two disjoint sets.) 

2. Exercise 1(b) shows how to express the union of two sets as the union of two disjoint sets. 

Express in a similar way the union of three sets A 1 U A, U A, and, more generally, of n sets 

Ul 2 U Ul,. Illustrate with a diagram when n = 3. 

3. A study of a set S consisting of 1000 college graduates ten years after graduation revealed 
that the “successes” formed a subset A of 400 members, the Caltech graduates formed a subset 
B of 300 members, and the intersection A C\ B consisted of 200 members. 

(a) For each of the following properties, use set notation to describe, in terms of unions and 
intersections of A, B, and their' complements A’ and B' relative to S, the subsets consisting of 
those persons in S that have the property: 

(i) Neither a “success” nor a Caltech graduate. 

(i) A “success” but not a Caltech graduate. 

(iii) A “success” or a Caltech graduate, or both. 
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(iv) Either a ‘"success” or a Caltech graduate, but not both. 

(v) Belongs to not more than one of A or B. 

(b) Determine the exact number of individuals in each of the five subsets of part (a). 

4. Letfbe a finitely additive set function defined on a class ,c/ of sets. Let A . A, be n sets 

in such that n Aj = 0 if i ^ j. (Such a collection is called a disjoint collection of sets.) 

m 

If the union (J A k is in class sf for all m n, use induction to prove that 
*•=1 

f , U 4b) - IXA) . 

k =1 / ft=l 

In Exercises 5, 6, and 7, S denotes a finite set consisting of n distinct elements, say S = 

{til !> ) • • • 3 tl n { . 

5. Let A, = {flj}, the subset consisting of a, alone. Show that the class = { 0, A,, A[, S) Is 
the smallest Boolean algebra containing A,. 

6 . Let A, = {af , A, = {a 2 }. Describe, in a manner similar to that used in Exercise 5, the smallest 
Boolean algebra i38 2 containing both A, and A,. 

7. Do the same as in Exercise 6 for the subsets A, = {flj}, A 2 = {o 2 } > and A, = {a 3 }. 

8 . If 38 k denotes the smallest Boolean algebra which contains the k subsets A, = /q}, A, = 
{a 2 },. . . , A k = {a k }, show that 38 k contains 2 k+1 subsets of S if k < tl and 2 n subsets if k = n. 

9. Letfbe a finitely additive set function defined on the Boolean algebra of all subsets of a given 
universal set S. Suppose it is known that 

f{A n B) = f(A)f(B, 

for two particular subsets A and B of S. If f(S) = 2, prove that 

f(A U B) = f(A') + f(B'). f(.A ‘. 

10. If A and B are sets, their symmetric difference A A B is the set defined by the equation A A B = 
(A — B) U (B — A). Prove each of the following properties of the symmetric difference. 

(a) A A B = B A A. 

(b) A A A = 0 . 

(c) A A B c (A A C) U (C A B). 

(d) A A B is disjoint from each of A and B. 

(e) (A AB) A C = A A (B A C). 

(f) Iffis a finitely additive set function defined on the Boolean algebra sf of all subsets of a 

given set S, then for all A and B in vve have f(A A B) = f{A) + /(B) — 2 f(A n B). 

13.5 The definition of probability for finite sample spaces 

In the language of set functions, probability is a specific kind of measure (to be denoted 
here by P) defined on a specific Boolean algebra 38 of sets. The elements of 38 are subsets 
of a universal set S. In probability theory the universal set S is called a sample space. We 
discuss the definition of probability first for finite sample spaces and later for infinite sample 
spaces. 


definition OF probability for finite sample spaces. Let 38 denote a Boolean algebra 
whose elements are subsets of a given finite set S. A set function P dejined on 38 is called a 
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probability measure if it satisfies the following three conditions. 

(a) P is finitely additive. 

(b) P is nonnegative. 

(c) P(S) = 1. 

In other words, for finite sample spaces probability is simply a measure which assigns the 
value 1 to the whole space. 

It is important to realize that a complete description of a probability measure requires 
three things to be specified: the sample space S, the Boolean algebra 01 formed from certain 
subsets of S, and the set function P. The triple (S, 0, P) is often called aprobability space. 

In most of the elementary applications the Boolean algebra 0 is taken to be the collection 
of all subsets of S. 

example . An illustration of applied probability theory is found in the experiment of 
tossing a coin once. For a sample space S we take the set of all conceivable outcomes of 
the experiment. In this case, each outcome is either “heads” or “tails,” which we label by the 
symbols h and t. Thus, the sample space S is {h, tj, the set consisting of h and t. For the 
Boolean algebra we take the collection of all subsets of S; there are four, 0, S, H, and T, 
where H = (hj and T = {7}. Next, we assign probabilities to each of these subsets. For 
the subsets 0 and S we have no choice in the assignment of values. Property (c) requires 
that P(S) = I, and. since P is a nonnegative measure, P(0) = 0. However, there is some 
freedom in assigning probabilities to the other two subsets. Hand T. Since H and Tare 

disjoint sets whose union is S, the additive property requires that 

P(H) + P(T) = P(S) = 1 . 

We are free to assign any nonnegative values whatever to P(H) and P(T) so long as their 
sum is 1. If we feel that the coin is unbiased so that there is no apriori reason to prefer 
heads or tails, it seems natural to assign the values 

P(H) = P(T) = 1. 

If, however, the coin is “loaded,” we may wish to assign different values to these two 
probabilities. For example, the values P(H) = J and P(T) = § are just as acceptable as 
P(H) = P(T) = i. In fact, for any real p in the interval 0 K. p < 1 we may define 
P(H) = p and P(T) = 1 — p, and the resulting function P will satisfy all the conditions 

for a probability measure. 

For a given coin, there is no mathematical way to determine what the probability p 

“really” is. If we choose p = f we can deduce logical consequences on the assumption that 
the coin is fair or unbiased. The theory for unbiased coins can then be used to test the 
fairness of an actual coin by performing a large number of experiments with the coin and 
comparing the results with the predictions based on the theory. The testing of agreement 

between theory and empirical evidence belongs to that branch of applied probability known 
as statistical inference, and will not be discussed in this book. 

The foregoing example is a typical application of the concepts of probability theory. 
Probability questions often arise in situations referred to as “experiments.” We shall not 
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attempt to define an experiment; instead, we shall merely mention some familiar examples: 
tossing one or more coins, rolling a pah' of dice, dealing a bridge hand, drawing a ball from 
an mu, counting the number of female students at the California Institute of Technology, 
selecting a number from a telephone directory, recording the radiation count of a Geiger 
counter. 

To discuss probability questions that arise in connection with such experiments, our 
first task is to construct a sample space S that can be used to represent all conceivable 
outcomes of the experiment, as we did for coin tossing. Each element of S should represent 
an outcome of the experiment and each outcome should correspond to one and only one 

element of S. Next, we choose a Boolean algebra £$ of subsets of S (usually all subsets of 
S) and then define a probability measure P on 36. The choice of the set S, the choice of 36, 
and the choice of P will depend on the information known about the details of the experi¬ 
ment and on the questions we wish to answer. The purpose of probability theory is not to 
discuss whether the probability space (S, 36, P) has been properly chosen. This motivation 

belongs to the science or gambling game from which the experiment emanates, and only 
experience can suggest whether or not the choices were well made. Probability theory is the 
study of logical consequences that can be derived once the probability space is given. Making 
a good choice of the probability space is, strictly speaking, not probability theory —- it is 
not even mathematics; instead, it is part of the art of applying probability theory to the 
real world. We shall elaborate further on these remarks as we deal with specific examples 

in the later sections. 

If S = {a,, a,, , a,/, and if 36 consists of all subsets of S, the probability function P 

is completely determined if we know its values on the one-elenrent subsets, or singletons: 


P({a 1 }),P{{a 2 }),...,P({aJ). 

hi fact, every subset A of S is a disjoint union of singletons, and P(A) is determined by the 
additive property. For example, when 

A = { a J u {a 2 } u . •. u {a k }, 

the additive property requires that 

P(A)= i P({a t }). 

i—1 

To simplify the notation and the terminology, we write P(a,) instead of This 

number is also called the probability of the point . Therefore, the assignment of the point 
probabilities P(x) for each element x in a finite set S amounts to a complete description of 
the probability function P. 


13.6 Special terminology peculiar to probability theory 

In discussions involving probability, one often sees phrases from everyday language 
such as “two events are equally likely,” “an event is impossible,” or “an event is certain 
to occur.” Expressions of this sort have intuitive appeal and it is both pleasant and helpful 
to be able to employ such colorful language in mathematical discussions. Before we can do 
so, however, it is necessary to explain the meaning of this language in terms of the funda¬ 
mental concepts of our theory. 

Because of the way probability is used in practice, it is convenient to imagine that each 
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probability space (S, 33, P ) is associated with a real or conceptual experiment. The 
universal set S can then be thought of as the collection of all conceivable outcomes of the 
experiment, as in the example of coin tossing discussed in the foregoing section. Each 
element of S is called an outcome or a sample and the subsets of S that occur in the Boolean 
algebra S3 are called events. The reasons for this terminology will become more apparent 
when we treat some examples. 

Assume we have a probability space (S, S3, P) associated with an experiment. Let A 
be an event, and suppose the experiment is performed and that its outcome is X. (In other 
words, let x be a point of S.) This outcome x may or may not belong to the set A. If 
it does, we say that the event A has occurred. Otherwise, we say that the event A has not 

occurred, in which case x 6 A’, so the complementary event A' has occurred. An event A 

is called impossible if A = 0 , because in this case no outcome of the experiment can be 

an element of A. The event A is said to be certain if A = S, because then every outcome 

is automatically an element of A. 

Each event A has a probability P(A) assigned to it by the probability function P. [The 
actual value of P(A) or the manner in which P(A) is assigned does not concern us at 

present.] The number P(A) is also called the probability that an outcome of the experiment 
is one of the elements of A. We also say that P(A) is the probability that the event A occurs 
when the experiment is performed. 

The impossible event 0 must be assigned probability zero because P is a finitely additive 
measure. However, there may be events with probability zero that are not impossible. 
In other words, some of the nonempty subsets of S may be assigned probability zero. The 
certain event S must be assigned probability 1 by the very definition of probability, but 

there may be other subsets as well that are assigned probability 1. In Example 1 of Section 
13.8 there are nonempty subsets with probability zero and proper subsets of S that have 
probability 1. 

Two events A and B are said to be equally likely if P(A) = P(B). The event A is called 

more likely than B if P(A) > P(B), and at least as likely as B if P(A) > P(B). Table 13.1 

provides a glossary of further eveiyday language that is often used in probability discus¬ 
sions. The letters A and B represent events, and x represents an outcome of an experiment 
associated with the sample space S. Each entry in the left-hand column is a statement 
about the events A and B. and the corresponding entry in the right-hand column defines the 
statement in terms of set theory. 


Table 13.1. Glossary of Probability Terns 


Statement 

Meaning in set theory 

At least one of A or B occurs 

xGAvjB 

Both events A and B occur 

x£A nB 

Neither A nor B occurs 

xeA’ n B' 

A occurs and B does not occur 

x£ A n B' 

Exactly one of A or B occurs 

x e (A n B’) u (A’ n B) 

Not more than one of A or B occurs 

x B(A nB)’ 

If A occurs, so does B (A implies B) 

A c B 

A and B are mutually exclusive 

A nB = 0 

Event A or event B 

A uB 

Event A and event B 

A nB 



Worked examples 


All 


13.7 Exercises 


Let S be a given sample space and let A, B. and C denote arbitrary events (that is, subsets of S 
in the corresponding Boolean algebra 38). Each of the statements in Exercises 1 through 12 is 
described verbally in terms of A, B, C. Express these statements in terms of unions and intersections 
of A, B. C and their complements. 


1. If A occurs, then B does not occur. 

2. None of the events A, B, C occurs. 

3. Only A occurs. 

4. At least one of A, B. C occurs. 

5. Exactly one of A, B, C occurs. 

6. Not more than one occurs. 


7. At least two of A, B, C occur. 

8. Exactly two occur. 

9. Not more than two occur. 

10. A and C occur but not B. 

11. All three events occur. 

12. Not more than three occur. 


13. Let A denote the event of throwing an odd total with two dice, and let B denote the event of 
throwing at least one 6. Give a verbal description of each of the following events: 


(d) A ’ n B. 

(e) A’ C\B\ 

(f) A’ u B. 

14. Let A and B denote events. Show that 


(a) A U B, 

(b) A n B, 

(c) A n B\ 


P(A nfi)< P(A) < P(A \JB) < P(A) + P(B). 

15. Let A and B denote events and let a = P(A), b = P(B), c = P(A D B) . Compute, in terms of 
a, b, and c, the probabilities of the following events: 

(a) A’, (d) A’ u B', 

(b ) B’, (e)A'uB. 

(c) A U B, (f) A n B\ 

16. Given three events A, B. C. Prove that 


P(A u B u C) = P{A) + P(B) + P(C) - P(A n B) - P(A n C) - P(B n C) + P(A n B n C). 


13.8 Worked examples 

We shall illustrate how some of the concepts of the foregoing sections may be used to 
answer specific questions involving probabilities. 

example 1. What is the probability that at least one “head” will occur in two throws 
of a coin? 

First Solution. The experiment in this case consists of tossing a coin twice; the set S 
of all possible outcomes may be denoted as follows: 

S = (hh, ht, th, ttj. 

If we feel that these outcomes are equally likely, we assign the point probabilities P(x) = | 
for each x in S. The event “at least one head occurs” may be described by the subset 


A = (hh, ht, thj. 
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The probability of this event is the sum of the point probabilities of its elements. Hence, 

P(H) = i + | + i = f. 


Second Solution. 
bilities as follows 


Suppose we use the same sample space but assign the point proba- 
P(hh) = 1 , P(ht) = P(th ) = P(tt ) = 0. 


Then the probabihty of the event “at least one head occurs” is 

P{hh) + P(ht) + P{th) = 1 + 0 + 0= i . 

The fact that we arrived at a different answer from that in the first solution should not 
alarm the reader. We began with a different set of premises. Psychological considerations 

might lead us to believe that the assignment of probabilities in the first solution is the more 
natural one. Indeed, most people would agree that this is so if the coin is unbiased. How¬ 
ever, if the coin happens to be loaded so that heads always turns up, the assignment of 

probabilities in the second solution is more natural. 

The foregoing example shows that we cannot expect a unique answer to the question 
asked. To answer such a question properly we must specify the choice of sample space 

and the assignment of point probabilities. Once the sample space and the point proba¬ 

bilities are known only one probabihty for a given event can be logically deduced. Different 
choices of the sample space or point probabilities may lead to different “correct” answers 
to the same question. 

Sometimes the assignment of probabilities to the individual outcomes of an experiment 

is dictated by the language used to describe the experiment. For example, when an object 
is chosen “at random” from a finite set of /; elements, this is intended to mean that each 
outcome is equally likely and should be assigned point probabihty l/n. Similarly, when we 
toss a coin or roll a die, if we have no apriori reason to feel that the coin or die is loaded, 
we assume that all outcomes are equally likely. This agreement will be adopted in all the 
exercises of this chapter. 


example 2 . If one card is drawn at random from each of two decks, what is the proba¬ 
bility that at least one is the ace of hearts? 


Solution. The experiment consists in drawing two cards, a and b, one from each deck. 
Suppose we denote a typical outcome as an ordered pan (a, b). The number of possible 
outcomes, that is, the total number of distinct pairs (a, b) in the sample space S is 52 2 . 
We assign the probabihty 1/52 2 to each such pair. The event in which we are interested 
is the set A of pairs (a, b), where either a or b is the ace of hearts. There are 52 + 51 
elements in A. Hence, under these assumptions we deduce that 


P(A) = 


52 + 51 
52 2 = 


1 _ 1 
26" 52 2 ' 


t Note that for this assignment of probabilities there are nonempty subsets of S with probability zero and 
proper subsets with probability 1. 
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example 3. If two cards are drawn at random from one deck, what is the probability 
that one of them is the ace of hearts? 


Solution. As in Example 2 we use ordered pairs (a, b ) as elements of the sample space. 
In this case the sample space has 52 • 51 elements and the event A under consideration 
has 51 + 51 elements. If we assign the point probabilities 1/(52 • 51) to each outcome, 
we obtain 


P(A) 


2 • 51 
52 • 51 


26 ' 


example 4. What is the probability of throwing 6 or less with three dice? 


Solution. We denote each outcome of the experiment as a triple of integers (a, b, c) 
where a, b, and c may take any values from 1 to 6. Therefore the sample space consists 
of 6 3 elements and we assign the probability 1/6 3 to each outcome. The event A in question 
is the set of all triples satisfying the inequality 3<a + Z?+C<6. If A, denotes the 
set of (a, b, c) for which a + b + c = n, we have 


A = A a U A t U A s U A g . 


Direct enumeration shows that the sets A,, with n = 3, 4, 5, and 6 contain 1, 3, 6, and 10 
elements, respectively. For example, the set A, is given by 


A e = {(1,2, 3), (7, 3, 2), (1,1,4), (1,4,1), (2, 1,3), 

(2, 3,1), (2, 2, 2), ( 3 , 1,2), (3, 2,1), (4, 1, 1)}. 


Therefore A has 20 elements and 


P(A) = 


20 

6 3 


_5 
54 ‘ 


example 5. A die is thrown once. What is the probability that the number of points 
is either even or a multiple of 3 ? 

Solution. We choose the sample space S = (1,2, 3,4, 5,6}, consisting of six elements, 
to each of which we assign the probability g. The event “even” is the set A = {2,4, 6}, 
the event “a multiple of 3” is B = (3, 6). We are interested in their union, which is the 
set A U B = (2, 3, 4, 6). Since this set contains four elements we have P{A u B) = 4/6. 

This example can be solved in another way, using the formula 

P(A U B) = P(A) + P{B) - P(A n B) = | + | 


13.9 Exercises 

1. Let 5 be a finite sample space consisting of n elements. Suppose we assign equal probabilities to 
each of the points in S. Let A be a subset of 5 consisting of k elements. Prove that P(A) = k/n. 

For each of Exercises 2 through 8, describe your choice of sample space and state how you are 
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assigning the point probabilities. In the questions associated with card games, assume all cards 
have the same probability of being dealt. 

2. Five counterfeit coins are mixed with nine authentic coins. 

(a) A coin is selected at random. Compute the probability that a counterfeit coin is selected. 
If two coins are selected, compute the probability that: 

(b) one is good and one is counterfeit. 

(c) both are counterfeit. 

(d) both are good. 

3. Compute the probabilities of each of the events described in Exercise 13 of Section 13.7. Assign 
equal probabilities to each of the 36 elements of the sample space. 

4. What is the probability of throwing at least one of 7, 11, or 12 with two dice? 

5. A poker hand contains four hearts and one spade. The spade is discarded and one card is 
drawn from the remainder of the deck. Compute the probability of filling the flush-that is, of 
drawing a fifth heart. 

6. In poker, a straight is a five-card sequence, not necessarily all of the same suit. If a poker hand 
contains four cards in sequence (but not A234 or JQKA) and one extra card not in the sequence, 
compute the probability of filling the straight. (The extra card is discarded and a new card is 
drawn from the remainder of the deck.) 

7. A poker hand has four cards out of a five-card sequence with a gap in the middle (such as 
5689), and one extra card not in the sequence. The extra card is discarded and a new one is 
drawn from the remainder of the deck. Compute the probability of filling the “inside straight.” 

8. An um contains A white stones and B black stones. A second urn contains C white stones and 
D black stones. One stone is drawn at random from the first um and transferred to the second 
um. Then a stone is drawn at random from the second um. Calculate the probability of each 
of the following events. 

(a) The first stone is white. 

(b) The first stone is black. 

(c) The second stone is white, given that the transferred stone was white. 

(d) The second stone is white, given that the transferred stone was black. 

9. Two stones are drawn with replacement from an um containing four red stones and two white 
stones. Calculate the probability of each of the following events. 

(a) Both stones are white. 

(b) Both stones are red. 

(c) Both stones are the same color. 

(d) At least one stone is red. 

10. Let P n denote the probability that exactly n of the events A and B will occur, where n takes the 
values 0, 1, 2. Express each of P 0 , P lt P 2 in terms of P(A), P(B), and P(A D B). 

Odds. Some gambling games are described in terms of “odds” rather than in temis of 
probabilities. For example, if we roll a fair die, the probability of the event “rolling a three” is 
Since there are six possible outcomes, one of which is favorable to the event “rolling a three” and 

five of which are unfavorable, this is often described by saying that the odds in favor of the event 

are 1 to 5, or the odds against it are 5 to 1. In this case the odds are related to the probability by 
the equation 

1 1 

6 “ 1 + 5' 

In general, if A is an event with probability P(A) and if a and b are two real numbers such that 


a 

a + b' 


( 13 . 6 ) 


P(A) = 
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we say the odds in favor of A ate a to b, or the odds against A are b to a. Since 1 — a/{a + b) = 
bj(a + b) , the odds against A are the same as the odds in favor of the complementary event A’. 
The following exercises are devoted to further properties of odds and then relation to probabilities. 

11. If P(A) = 1, show that (13.6) can be satisfied only when 6=0 and a ^ 0. If P(A) A- 1, 
show that there are infinitely many choices of a and b satisfying (13.6) but that all have the 
same ratio a/b. 

12. Compute the odds in favor of each of the events described in Exercise 2. 

13. Given two events A and II. If the odds against A are 2 to 1 and those in favor of ,4 u IS are 
3 to 1, show that 

&<P(B)< f. 

Give an example in which P(B) = and one in which P(B) = J. 

13.10 Some basic principles of combinatorial analysis 

Many problems in probability theory and in other branches of mathematics can be 
reduced to problems on counting the number of elements in a finite set. Systematic methods 
for studying such problems form part of a mathematical discipline known as combinatorial 
analysis. In this section we digress briefly to discuss some basic ideas in combinatorial 
analysis that are useful in analyzing some of the more complicated problems of probability 
theory. 

If all the elements of a finite set are displayed before us, there is usually no difficulty in 
counting their total number. More often than not, however, a set is described in a way 
that makes it impossible or undesirable to display all its elements. For example, we might 
ask for the total number of distinct bridge hands that can be dealt. Each player is dealt 
13 cards from a 52-card deck. The number of possible distinct hands is the same as the 
number of different subsets of 13 elements that can be formed from a set of 52 elements. 
Since this number exceeds 635 billion, a direct enumeration of all the possibilities is clearly 
not the best way to attack this problem; however, it can readily be solved by combinatorial 
analysis. 

This problem is a special case of the more general problem of counting the number of 
distinct subsets of k elements that may be formed from a set of n elements,'!' where n > k . 
Let us denote this number by f(n, k). It has long been known that 

(13.7) /(n,/c)=Q, 

where, as usual (Ji) denotes the binomial coefficient. 



w kl (n — k)!' 

In the problem of bridge hands we have f(52, 13) = (jj) = 635,013,559,600 different 
hands that a player can be dealt. 


f When we say that a set has n elements, we mean that it has n distinct elements. Such a set is sometimes 
called an n-element set. 
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There are many methods known for proving (13.7). A straightforward approach is to 
form each subset of k elements by choosing the elements one at a time. There are n 
possibilities for the first choice, n — 1 possibilities for the second choice, and n — (k — 1) 
possibilities for the kth choice. If we make all possible choices in this manner we obtain 
a total of 

n( n — 1) • • • (n — k + 1) = - ----- 

(n — k)\ 

subsets of k elements. Of course, these subsets are not all distinct. For example, if k = 3 
the six subsets 

{a, b, c}, {b, c, a), {c, a, b}, {a, c, b}, {c, b, a}, {b, a, c} 

arc all equal. In general, this method of enumeration counts each k-element subset exactly 
k! times.7 Therefore we must divide the number n\j(n — k)! by k! to obtain/(«, k). This 
gives us /(«, k) = Q) , as asserted. 

This line of argument is more or less typical of the combinatorial analysis required in 
the later sections. Hence it seems worthwhile to digress briefly to discuss the fundamental 
principles on which this analysis is based. 

We often wish to count the number of elements in the Cartesian product of n finite sets 

, .... A~ n . The Cartesian product is denoted by the symbol A, x • • . x A, and is 
defined by the equation 

A, x • • • x A n = {K ,a n )\ a 1 eA 1 ,...,a n eA n }. 

That is, the Cartesian product consists of the set of all ordered n-tuples (a,, . . . , a,) where 
the kth component of the n-tuple comes from the kth set A,. 

An example with n = 2 is shown in Figure 13.1. Here A, ={1,2, 4, 5} and A, = {1,3). 
There are 4 elements in A 1 , and 2 elements in A„ giving a total of 8 elements in the Cartesian 
product A, x A,. More generally, if A, consists of k 1 elements and A, consists of k 2 
elements, then A x x A, consists of k x k 2 elements. By induction on n, it follows that if A, 
consists of k r elements, then the Cartesian product A, x . • • x A, consists of k\ ' ' ' k n 
elements. 

To express this result in the language of set functions, let SF denote the class of all 
finite sets and let v be the set function defined on 3F as follows : If A 6 kF, v(A ) is the number 
of distinct elements in A. (For the empty set we define v(0) = 0 .) Then it is easy to verily 
that v is a finitely additive set function, so we may write 



if {Si, S 2 .S,} is a disjoint collection of finite sets (that is, if S { n Sj = 0 whenever 

i j). The number of elements in a Cartesian product may be expressed in terms of v 
as follows : 

v(A x x A, x ... x A,) = v(A 1 )v(A 2 ) •. • v(A n ). 

f The reason for this will become clear in Example 3 on p. 484, where we give a more detailed derivation 
of (13.7). 
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Figure 13.1 An example illustrating the Cartesian of two sets. The plotted points 

represent A, x A,. 


A similar formula tells us how to count the number of elements in any set T of n-tuples 
if we know the number of possible choices for each of the successive components. For 
example, suppose there are k { possible choices for the first component . Let k., be the 
number of possible choices for the second component x 2 , once Xj is known. Similarly, 
let k r be the number of possible choices for the rth component x r , once x 1 , x 2 , ■ . ■ , x r 
are known. Then the number of n-tuples that can be formed with these choices is 

v (T) = kjc z . . . k, . 

This formula is often referred to as the principle of sequential counting. It can be proved 
by induction on n. hi many applications the set of choices for x r may not be easy to describe 
since it may not be determined until after the choices of the earlier components have been 
made. (This was the case when we used the principle to count bridge hands.) Fortunately, 
to apply the principle of sequential counting we do not need to know the actual set of 
choices for x r but only the number of possible choices for x r . 

The additive property in formula (13.8) and the principle of sequential counting provide 
the key to the solution of many counting problems. The following examples show how they 
can be applied. 

example 1. Sampling with replacement. Given a set S consisting of n elements. If 
k > 1, how many ordered k-tuples can be formed if each component may be an arbitrary 
element of S? 

Note; It may be helpful to think of S as an urn containing/! balls labeled 1, 2 , n. 

We select a ball and record its label as the first component of our k-tuple. Replacing 
the ball in the urn, we again select a ball and use its label as the second component, 
and so on, until we have made k selections. Since we replace each ball after it is drawn, 
the same label may appear in different components of our k-tuple. 
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Solution. Each k-tuple is an element of the Cartesian product 

T = S 1 X ••• X S k , 

where each S ( = S. Conversely, each element of T is one of the k-tuples in question. 
Hence the number of k-tuples formed in this way is 

v(T) = v(,S x ) • • • v(S k ) = n k . 

example 2. Sampling without replacement. Given a set S consisting of n elements. If 
k < n , how many ordered k-tuples can be formed if the components are chosen from S 
without replacement, that is to say, if no element of S may be used twice in any given 
k-tuple ? 

Solution. Consider any k-tuple (x„ X 2 , ■ ■ ■ , X l( ) formed from the elements of S without 
replacement. For the first component x x there are tl choices (the n elements of S). When 
X x is chosen there remain n ~ I ways to choose x 2 . With x. 2 chosen, there remain n — 2 
ways to choose x 3 , and so on, there being n — k + I ways to choose x k . Therefore, by 
the principle of sequential counting, the total number of k-tuples so formed is 

n(n — 1 )(n — 2 )•••(« — fc + 1) = 1L . 

(n — k)\ 

hi particular, when k = n this result tells us that n! distinct n-tuples may be formed from 
a given set S of n elements, with no two components of any n-tuple being equal. 


example 3. The number of k-element subsets of an n-element set. If k < n, how many 
distinct subsets of k elements can be formed from a set S consisting of n elements? 


Solution. 

by 


Let r denote the number of subsets in question and let us denote these subsets 

^1 > ^2 j . • . , A r . 


These sets are distinct but need not be disjoint. We shall compute y in terms of II and k 
by an indirect method. For this purpose, let B i denote the collection of k-tuples that can 
be formed by choosing the components from the elements of A,- without replacement. 
The sets B v , B 2 .... , B r are disjoint. Moreover, if we apply the result of Example 2 with 
n = k we have 

= k! foreachi= 1,2 , . . . , T . 

Now let 

T = B x U B 2 U • • • U B r . 

Then T consists of all k-tuples that can be fomied by choosing the components from S 
without replacement. From Example 2 we have 


v(T ) = «!/(n — k)! 
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and by additivity we also have 

v(T) = lv(B t ) = k! r. 

1=1 

Equating the two expressions for v(T) we obtain 

r = --= ("). 

k\ (n — k)\ W 

This proves formula (13.7) stated earlier in this section. 

If we use the result of Example 3 to count the total number of subsets of a set S consisting 
of n elements, we obtain 


Since this sum is also obtained when we expand (1 + 1)” by the binomial theorem, the 
number of subsets of S is 2”. 



13.11 Exercises 

1. Let A = {1,2,3}, Display in roster notation the set of ordered pairs (a, b) obtained by 
choosing the first component from A and the second component from the remaining elements 
of A. Can this set of pairs be expressed as a Cartesian product? 

2. A two-card hand can be dealt from a deck of 52 cards in 52.51 = 2652 ways. Determine the 
number of distinct hands, and explain your reasoning. 

3. A senate committee consisting of six Democrats and four Republicans is to choose a chairman 
and a vice-chairman. In how many ways can this pair of officers be chosen if the chairman 
must be a Democrat ? 

4. An experiment consists of tossing a coin twice and then rolling a die. Display each outcome 
of this experiment as an ordered triple (a, b, c), where each of a and b is either H (heads) 
or T (tails) and c is the number of points on the upturned face of the die. For example, 
(H, H, 3) means that heads came up on both tosses and 3 appeared on the die. Express the 
set of all possible outcomes as a Cartesian product and determine the number of possible 
outcomes. 

5. In how many ways can a bridge deck of 52 cards be dealt into four hands, each containing 13 
cards? Explain your reasoning. 

6. Two dice, one red and one white, are tossed. Represent the outcome as an ordered pair (a, b), 
where a denotes the number of points on the red die, b the number on the white die. How 
many ordered pairs (a, b ) are possible ? How many are there for which the sum a + b is: 

(a) even? (b) divisible by 3? (c) either even or divisible by 3? 

7. A poker hand contains five cards dealt from a deck of 52. How many distinct poker hands 
can be dealt containing: 

(a) two pairs (for example, 2 kings, 2 aces, and a 3)? 

(b) a flush (five cards in a given suit)? 

(c) a straight flush (any five in sequence in a given suit, but not including ten, jack, queen, 
king, ace)? 

(d) a royal flush (ten, jack, queen, king, ace in a single suit)? 
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8. Refer to Exercise 7. Compute the probability for a poker hand to be: 

(a) a flush. 

(b) a straight flush. 

(c) a royal flush. 

9. How many committees of 50 senators can be formed that contain: 

(a) exactly one senator from Alaska? 

(b) both senators from Alaska? 

10. A committee of 50 senators is chosen at random. Compute the probability that both senators 
from Alaska are included. 

11. A code group consists of four symbols in a row, each symbol being either a dot or a dash. 
How many distinct code groups can be fomied? 

12. How many k-letter words can be fomied with an alphabet containing n letters? 

13. Show that: 



14. Suppose a set of ordered pairs (a, b ) is constructed by choosing the first component from a 
set of k elements, say from the set {a„ . . . , a,}, and the second component from a set of m 
elements, say from [b lt . . . , b m }. There are a total of 111 pairs with first component a 1 , namely, 
(a 1 ,b 1 ),. . . , ( a 1 ,b m ). Similarly, there are m pairs (a,-, bf, . . . , (a,-, b m ) with first component 
Oj. Therefore the total number of ordered pairs (a, b) is m + m + + m (k summands). 
This sum equals km, which proves the principle of sequential counting for sets of ordered 
pairs. Use induction to prove the principle for sets of ordered //-tuples. 


13.12 Conditional probability 

An unbiased die is thrown and the result is known to be an even number. What is the 
probability that this number is divisible by 3 ? What is the probability that a child is color 
blind, given that it is a boy? These questions can be put in the following form: Let A and 
B be events of a sample space S. What is the probability that A occurs, given that B has 
occurred? This is not necessarily the same as asking for the probability of the event 
A n B. In fact, when A = B the question becomes: If A occurs, what is the probability 
that A occurs? The answer in this case should be 1 and this may or may not be the proba¬ 
bility of A D B. To see how to treat such problems in general, we turn to the question 
pertaining to rolling a die. 

When we ask probability questions about rolling an unbiased die, we ordinarily use 
for the sample space the set S = {1,2, 3,4, 5, 6) and assign point probability ^ to each 
element of S. The event “divisible by 3” is the subset A = (3, 6) and the event “even" is 
the subset B = {2,4, 6). We want the probability that an element is in A, given that it is 
in B. Since we are concerned only with outcomes in which the number is even, we disregard 
the outcomes 1, 3, 5 and use, instead of S, the set B = {2, 4, 6} as our sample space. The 
event in which we are now interested is simply the singleton {6}, this being the only outcome 
of the new sample space that is divisible by 3. If all outcomes of B are considered equally 
likely, we must assign probability ^ to each of them; hence, in particular, the probability of 
{6} is also 

Note that we solved the foregoing problem by employing a very elementary idea. We 
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simply changed the sample space from S to B and provided a new assignment of probabilities. 
This example suggests a way to proceed in general. 

Let (S, 3ft, P) be a given probability space. Suppose A and B are events and consider 
the question: “What is the probability that A occurs, given that B has occurred?” 
As in the example just heated, we can change the sample space from S to B and provide a 
new assignment of probabilities. We are at liberty to do this in any manner consistent with 
the definition of probability measures. For B itself we have no choice except to assign the 
probability 1. Since we are interested in those elements of A which lie in the new sample 
space B, the problem before us is to compute the probability of the event A C\ B according 
to the new assignment of probabilities. That is, if P ’ denotes the probability function 
associated with the new sample space B, then we must compute P'(A H B). 

We shall show now that if P(B) 7 ^ 0 we can always define a probability function P ’ 
and a Boolean algebra 3ft' of subsets of B such that (B, 3ft', P’) is a probability space. For 
the Boolean algebra 3ft' we take the collection of all sets FOB where T is in the original 
Boolean algebra ,(ft. It is easy to verify that 3ft' , so defined, is indeed a Boolean algebra. 
One way to define a probability function P’ on 3ft' is simply to divide each of the old 
probabilities by P(B). That is, if C € 3ft' we let 


P'(C) 


m 

P(B )' 


(This is where the assumption P(B) ^ 0 comes in.) We are only changing the scale, with 
all probabilities magnified by the factor l/P(B). It is easy to check that this definition of 
P’ gives us a bona jide probability measure. It is obviously nonnegative and it assigns 
probability 1 to B. The additive property follows at once from the corresponding additive 
property for P. 

Since each C in 3ft' is of the form A C B, where A is an event in the original sample 
space S, we can rewrite the definition of P’ as follows: 


P’(A O B) = 


P(A n B) 

m 


This discussion suggests that the quotient P(A f) B)/P(B) provides a reasonable measure 
of the probability that A occurs, given that B occurs. The following definition is made 
with this motivation in mind: 


DEFINITION OF conditional probability. Let (S, '3ft , P) be a probability space and let 
B be an eoent such that P(B) 9 ^ 0. The conditional probability that an event A will occur, 
given that B has occurred, is denoted by the symbol P(A B) (read: “the probability of A, 
given B ”) and is defined by the equation 


P(A | B) 


P(A n B) 
P(B) 


The conditional probability P(A B) is not defined if P(B) = 0. 


The following examples illustrate the use of the concept of conditional probability. 
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example 1. Let us consider once more the problem raised earlier in this section: A die 
is thrown and the result is known to be an even number. What is the probability that this 
number is divisible by 3 ? As a problem in conditional probabilities, we may take for the 
sample space the set S = { 1, 2, 3, 4, 5, 6) and assign point probabilities ^ to each element 
of S. The event “even” is the set B = (2, 4, 6) and the event “divisible by 3” is the set 
A = (3, 6). Therefore we have 


P(A B) = 


P(AnB) 1/6 


P(B) 


3/6 


1 

3 ' 


This agrees, of course, with the earlier solution in which we used B as the sample space 
and assigned probability ^ to each element of B. 


example 2. This is an example once used by the Caltech Biology Department to warn 
against the fallacy of superficial statistics. To “prove” statistically that the population of 
the U.S. contains more boys than girls, each student was asked to list the number of boys 
and girls in his family. Invariably, the total number of boys exceeded the total number of 
girls. The statistics in this case were biased because all undergraduates at Caltech were males. 
Therefore, the question considered here is not concerned with the probability that a child 
is a boy; rather, it is concerned with the conditional probability that a child is a boy, given 
that he comes from a family with at least one boy. 

To compute the probabilities in an example of this type consider a sample of 4n families, 
each with two children. Assume that n families have 2 boys, 2n families one boy and one 
girl, and n families 2 girls. Let the sample space S be the set of all 8 n children in these 
families and assign the point probability P(x) = 1/(8 ft) to each x in S. Let A denote the 
event “the child is a boy” and B the event "the child comes from a family with at least one 
boy.” The probability P(A) is obviously Similarly, P(B) = | since 3n of the 4n families 
have at least one boy. Therefore the probability that a child is a boy, given that he comes 
from a family with at least one boy, is the conditional probability 


P(A B ) = 


P(A n B) 

P(B ) 


P(A) 

P(B) 


1/2 

3/4 


2 

3 ‘ 


13.13 Independence 

An important idea related to conditional probability is the concept of independence of 
events, which may be defined as follows: 

definition of isdependence . Two events A and B are called independent (or stochasti¬ 

cally independent) if and only if 

(13.9) P(A n B) = P(A)P{B). 

If A and B are independent, then P(A [ B) = P(A) if P(B) 0. That is, the conditional 
probability of A, given B, is the same as the “absolute” probability of A. This relation 
exhibits the significance of independence. The knowledge that B has occurred does not 
influence the probability that A will occur. 
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example 1. One card is drawn from a 52-card deck. Each card has the same probability 
of being selected. Show that the two events “drawing an ace” and “drawing a heart” are 
independent. 

Solution. We choose a sample space S consisting of 52 elements and assign the point 
probability 5 - 2 to each element. The event A, “drawing an ace,” has the probability 
P(A) = 5 - 2 = j^. The event B, “drawing a heart,” has the probability P(B) = if = j. 
The event A (A B means “drawing the ace of hearts,” which has probability 5 i- 2 , Since 
P(A H B) = P(A)P(B) , Equation (13.9) is satisfied and events A and B are independent. 

example 2. Three true dice are rolled independently, so that each combination is equally 
probable. Let A be the event that the sum of the digits shown is six and let B be the event 
that all three digits are different. Determine whether or not these two events are independent. 

Solution. For a sample space S we take the set of all triples (a, b, c) with a, b. c ranging 

over the values 1 , 2, 3, 4, 5, 6. There are 6 3 elements in S, and since they are equally 
probable we assign the point probability 1/6 3 to each element. The event A is the set of all 

triples (a, b, c) for which a + b + c = 6. Direct enumeration shows that there are 10 

such triples, namely : 

(1,2, 3), (1,3, 2), (1,1,4), (1,4,1), 

(2,1,3), (2, 3 , 1), (2, 2, 2), 

(3,1,2), (3,2,1), 

(4,1,1). 

The event B consists of all triples (a, b, c) for which a ^ b , b ^ c , and a ^ c. There 
are 6 . 5 • 4 = 120 elements in B. Exactly six of these elements are in set A, so that A O B 
has six elements. Therefore 


P(A n B) = f , P(A) = ~ , and P(B) = ~ . 

6 3 6 s 6 3 

In this case P(A f] B) ^ P(A)P( B ); therefore events A and B are not independent. 

Independence for more than two events is defined as follows. A finite collection s$ of 
n events is said to be independent if the events satisfy the multiplicative property 

( m \ m 

n 4) = TT p (A k ) 

fc=i 7 i-=i 

for every finite subcollection {A„ A„ . . . , A,}, where m may take the values m = 2, 
3, , . . , n, the sets A^ being in , 

When ../J consists of exactly three events A, B. and C, the condition of independence in 
(13. 10) requires that 


(13.11) P(A n B) = P(A)P(B), P(A n C) = P{A)P(C), P(B H C) = P(B)P(C), 
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and 

(13.12) P(A HB PIC) = P(A)P(B)P(C). 

It might be thought that the three equations in (13.11) suffice to imply (13.12) or, in other 
words, that independence of three events is a consequence of independence in pairs. This 
is not true, as one can see from the following example: 

Four tickets labeled a, b, c, and abc, are placed in a box. A ticket is drawn at random, 
and the sample space is denoted by 


S = {a, b, c, abc}. 

Define the events A, B, and C as follows: 

A = (a, abc}, B = (b, abc}, C = fc, abc}. 

In other words, the event X means that the ticket drawn contains the letter x. It is easy 
to verify that each of the three equations in (13.11) is satisfied so that the events A, B, 
and C are independent in pahs. However, (13.12) is not satisfied and hence the three 
events are not independent. The calculations are simple and are left as an exercise for 
the reader. 

13.14 Exercises 

1. Let A and B be two events with P(A) A 0, P(B) A 0. Show that 

(13.13) P(A r B)= P(B)P(A | B) = P(A)P(B | A). 

Sometimes it is easier to compute the probabilities P(A) and P(B | A) directly by enumeration of 
cases than it is to compute P(A n B). When this is the case, Equation (13.13) gives a con¬ 
venient way to calculate P(A n B) . The next exercise is an example. 

2. An urn contains seven white and three black balls. A second urn contains five white and 
five black balls. A ball is selected at random from the first urn and placed in the second. Then 
a ball is selected at random from the second. Let A denote the event “black ball on first draw” 
and B the event “black ball on second draw.” 

(a) Compute the probabilities P(A) and P(B | A) directly by enumerating the possibilities. 
Use Equation (13.13) to compute P(A n B) . 

(b) Compute P(A O B) directly by enumerating all possible pairs of drawings. 

3. (a) Let A„ A„ A, be three events such that P(A , A A,) A 0. Show that 

P{A l nlj n A 3 ) = P{Ai)P(A 3 | A 1 )P(A 3 | A 1 n A 3 ). 

(b) Use induction to generalize this result as follows: If A„ A„ . . . , A, are n events (n > 2) 
such that P(A 3 DA, n . . n A n x ) A 0, then 

P(A 1 n a, n n a, ; = P^P^ \ A 1 )P(A 3 A, r>A 2 ) . P(A n A, n a, n.. n A n _ x ). 

4. A committee of 50 senators is chosen at random. Find the probability that both senators 
from Alaska are included, given that at least one is. 
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5. An urn contains five gold and seven blue chips. Two chips are selected at random (without 
replacement). If the first chip is gold, compute the probability that the second is also gold. 

6. A deck of cards is dealt into four hands containing 13 cards each. If one hand has exactly 
eight spades, what is the probability that a particular one of the other hands has (a) at least 
one spade? (b) at least two spades? (c) a complete suit? 

7. Show that P(AKJB\C)= P(A \ C) + P(B \ C) - P(A n B \ C). 

8. Let A„ A„ . . , A, be n disjoint events whose union is the entire sample space S. For every 
event Ewe have the equation 

£ = £nS = £nfji<( = U(En4 
1=1 »=1 

This equation states that E can occur only in conjunction with some Aj . Show that 

(a) P(E) = 2 P(E n /(,). 

i= 1 

n 

(b) P(E) = 2 P(E I AdPiAi). 

i =1 

This formula is useful when the conditional probabilities P(E | Aj) are easier to compute 
directly than P(E). 

9 . An unbiased coin is tossed repeatedly. It comes up heads on the first six tosses. What is the 
probability that it will come up heads on the seventh toss? 

10. Given independent events A and B whose probabilities are neither 0 nor 1. Prove that A’ 
and B' are independent. Is the same true if either of A or B has probability 0 or 1 ? 

11. Given independent events A and B. Prove or disprove in each case that : 

(a) A' and B are independent. 

(b) A u B and A n B are independent. 

(c) P(A u B) = 1 - P(A')P(B'). 

12. If Ai, A 2 , . , . , A, are independent events, prove that 

t(U A -- 2 . 

\i=l 1 i=1 

13 If the three events A, B, and C are independent, prove that A KJ B and C are independent. 
[Hint: Use the result of Exercise 7 to show that P(A U B | C) = P(A U B).] 

14. Let A and B be events, neither of which has probability 0. Prove or disprove the following 
statements : 

(a) If A and B are disjoint, A and B are independent. 

(b) If A and B are independent, A and B are disjoint. 

15. A die is thrown twice, the sample space S consisting of the 36 possible pairs of outcomes 
(a, b) each assigned probability Let A, B, and C denote the following events: 

A = ((a, b) | a is odd}, B = {(a, b) | b is odd}, C = {(a, b) | a + b is odd}. 

(a) Compute P(A), P(B), P(C), P{A n B) , P(A n C), P( B n C), and P(A n B n C). 

(b) Show that A, B, and C are independent in pairs. 

(c) Show that A, B, and C are not independent. 
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13.15 Compound experiments 

We turn now to the problem of de Mere mentioned in the introduction -whether or not 
it is profitable to bet even money on the occurrence of at least one “double six” in 24 throws 
of a pair of dice. We treat the problem in a more general form: What is the probability of 
throwing a double six at least once in n throws of a pair of dice? Is this probability more 
than one-half or less than one-half when n = 24? 

Consider first the experiment of tossing a pair of fair dice just once. The outcomes of this 
game can be described by ordered pairs (a, b) in which a and b range over the values 1, 2, 
3, 4, 5, 6. The sample space S consists of 36 such pairs. Since the dice are fair we assign the 
probability 3 - e to each pair in S. 

Now suppose we roll the dice n times. The succession of the n experiments is one 
compound experiment which we wish to describe mathematically. To do this we need a 
new sample space and a corresponding probability measure. We consider the outcomes of 
the new game as ordered n-tuples (x x , . . . , x n ), where each component x t is one of the 

outcomes of the original sample space S. In other words, the sample space for the com¬ 

pound experiment is the n-fold Cartesian product S x • • • x S, which we denote by S”. 
The set S n has 36’’ elements, and we assign equal probabilities to each element: 

P(x) = — if xeS n . 

K ’ 36" 

We are interested in the event “at least one double six in n throws.” Denote this event 
by A. In this case it is easier to compute the probability of the complementary event A’, 

which means “no double six in n throws.” Each element of A’ is an n-tuple whose com¬ 

ponents can be any element of S except (6, 6). Therefore there are 35 possible values for 
each component and hence (35)” n-tuples altogether in A’. Since each element of A’ has 
probability (^g)", the sum of all the point probabilities in A' is (§f)", This gives us 

P(A) = 1 - P(A') = 1 - (ff)". 

To answer de Mere’s question we must decide whether P(A) is more than one-half or less 
than one-half when n = 24. The inequality P(A) > f is equivalent to 1 — (§§)" > or 
(ft)" < f. Taking logarithms we find 

nlog35 — nlog36 < —log 2, or n >--= 24.6+. 

“ log 36 - log 35 

Therefore P(A) < | when n = 24 and P(A) > ^ when n >25. It is not advantageous to 
bet even money on the occurrence of at least one double six in 24 throws. 

The foregoing problem suggests a general procedure for dealing with successive experi¬ 
ments. If an experiment is repeated two or more times, the result can be considered one 
compound experiment. More generally, a compound experiment may be the result of 
performing two or more distinct experiments successively. The individual experiments may 
be related to each other or they may be stochastically independent, in the sense that the 
probability of the outcome of any one of them is unrelated to the results of the others. 
For the sake of simplicity, we shall discuss how one can combine two independent experi¬ 
ments into one compound experiment. The generalization to more than two experiments 
will be evident. 
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To associate a bonafide probability space with a compound experiment we must explain 
how to define the new sample space S, the corresponding Boolean algebra -id of subsets 
of S, and the probability measure P defined on PS. As in the above example, we use the 
concept of Cartesian product. 

Suppose we have two probability spaces, say (S„ PS X , P,) and (S„ S$ 2 > ^ 2 )- These 
spaces may be thought of as associated with two experiments E 1 and E 2 . By the compound 
experiment £ we mean the one for which the sample space S is the Cartesian product 
S\ x Sj, An outcome of £ is a pair (x, y) in S, with the first component x an outcome of 
Ey and the second component y an outcome of E 2 . If Sy has n elements and if S 2 has m 
elements, then S 1 x S 2 has nm elements. 

For the new Boolean algebra PS we take the collection of all subsets of S. Next we 
define the probability function P. Since S is finite we can define P{x, y) for each point 
(,V, y) in S and then use additivity to define P for subsets of S. The point probabilities 
P(x, y) can be assigned in many ways. However, if the two experiments E 1 and E 2 are 
stochastically independent, we define P by the equation 

(13.14) P(x,y) = P 1 (x)P 2 iy) for each (x,y) in S. 

Motivation for this definition can be given as follows. Consider two special events A 
and B in the new space S, 


A = {(xy,yy), {x 1 ,y 2 ),... , (x t , >-J} 

and 

B = {(*1 > 7i)> (*2 > 7i). • • ■ > (x„, Ti)} ■ 


That is, A is the set of all pairs in Sy x S 2 whose first element is X v , and B is the set of all 
pahs whose second element is y x . The intersection of the two sets A and B is the singleton 
{(xq,, j^)}. If we feel that the first outcome Xy should have no influence on the second out¬ 
come y x it seems reasonable to require events A and B to be independent. This means we 
would like to define the new probability function P in such a way that we have 

(13.15) P(A D B) = P(A)P(B). 

If we decide how to assign the probabilities P(A) and P(B), Equation (13.15) will tell us 
how to assign the probability P(A Cl B), that is, the probability P(Xy, Vy). Event A occurs 
if and only if the outcome of the first experiment is Xy. Since P 1 (x 1 ) is its probability, it 
seems natural to assign the value Py(Xy) to P(A) as well. Similarly, we assign the value 
P‘A)\) to P(B). Equation (13.15) then gives us 


P (Xl,yi) =Pl(Xy)P 2 (yy). 


All this, of course, is merely motivation for the assignment of probabilities in (13.14). 
The only way to decide whether or not (13.14) is a permissible assignment of point proba¬ 
bilities is to check the fundamental properties of probability measures. Each number 
P(x, y) is nonnegative, and the sum of all the point probabilities is equal to 1, since we have 

2 p{x, t) = 2 Pi(x) ■ 2 P*(y) = i-i = i. 

(x,y)eS xeS\ veSz 
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When we say that a compound experiment E is determined by two stochastically inde¬ 
pendent experiments E 1 and E 2 , we mean that the probability space (S, E8 , P) is defined in 
the manner just described, “independence” being reflected in the fact that P(x, v) is the 
product PfxjPfy). It can be shown that the assignment of probabilities in (13.14) implies 
the formula 

(13.16) P(UXV)= P 1 (U)P 2 (V) 

for every pair of subsets U in and V in . (See Exercise 12 in Section 13.23 for an 

outline of the proof.) We shall deduce some important consequences of this formula. 

Let A be an event (in the compound experiment E) of the fomi 

A = C x x S 2 , 

where C\ 6 38 x . Each outcome in A is an ordered pair (x, y) where x is restricted to be 
an outcome of C j (in the first experiment £j) but y can be any outcome of S 2 (in the second 
experiment Ef). If we apply (13.16) we find 


P(A) = P(c lX s 2 ) = p 1 (c 1 )p 2 (s 2 ) = A(Q), 


since P 2 (S 2 ) = 1 • Thus the definition of P assigns the same probability to A that P t 
assigns to C x . For this reason, such an event A is said to be determined by the first experi¬ 
ment E,. Similarly, if it is an event of E of the form 

B — Si X C 2 > 

where C., 6 S } 2 , we have 


P(B) - P(S 1 x Co) — PfSfP 2 (C 2 ) — P i;(Co) 


and B is said to be determined by the second experiment E 2 ■ We shall now show, using 

(13.16) , that two such events A and B are independent. That is, we have 

(13.17) P(A n B)= P(A)P(B). 

First we note that 

A (SB — {(*, y) | (x, y) e Cl .r S 2 and (x, y) e Si x C 2 ) 

= {(x, y) | x e C] and y e CJ 
= Ci X C 2 . 

Hence, by (13.16), we have 

(13.18) P(A C\B) = P(C X x C,) = Pl(Cl)P 2 (C 2 ). 

SinceELlQ) = P(A) and PfC 2 ) = P(B) we obtain (13.17). Note that Equation (13.18) also 
shows that we can compute the probability P(A n B) as a product of probabilities in the 
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individual sample spaces ,S\ and S 2 ; hence no calculations with probabilities in the 
compound experiment are needed. 

The generalization to compound experiments determined by n experiments E 1 , E 2 , , 

E„ is carried out in the same way. The points in the new sample space are n-tuples 
(*!, X 2 , . . . , x,) and the point probabilities are defined as the product of the probabilities 
of the separate outcomes, 

(13.19) P(x 1 , X,, . . . , X n ) = P 1 {X 1 )P 2 (x 2 ) • 1 • P n {x n ) . 

When this definition of P is used we say that E is determined by n independent experiments 
Ei, E 2 , , E,. In the special case in which all the experiments are associated with the 

same probability space, the compound experiment E is said to be an example of independent 
repeated trials under identical conditions. Such an example is considered in the next 
section. 


13.16 Bernoulli trials 

An important example of a compound experiment was studied extensively by Jakob 
Bernoulli and is now known as a Bernoulli sequence of trials. This is a sequence of repeated 
trials executed under the same conditions, each result being stochastically independent of 
all the others. The experiment being repeated has just two possible outcomes, usually 
called “success” and “failure the probability of success is denoted byp and that of failure 

by q. Of course, q = 1 — p. The main result associated with Bernoulli sequences is the 
following theorem: 


theorem 13.3. BERNOULLI'S formula. The probability of exactly k successes in n 
Bernoulli trials is 


(13.20) 


pV*. 


where ^ J denotes the binomial coefficient, 


kj k! (n — k)\ 


Proof. Denote “success” by S and “failure” by F and consider a particular sequence of 
n results. This may be represented by an n-tuple 

(Xj , x 2 ) . > ■ , x n ), 

where each x, is either an S or an F. The event A in which we are interested is the collection 
of all n-tuples that contain exactly k S’s and n — k F’s. Let us compute the point probability 
of a particular n-tuple in A. The probability of each S isp, and that of each F is q. Hence, 
by (13.19), the probability of each particular n-tuple in A is the product of k factors equal 
top with n — k factors equal to q. That is, 

P (x i, X 2 ,. . . , xj = / q n ~ k 


if (xj, x a ,. . . ,x n )eA. 
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Therefore, to compute P(A) we need only count the number of elements in A and multiply 
this number by p k q n ~ k . But the number of elements in A is simply the number of ways 
of putting exactly k S’s into the n possible positions of the n-tuple. This is the same as 
the number of subsets of k elements that can be formed from a set consisting of tl elements; 
we have already seen that this number is (j*), Therefore, if we add the point probabilities 
for all points in A we obtain 

P(A) =QpV-*. 


example 1. An unbiased coin is tossed 50 times. Compute the probability of exactly 
25 heads. 

Solution. We interpret this experiment as a sequence of 50 Bernoulli trials, in which 

“success” means “heads” and ‘Tailure” means “tails.” Since the coin is unbiased we assign 

the probabilities p = q = \, and formula (13.20) gives us ( 5 j)(|) 50 for the probability of 
exactly k heads in 50 tosses. In particular, when k = 25 we obtain 

/50\ /If 50! /If 
\25/ \2/ ~ 25! 25!U] ' 

To express this number as a decimal it is best to use logarithms, since tables of logarithms 
of factorials are readily available. If we denote the number in question by P, a table of 
common logarithms (base 10) gives us 

log P = log 50! — 2 log 25! — 50 log 2 

= 64.483 - 50.381 - 15.052 = -0.950 = 0.05 - 1.00 

= log 1.12 - log 10 = log 0.112, 

so P = 0.112. 

example 2. What is the probability of at least r successes in n Bernoulli trials? 

Solution. Let A, denote the event “exactly k successes in n trials.” Then the event E 
in which we are interested is the union 

E = A r UA r+1 U • • • U A n . 

Since the A, are disjoint, we fmd 


n n 

k=r k=r ' ' 


k =0 



pY 


(p + q) n = U 


Since 
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the probability of the complementary event E’ can be computed as follows: 


P(E') = 1 


r —1 


P(E) = 


pkqtt-k 


k =0 


This last sum gives us the probability of at most r — 1 successes in tl trials. 


13.17 The most probable number of successes in n Bernoulli trials 

A pair' of fair dice is rolled 28 times. What is the most probable number of sevens? 
To solve this problem we let f(k) denote the probability of exactly k sevens in 28 tosses. 
The probability of tossing a seven is Bernoulli's formula tells us that 


f(k) 


/28\ /1\* /5\ 28— 

\ \ 6 / \ 6 / 


We wish to deteiTnine what value (or values) of k in the range k = 0, 1, 2, . . . , 28 make 
f(k) as large as possible. The next theorem answers this question for any sequence of 
Bernoulli trials. 


theorem 13.4. Given an integer n > 1 and a real p , 0 < C . p < \, consider the set of 
numbers 

f(k) = Qp l ( 1 - VT\ for k = 0, 1, ... , n. 

(a) If (tl -f- 1 )p is not an integer, the largest value off(k) occursfor exactly one k: 

k= [{n+ 1)/?], thegreatest integer < (n + 1 )p. 

(b) If (n + 1 )p is an integer, the largest value of fife) occurs for exactly two values of k: 

k = (n + 1 )p and k = (n + 1 )p — 1. 

Proof. To study the behavior off(k) we consider the ratio 

= f(k + 1) n - k p 

for fc = 0, 1, . . . , ft — 1 • The function r(k) is strictly increasing so we have 

0 < r(0) < r(l) < ■••</•(«“ !)• 

We consider six cases, illustrated in Figure 13.2. In the first three cases we show that / (k) 
takes its largest value for exactly one k. In the remaining cases f(k) takes its largest value 
for two consecutive values of k. 
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Figure 13.2 Calculation of the most probable number of successes in n Bernoulli 

trials. 


CASE I. r(0) > 1. In this case r(k) > 1 for every k so we have 

/(0) > /(1) > . . • > f(n). 

Therefore the largest value off(k) occurs only for k = 0. Also, r(0) = (1 — p)j(np) > 1 , 

so 1 —p> np, (n + \)p < 1, hence [(n + 1 )p]= 0. 

CASE 2. r(n — 1) < 1. In this case r(k) < 1 for every k so f(0) < /( 1) < . • • <f(n) 
and the lai'gest value off(k) occurs only for k = n. Since r(n —■ 1) = n( 1 — p)/p < l, we 
hav en-np <p, hence n<(n + l)p<n + l.,so[(n + l)p] = n. 

CASE 3. r(Q) < 1, r(n — 1) > 1 , and r(k) ^ 1 for all k. hi this case there is a unique 

integer s, 0 < s < n, such that r(s — 1) < 1 and r(s) > 1 . The function f(k) increases in 

the range 0 < k < S and decreases in the range s < k < n. Therefore f(k) has a unique 
maximum at k = s. Since r(s — 1) = s(l — p)/(np — sp + p) < 1 we have s < (n + \)p, 

The inequality r(s) > 1 shows that (n + 1 )p < S + 1 , hence [ (n + 1 )p\ = s. 

Note that in each of the first three cases the maximum value of f(k) occurs when 
k= [(«+ l )p ]; also (n + 1 )p is not an integer in any of these cases. 

CASE 4. r(0) < \, r(n — I) > 1 , and r(s — 1) = 1 for some s, 2 < s < n. In this case 

f(k) increases for 0 < k < S — 1 and decreases for s < k < n. The maximum value of 

f(k) occurs twice, when k = s — 1 and when k = s. The equation r(s — 1) = 1 implies 
(n + l)p = s. 

CASE 5. r(n — 1) = 1. In this case r(k) < 1 for k < n — 2, so J’(k) increases in the 
range 0 <j k < n — 1 , and f(n — l) — f(n). Hence the maximum of f(k) occurs twice, 
when k = n — 1 and when k = n. The equation r(n — 1) = 1 implies (n + 1 )p = n , 
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CASE 6. r(0) = 1. In this case r(k) > 1 for k > 1 , so f(k) decreases in the range 
1 < k < n. The maximum/(&) occurs twice, when k = 0 and when k = 1. The equation 
r(0) = 1 implies (n + \ )p = 1. 

hi each of the last three cases the maximum value off(k) occurs for k = (n + 1 )p and 
for k = (n + \ )p — I . This completes the proof. 

example 1. A pair of fair dice is rolled 28 times. What is the most probable number of 
sevens ? 

Solution. We apply Theorem 13.4 with n = 28, p = \, and (n -f- 1 )p = - 6 a . This is 
not an integer so the largest value off(k) occurs for k = [- 6 & ] = 4. 

Note: If the dice are rolled 29 times there are two solututions, k = 4 and k = 5. 

example 2. Find the smallest tl such that if a pah' of fair dice is thrown n times the 
probability of getting exactly four sevens is at least as large as the probability of getting any 
other number of sevens. 

Solution. We take p = ^ in Theorem 13.4. We want the largest value of f(k) to occur 

when k = 4. This requires either [(n + 1 )p] = 4, (n + 1)^> = 4, or (n + l)p — 1 = 4. 
The smallest n satisfying any of these relations is n = 23. 

13.18 Exercises 

1. A coin is tossed twice, the probability of heads on the first toss being/q and that on the second 

toss p Consider this a compound experiment determined by two stochastically independent 

experiments, and let the sample space be 

S = {(H,H),(H, T),{T,H),(T, T)}. 

(a) Compute the probability of each element of S. 

(b) Can pi and p 2 be assigned so that 

P(H. H) = i, P(H, T) = P(T, H) = |, P{T, T) = f? 

(c) Can Pi and p 2 be assigned so that 

PtH. H) = P(T, T) = 1, P(H, T) = P(T. H) = \? 

(d) Consider the following four events (subsets of S): 

H j : heads on the first toss, 

H 2 ■ heads on the second toss, 

7\ : tails on the first toss, 

T 2 : tails on the second toss. 

Determine which pairs of these four events are independent. 
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In each of Exercises 2 through 12 describe your sample space, your assignment of probabilities, 
and the event whose probability you are computing. 

2, A student takes a true - false examination consisting of 10 questions. He is completely unpre¬ 
pared so he plans to guess each answer. The guesses are to be made at random. For example, 
he may toss a fair coin and use the outcome to determine his guess. 

(a) Compute the probability that he guesses correctly at least five times. 

(b) Compute the probability that he guesses correctly at least nine times. 

(c) What is the smallest /! such that the probability of guessing at least tl correct answers is 
less than | ? 

3, Ten fair dice are tossed together. What is the probability that exactly three sixes occur? 

4, A fair coin is tossed five times. What is the probability of getting (a) exactly three heads? 

(b) at least three heads? (c) at most one head? 

5, A man claims to have a divining rod which locates hidden sources of oil. The Caltech Geology 

Department conducts the following experiment to test his claim. He is taken into a room in 

which there are 10 sealed barrels. He is told that five of them contain oil and five contain 

water. His task is to decide which of the five contain oil and which do not. 

(a) What is the probability that he locates the five oil barrels correctly just by chance? 

(b) What is the probability that he locates at least three of the oil barrels correctly by chance? 

6, A little old lady from Pasadena claims that by tasting a cup of tea made with milk she can tell 

whether the milk or the tea was added first to the cup. The lady’s claim is tested by requiring 
her to taste and classify 10 pairs of cups of tea, each pair containing one cup of tea made by 
each of the two methods under consideration. Letp denote her “true” probability of classifying 
a pair of cups correctly. (If she is skillful, p is substantially greater than if not, p < 2 •) 

Assume the 10 pairs of cups are classified under independent and identical conditions. 

(a) Compute, in terms of p, the probability that she classifies correctly at least eight of the 

10 pairs of cups. 

(b) Evaluate this probability explicitly whenp = ^, 

7, (Another problem of Chevalier de Mere.) Determine whether or not it is advantageous to 

bet even money on at least one 6 appearing in four throws of an unbiased die. [Hint: Show 
that the probability of at least one 6 in tl throws is 1 — (-|) n .] 

8, An urn contains w white balls and b black balls. If k < n, compute the probability of drawing 

k white balls in n drawings, if each ball is replaced before the next one is drawn. 

9, Two dice are thrown eight times. Compute the probability that the sum is 11 exactly three 

times. 

10. Throw a coin 10 times or 10 coins once and count the number of heads. Find the probability 
of obtaining at least six heads. 

11. After a long series of tests on a certain kind of rocket engine it has been determined that in 

approximately 5 % of the trials there will be a malfunction that will cause the rocket to misfire. 

Compute the probability that in 10 trials there will be at least one failure. 

12. A coin is tossed repeatedly. Compute the probability that the total number of heads will be 

at least 6 before the total number of tails reaches 5. 

13. Exercise 12 may be generalized as follows: Show that the probability of at least m successes 
before n failures in a sequence of Bemoullian trials is 

V / m + n - 1 \ , . , , 

2 ( k 

k^=rn 

14. Determine all n with the following property: If a pair of fair dice is thrown n times, the prob¬ 
ability of getting exactly ten sevens is at least as large as the probability of getting any other 
number of sevens. 
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15. A binary slot machine has three identical and independent wheels. When the machine is 
played the possible outcomes are ordered triples (x, y, z), where each of x, y, z can be 0 or 1. 
On each wheel the probability of 0 is p and the probability of 1 is 1 — p , where 0 < p < 1 . 
The machine pays $2 if the outcome is (1,1, 1) or (0, 0, 0); it pays $1 for the outcome (1, 1,0); 
otherwise it pays nothing. Let f(p) denote the probability that the machine pays $1 or more 
when it is played once. 

(a) Calculate f(p), 

(b) Define the “payoff’ to be the sum ^ xe gg(x)P(x) , where S is the sample space, P(x) is the 
probability of outcome x, and^(x) is the number of dollars paid by outcome x. Calculate the 
value of p for which the payoff is smallest. 


13.19 Countable and uncountable sets 

Up to now we have discussed probability theory only for finite sample spaces. We wish 
now to extend the theory to infinite sample spaces. For this purpose it is necessary to 
distinguish between two types of infinite sets, countable and uncountable. This section 
describes these two concepts. 

To count the members of an n-element set we match the set, element by element, with the 
set of integers {1,2, • • ■ ,nj. Comparing the sizes of two sets by matching them element by 
element takes the place of counting when we deal with infinite sets. The process of "match¬ 
ing” can be given a neat mathematical formulation by employing the function concept: 


definition . Two sets A and B are said to be in one-to-one correspondence if a function f 
exists with the following properties: 

(a) The domain off is A and the range off is B. 

(b) If x and y are distinct elements of A, then f (x) and f (y) are distinct elements of B. 

That is, for all x and y in A, 

(13.21) x y implies f(x) ^ /()’). 


A function satisfying property (13.21) is said to be one-to-one on A. Two sets A and B 
in one-to-one correspondence are also said to be equivalent, and we indicate this by 
writing A B. It is clear that every set A is equivalent to itself, since we may let f ( x) = x 
for each x in A. 

A set can be equivalent to a proper subset of itself. For example, the set P = [1, 2, 
3,...}, consisting of all the positive integers, is equivalent to the proper subset Q = 
{2, 4, 6, . . .} consisting of the even integers. In this case a one-to-one function which 
makes them equivalent is given by f(x) = 2x for x in P. 

If A r+j B we can easily show that B — 'A. In fact, if f is one-to-one on A and if the 
range of/is B. then for each b in B there is exactly one a in A such that f (a) = b . Therefore 
we can define an inverse function g on B as follows: H b £ B, g(b) = a, where a is the 
unique element of A such that f(a) = b. This g is one-to-one on B and its range is A; 
hence B ~ A. This properly of equivalence is known as symmetry: 


(13.22) 


A ~ B implies B •—A . 
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It is also easy to show that equivalence has the following property, known as transitivity: 

(13.23) A - B and B - C implies A - C. 

A proof of the transitive property is requested in Exercise 2 of Section 13.20. 

A set S is called finite and is said to contain tl elements if 

S~{1, 2,. 

The empty set is also considered to be finite. Sets which are not finite are called infinite sets. 
A set S is said to be countably infinite if it is equivalent to the set of all positive integers, 
that is, if 

(13.24) 5— {1, 2, 3, .. 

In this case there is a function / which establishes a one-to-one correspondence between 
the positive integers and the elements of S ; hence the set S can be displayed in roster 

notation as follows: 

S= {/(l),/(2),/(3),. . .}. 

Often we use subscripts and denote f(k) by a k (or by a similar notation) and we write 

S= {tfi, fl 2 ,a 3 , .} . The important thing here is that the correspondence in (13.24) 

enables us to use the positive integers as “labels” for the elements of S. 

A set is said to be countable if it is finite or countably infinite. A set which is not countable 
is called uncountable. ? (Examples will be given presently.) Many set operations when 

performed on countable sets produce countable sets. For example, we have the following 
properties : 

(a) Every subset of a countable set is countable. 

(b) The intersection of any collection of countable sets is countable. 

(c) The union of a countable collection of countable sets is countable. 

(d) The Cartesian product of a finite number of countable sets is countable. 

Since we shall do very little with countably infinite sets in this book, detailed proofs of 
these properties will not be given.Instead, we shall give a number of examples to show 

how these properties may be used to construct new countable sets from given ones. 

example 1. The set 5 of all integers (positive, negative, or zero) is countable. 

Proof. If n G S, let f(n) = 2n if n is positive, and let f(n) = 2 \n\ + 1 if n is negative or 

zero. The domain off is 5 and its range is the set of positive integers. Since / is one-to-one 

on S, this shows that S is countable. 

example 2. The set R of all rational numbers is countable. 

Proof. For each fixed integer n > 1, let S n denote the set of rational numbers of the 
form x/n, where x belongs to the set S of Example 1. Each set S n is equivalent to S [take 


■f The words denumerable and nondenumerable are sometimes used as synonyms for countable and un¬ 
countable, respectively. 

J Proofs are outlined in Exercises 3 through 8 of Section 13.20. 
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f(t ) = nt if' t £ SJ and hence each S n is countable. Since R is the union of all the S n , 
property (c) implies that R is countable. 

Note. If & = {A„ A„ A„ . . .} is a countable collection of sets, the union of all sets 
in the family is denoted by the symbols 

00 

IJ A, or A, u A % \j A 3 u • • •. 

k = i 

example 3. Let A be a countably infinite set, say A = (a,, %, a,, . . . } . For each integer 
n > i, let 3F n denote the family of n-element subsets of A. That is, let 

3F n - {S | S cA and S has n elements}. 

Then each 3F n is countable. 

Proof. If 5 is an n-element subset of A, we may write 

*-* { a k x > > ■ ■ ■ * > 

where k 1 < k 2 < ' ■ • < k,. Let f(S) = (a fcj , a k ^, ... , a k f). That is, / is the function 
which associates with S the ordered n-tuple ( a ki , a kit , ... , ei k J. The domain of / is 
$•~ n and its range, which we denote by T n , is a subset of the Cartesian product 
C n = A x A x . . ' x A (n factors). Since A is countable, so is C n [by property (d)] and 
hence T n is also [by property (a)]. But T n ~ 3F n because/is one-to-one. This shows that 
is countable. 

example 4. The collection of all finite subsets of a countable set is countable. 

Proof. The result is obvious if the given set is finite. Assume, then, that the given set 

(call it A) is countably infinite, and let ^ denote the class of all finite subsets of A: 

5F = {-S’ | S £ A and S is finite}. 

Then 5F is the union of all the families J 5 }, of Example 3; hence, by property (c), SF is 
countable. 

example 5. The collection of all subsets of a countably infinite set is uncountable. 

Proof. Let A denote the given countable set and let sF denote the family of all subsets 
of A. We shall assume that sF is countable and arrive at a contradiction. If sF is countable, 
then stf •— 1 A and hence there exists a one-to-one function f whose domain is A and whose 
range is si. Thus for each a in A, the function value fid) is a subset of A. This subset 
may or may not contain the element a. We denote by B the set of elements a such that 
a f f(a). Thus, 


B = {a ] a e A but a f f(a)}. 
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This B, being a subset of A, must belong to the family sd . This means that B = f(b) for 

some b in A. Now there are only two possibilities: (i) b E B, or (ii) b f B. If b E B, then 

by the definition of B we have b f f(b) , which is a contradiction since f(b) = B. There¬ 
fore (i) is impossible. In case (ii), b (£ B , which means b i=f{b) . This contradicts the defini¬ 

tion of B, so case (ii) is also impossible. Therefore the assumption that sd is countable 
leads to a contradiction and we must conclude that sd is uncountable. 

We give next an example of an uncountable set that is easier to visualize than that in 

Example 5. 

example 6. The set of real x satisfying 0 < x <’ 1 is uncountable. 

Proof. Again, we assume the set is countable and arrive at a contradiction. If the set 

is countable we may display its elements as follows: [x„ x 2 , X 3 , . . .}. Now we shall con¬ 
struct a real number y satisfying 0 < y < 1 which is not in this list. For this purpose we 
write each element x n as a decimal: 


X n _ O.Ct n i (t, 2 @n, 3 * . . , 

where each a n i is one of the integers in the set {O., 1,2,..., 9}. Let y be the real number 
which has the decimal expansion 

V = O.ViJ' 2 J 3 • ■ • i 

where 

(1 if <*n. n 7* 1, 

Yn = 

[2 i f = 1. 

Then no element of the set {x l , X 2 , X 3 , . . .} can be equal to y, because y differs from 
in the first decimal place, differs from x 2 in the second decimal place, and in general, y 
differs from x k in the kth decimal place. (A situation like x n = 0.249999 . • • and y = 
0.250000 • ' ■ cannot occur here because of the way the y n are chosen.) Since this y satisfies 
0 < y < 1, we have a contradiction, and hence the set of real numbers in the open interval 
(0, 1) is uncountable. 

13.20 Exercises 

1. Let / J = {1,2, 3, . . .} denote the set of positive integers. For each of the following sets, 
exhibit a one-to-one function f whose domain is P and whose range is the set in question: 

(a) A = {2, 4,6,...}, the set of even positive integers. 

(b) B = (3, 3 2 , 3 3 , . . .} , the set of powers of 3. 

(c) C = (2, 3, 5, 7, 11, 13, . . .}, the set of primes. [Note: Part of the proof consists in 
showing that C is an infinite set.] 

(d) P x P, the Cartesian product of P with itself. 

(e) The set of integers of the form 2 m 3 n , where m and n are positive integers. 

2. Prove the transitive property of set equivalence: 

If A - B and B - C , then A-C. 

[Hint: Iffrnakes A equivalent to B and ifg makes B equivalent to C, show that the 
composite function h = g °f makes A equivalent to C.] 
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Exercises 3 through 8 are devoted to providing proofs of the four properties (a), (b), (c), (d) 
of countable sets listed in Section 13.19. 

3. Prove that every subset of a countable set is countable. [Hint: Suppose S is a countably 

infinite set, say S = {Xj, X 2 , JC 3 , . . , and let A be an infinite subset of S. Let k(l) be the 

smallest positive integer m such that X m E A. Assuming k(l), k(2), . . . , k{n — 1) have been 
defined, let k(n) be the smallest positive integer m > k{ll — 1) such that X m E A. Let f(n) = 
Xjc{n) • Show that f is a one-to-one function whose domain is the set of positive integers and 
whose range is A. This proves the result when S is countably infinite. Construct a separate 
proof for a finite 5.] 

4. Show that the intersection of any collection of countable sets is countable. [Hint: Use the 
result of Exercise 3.] 

5. Let P = {1,2,3,. . .} denote the set of positive integers. 

(a) Prove that the Cartesian product P x P is countable. [Hint: Let Q denote the set of 
positive integers of the form 2 m 3 n , where m and n are positive integers. Then Q ^ P, so Q is 
countable (by Exercise 3). If ( m , n) E P x P, let f(m, ft) = 2 m 3” and use this function to 
show that P x P Q .] 

(b) Deduce from part (a) that the Cartesian product of two countable sets is countable. Then 
use induction to extend the result to n countable sets. 

6. Let 33 = {B 1 ,B.,,B 3 ,.. .} be a countable collection of disjoint sets (B t A B, = 0 when / j) 

00 

such that each B n is countable. Show that the union B% is also countable. [Hint: Let 

co fc=l 

= (^l.n j ^2,n > ^3,n ? . . .} an( ^ S = (J B,. If x £ S, then x = b m n for some unique pair 

/£=1 , 

(m, n ) and we can define f(x) = (m, ri) . Use this f to show that S is equivalent to a subset 
of P x P and deduce (by Exercise 5) that S is countable.] 

7. Let s4 = {Ai , A 2 ,A 3 ,...} be a countable collection of sets, and let & = (B,, B,, B .} 

be defined as follows: Bi = A, and, for n > 1 , 

n —1 

B n =A, - U A.. 

k = l 


That is, B, , consists of those points in A, which are not in any of the earlier sets A . A n _ i 

Prove that 33 is a collection of disjoint sets {Bi n Bj = 0 when / j) and that 

00 CO 

IM* = U B k . 

i=l k= 1 


This enables us to express the union of any countable collection of sets as the union of a count¬ 
able collection of disjoint sets. 

8. If AjF is a countable collection of countable sets, prove that the union of all sets in S' is count¬ 
able. [Hint: Use Exercises 6 and 7 .] 

9. Show that the following sets are countable: 

(a) The set of all intervals on the real axis with rational end points. 

(b) The set of all circles in the plane with rational radii and centers having rational coordinates. 

(c) Any set of disjoint intervals of positive length. 

10. Show that the following sets are uncountable: 

(a) The set of irrational numbers in the interval (0, 1). 

(b) The set of all intervals of positive length. 

(c) The set of all sequences whose terms are the integers 0 and 1. (Recall that a sequence is 
a function whose domain is the set of positive integers.) 
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13.21 The definition of probability for countably infinite sample spaces 

This section extends the definition of probability to countably infinite sample spaces. 
Let 5 be a countably infinite set and let J be a Boolean algebra of subsets of S. We define 
a probability measure P on 38 as we did for the finite case, except that we require countable 
additivity as well as finite additivity. That is, for every countably infinite collection 
{A 1 , A 2 , ■ ■ ■} of elements of 3d, we require that 

( oo \ oo 

Ua* =2P(A k ) if a { n A, = 0 whenever i ^ j. 

fc=l / k =1 

Finitely additive set functions which satisfy (13.25) are said to be countably additive (or 
completely additive). Of course, this property requires assuming also that the countable 
union A, U A, U A, U . • • is in 3d whenever each A, is in 3d. Not all Boolean algebras 
have this property. Those which do are called Boolean c-algebras. An example is the 
Boolean algebra of all subsets of S. 


DEFINITION OF PROBABILITY FOR COUNTABLY INFINITE SAMPLE SPACES . Let 3$ detlOte (l 

Boolean o-algebra whose elements are subsets of a given countably infinite set S. A set 
function P is called a probability measure on 3d if it is nonnegative, countably additive, and 
satisfies P(S) = 1 . 


When 3d is the Boolean algebra of all subsets of S, a probability function is completely 
determined by its values on the singletons (called point probabilities). Every subset A of 
S is either finite or countably infinite, and the probability of A is computed by adding the 
point probabilities for all elements in A, 

P(A)= lP(x). 

xeA 


The sum on the right is either a finite sum or an absolutely convergent infinite series. 

The following example illustrates an experiment with a countably infinite sample space. 

example . Toss a coin repeatedly until the first outcome occurs a second time; at this 
point the game ends. 

For a sample space we take the collection of all possible games that can be played. This 
set can be expressed as the union of two countably infinite sets A and B, where 

A = {TT, THT ; THHT, THHHT, . . .} and B = (HH, HTH, HTTH, HTTTH, . . .}. 

We denote the elements of set A (in the order listed) as a„ a„ a„ . . ., and those of set B 
as b,, b l ,£> >,. . . . We can assign arbitrary nonnegative point probabilities P(a n ) and P{b r ) 
provided that 

00 00 

2P(a n ) + lP(b n )=l. 

n =0 n=0 




Miscellaneous exercises on probability 


507 


For example, suppose the coin has probability p of coming up heads (H) and proba¬ 
bility q = 1 — p of coming up tails (T), where 0 < p < 1. Then a natural assignment of 
point probabilities would be 

(13.26) P(a n )=qY and P(b n ) = p\ n . 

This is an acceptable assignment of probabilities because we have 

oo oo v oo^ oo ^ 2 2 

2 p ( fl «) = + P£ji n = yzr + = i + P = 1 • 

n =0 n =0 n=0 «=0 ^ T 1 

Now suppose we ask for the probability that the game ends after exactly n + 2 tosses. 
This is the event {a, l U (b,j , and its probability is 


P(a n ) + P(b n ) = q 2 p n + p 2 q n - 


The probability that the game ends in at most n + 2 tosses is 


+ p 2 - 1 -- 

1c=0 


,«+l 


1 - p 


l-q 


— 1 — qp n+1 — pq n+1 . 


13.22 Exercises 

The exercises in this section refer to the example in Section 13.21. 

1. Using the point probabilities assigned in Equation (13.26), let f n (p) denote the probability that 
the game ends after exactly n + 2 tosses. Calculate the absolute maximum and minimum values 
of f n (p) on the interval 0 ^ p < 1 for each of the values /; = 0, 1,2, 3. 

2. Show that each of the following is an acceptable assignment of point probabilities. 

1 

(a) P(a n ) = P(b n ) = for n = 0, 1,2,. . . . 

(b) P(a n ) = P{b n ) = + + 3> for n = 0, 1,2 ,. 

3. Calculate the probability that the game ends before the fifth toss, using: 

(a) the point probabilities in (13.26). 

(b) the point probabilities in Exercise 2(a). 

(c) the point probabilities in Exercise 2(b). 

4. Calculate the probability that an odd number of tosses is required to terminate the game, using: 

(a) the point probabilities in (13.26). 

(b) the point probabilities in Exercise 2(a). 

(c) the point probabilities in Exercise 2(b). 


13.23 Miscellaneous exercises on probability 

1. What is the probability of rolling a ten with two unbiased dice? 

2. Ten men and their wives are seated at random at a banquet. Compute the probability that a 
particular man sits next to his wife if (a) they are seated at a round table; (b) they are seated in 


a row. 
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3. A box has two drawers. Drawer number 1 contains four gold coins and two silver coins. 
Drawer number 2 contains three gold coins and three silver coins. A drawer is opened at 
random and a coin selected at random from the open drawer. Compute the probability of each 
of the following events: 

(a) Drawer number 2 was opened and a silver coin was selected. 

(b) A gold coin was selected from the opened drawer. 

4. Two cards are picked in succession from a deck of 52 cards, each card having the same prob¬ 
ability of being drawn. 

(a) What is the probability that at least one is a spade? 

The two cards are placed in a sack unexamined. One card is drawn from the sack and 
examined and found not to be a spade. (Each card has the same probability of being drawn.) 

(b) What is the probability now of having at least one spade? 

The card previously drawn is replaced in the sack and the cards mixed. Again a card is 
drawn and examined. No comparison is made to see if it is the same card previously drawn. 
The card is again replaced in the sack and the cards mixed. This is done a total of three times, 
including that of part (b), and each time the card examined is not a spade. 

(c) What is a sample space and a probability function for this experiment? What is the prob¬ 
ability that one of the two original cards is a spade? 

5. A man has ten pennies, 9 ordinary and 1 with two heads. He selects a penny at random, 
tosses it six times, and it always comes up heads. Compute the probability that he selected 
the double-headed penny. 

6. Prove that it is impossible to load a pair of dice so that every outcome from 2 to 12 will have 
the same probability of occurrence. 

7. A certain Caltech sophomore has an alarm clock which will ring at the appointed hour with 

probability 0.7. If it rings, it will wake him in time to attend his mathematics class with proba¬ 
bility 0.8. If it doesn’t ring he will wake in time to attend his class with probability 0.3. 

Compute the probability that he will wake in time to attend his mathematics class. 

8. Three horses A, II, and Care in a horse race. The event “A beats B” will be denoted symboli¬ 
cally by writing All. The event “A beats B who beats C” will be denoted by ABC, etc. Sup¬ 
pose it is known that 

P(AB) = §, P(AC)= f, P(BC) = J, 

and that 

P(ABC) = P(ACB), P(BAC) = P(BCA) , P(CAB) = P(CBA) . 

(a) Compute the probability that A wins. 

(b) Compute the probability that B wins. 

(c) Compute the probability that C wins. 

(d) Are the events AB, AC, and Cll independent? 

9. The final step in a long computation requires the addition of three integers a l5 a 2 , a z . Assume 
that (a) the computations of a,, fl 2 , and a s are stochastically independent; (b) in the com¬ 
putation of each a i there is a common probability p that it is correct and that the prob¬ 
ability of making an enor of + 1 is equal to the probability of making an error of -1; (c) 
no eixor larger than + 1 or less than — 1 can occur. Remember the possibility of compensating 
errors, and compute the probability that the sum a 1 + a 2 + O 3 is correct. 

10. The game of “odd man out.” Suppose n persons toss identical coins simultaneously and in¬ 
dependently, where n > 3. Assume there is a probabilityp of obtaining heads with each coin. 
Compute the probability that in a given toss there will be an “odd man,” that is, a person whose 
coin does not have the same outcome as that of any other member of the group. 

11. Suppose n persons play the game "odd man out” with fair coins (as described in Exercise 10). 
For a given integer m compute the probability that it will take exactly m plays to conclude the 
game (the mth play is the first time there is an “odd man”). 
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12. Suppose a compound experiment (S. '3t , P) is determined by two stochastically independent 
experiments ( S 1 , P\) and (S% , ^ 2 , / > 2 ), where S = Si x S 2 and 

P(x, y) = P l (x)P 2 (y) 

for each (x, y ) in S. The purpose of this exercise is to establish the formula 

( 13 . 27 ) p(u x v) = PxWpjm 

for every pair of subsets U in and M in . The sample spaces and S 2 are assumed to 
be finite. 

(a) Verify that Equation (13.27) is true when U and V are singletons, and also when at least 
one of U or M is empty. 

Suppose now that 


U = {u ly u 2 , , u k \ and V = . V m }. 

Then U x V consists of the km pairs (u,, Vj). For each / = 1, 2, . ■ ■ , k let Aj denote the set 
of m pairs in U x M whose first component is «,■ . 

(b) Show that the A ; are disjoint sets whose union is V X M. 

(c) Show that 

m 

P(Ai) = X P(u t , Vj) = PMAPA V) . 

i=l 

(d) From (b) and (c) deduce that 

P(U x V) = f p (Ai) = P l {U)P 2 (V). 

1=1 
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14.1 The definition of probability for uncountable sample spaces 

A line segment is broken into two pieces, with the point of subdivision chosen at random. 
What is the probability that the two pieces have equal length? What is the probability that 
the longer segment has exactly twice the length of the shorter? What is the probability 
that the longer segment has at least twice the length of the shorter? These are examples of 
probability problems in which the sample space is uncountable since it consists of all 
points on a line segment. This section extends the definition of probability to include 
uncountable sample spaces. 

If we were to use the same procedure as for countable sample spaces we would start with 
an arbitrary uncountable set S and a Boolean o-algebra 3$ of subsets of S and define a 
probability measure to be a completely additive nonnegative set function P defined on 38 
with P(S) = 1. As it turns out, this procedure leads to certain technical difficulties that 
do not occur when S is countable. To attempt to describe these difficulties would take us 
too far afield. We shall avoid these difficulties by imposing restrictions at the outset on the 
set S and on the Boolean algebra 38. 

First, we restrict S to be a subset of the real line R, or of n-space R”. For the Boolean 
algebra 08 we use special subsets of S which, in the language of modem integration theory, 
are called measurable subsets of S. We shall not attempt to describe the exact meaning of a 
measurable set; instead, we shall mention some of the properties possessed by the class of 
measurable sets. 

First we consider subsets of R. The measurable subsets have the following properties: 

1. If A is measurable, so is R — A, the complement of A. 

2. If {A„ A„ A .} is a countable collection of measurable sets, then the union 

A, U A, U A, U * • . is also measurable. 

3. Every interval (open, closed, half-open, finite, or infinite) is measurable. 

Thus, the measurable sets of R form a Boolean o-algebra which contains the intervals. 
A smallest Boolean o-algebra exists which has this property; its members are called Borel 
sets, after the French mathematician Emile Borel (1871-1956). 

Similarly, in 2-space a smallest Boolean o-algebra exists which contains all Cartesian 
products of pairs of intervals; its members are the two-dimensional Borel sets. Borel sets 
in n-space are defined in an analogous fashion. 
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Henceforth, whenever we use a set S of real numbers as a sample space, or, more 
generally, whenever we use a set S in n-space as a sample space, we shall assume that this 
set is a Borel set. The Borel subsets of S themselves form a Boolean a-algebra. These 
subsets are extensive enough to include all the events that occur in the ordinary applications 
of probability theory. 

DEFINITION OF PROBABILITY FOR UNCOUNTABLE SAMPLE SPACES. Let S be a subset of R”, 

and let 38 be the Boolean a-algebra of Borel subsets of S. A nonnegative completely additive 
set function P defined on 38 with P(S) = 1 is called a probability measure. The triple 
(S, 38, P) is called a probability space. 


14.2 Countability of the set of points with positive probability 

For countable sample spaces the probability of an event A is often computed by adding 
the point probabilities P(x) for all x in A. This process is not fruitful for uncountable 
sample spaces because, as the next theorem shows, most of the point probabilities are zero. 


theorem 14.1. Let (S, 38, P) be a probability space and let T denote the set of all X in S 
for which P(x) > 0. Then T is countable. 


Proof. For each n — 1,2,3,..., let T n denote the following subset of S: 


T„ = x 


~~ < P(x) < 

n + i » 


If P(x) > 0 then x 6 T n for some fl, Conversely, if x G T n for some n then x £ T. Hence 
T = ^ U T U • ' ■ • Now T n contains at most tl points, because if there were n + 1 or 
more points in T n the sum of their point probabilities would exceed 1. Therefore T is 
countable, since it is a countable union of finite sets. 


Theorem 14.1 tells us that positive probabilities can be assigned to at most a countable 
subset of S. The remaining points of S will have probability zero. In particular, if all the 
outcomes of S are equally likely, then every point in S must be assigned probability zero. 

Note: Theorem 14.1 can be given a physical interpretation in terms of mass distri¬ 
bution which helps to illustrate its meaning. Imagine that we have an amount of mass, with 
the total quantity equal to 1. (This corresponds to P(S) = 1.) Suppose we are able to 
distribute this mass in any way we please along the real line, either by smearing it along 
the line with a uniform or perhaps a varying thickness, or by placing discrete lumps of mass 
at certain points, or both. (We interpret a positive amount of mass as a discrete lump.) 

We can place all the mass at one point. We can divide the mass equally or unequally in 
discrete lumps among two points, among ten points, among a million points, or among 
a countably infinite set of points. For example, we can put | at 1, j at 2, ^ at 3, and so on, 
with mass (J)" at each integer n > 1 . Or we can smear all themasswithoutanyconcentrated 
lumps. Or we can smear part of it and distribute the rest in discrete lumps. Theorem 14.1 
tells us that at most a countable set of points can be assigned discrete lumps of mass. 

Since most (if not all) the point probabilities for an uncountable sample space will be 
zero, a knowledge of the point probabilities alone does not suffice to compute the 
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probabilities of arbitrary events. Further information is required; it is best described in 
terms of two new concepts, random variables and distribution functions, to which we turn 
next. These concepts make possible the use of integral calculus in many problems with 
uncountable sample spaces. Integration takes the place of summation in the computation 
of probabilities. 

14.3 Random variables 

In many experiments we are interested in numbers associated with the outcomes of the 
experiment. For example, n coins are tossed simultaneously and we ask for the number of 
heads. A pair of dice is rolled and we ask for the sum of the points on the upturned faces. 
A dart is thrown at a circular target and we ask for its distance from the center. 
Whenever we associate a real number with each outcome of an experiment we are dealing 
with a function whose domain is the set of possible outcomes and whose range is the set 
of real numbers in question. Such a function is called a random variable. A formal 
definition can be given as follows: 

definition of a random variable. Let S denote a sample space. A real-valuedfunction 
defined on S is called a one-dimensional random variable. If the function values are ordered 
pairs of real numbers (that is, vectors in 2-space), the function is said to be a two-dimensional 
random variable. More generally, an n-dimensional random variable is simply a function 
whose domain is the given sample space S and whose range is a collection of n-tuples of real 
numbers (vectors in n-space). 

Thus, a random variable is nothing but a vector-valued function defined on a set. The 

term “random” is used merely to remind us that the set in question is a sample space.7 

Because of the generality of the above definition, it is possible to have many random 
variables associated with a given experiment. In any particular example the experimenter 

must decide which random variables will be of interest and importance to him. In general, 

we try to work with random variables whose function values reflect, as simply as possible, 

the properties of the outcomes of the experiment which are really essential. 

Notations. Capital letters such as X, Y, Z are ordinarily used to denote one-dimensional 
random variables. A typical outcome of the experiment (that is, a typical element of the 
sample space) is usually denoted by the Greek letter oj (omega). Thus, X(co) denotes that 
real number which the random variable X associates with the outcome m. 

The following are some simple examples of random variables. 

example 1. An experiment consists of rolling a die and reading the number of points 
on the upturned face. The most “natural” random variable X to consider is the one 
stamped on the die by the manufacturer, namely: 

X(w) = co for cu = 1, 2, 3, 4, 5, 6. 


t The terms “stochastic variable” and "chance variable” are also used as synonyms for “random variable.” 
The word “stochastic” is derived from a Greek stem meaning “chance” and seems to have been invented by 
Jakob Bernoulli. It is commonly used in the literature of probability theory. 



Exercises 


513 


If we are interested in whether the number of points is even or odd. then we can consider 
instead the random variable Y, which is defined as follows: 

Y (0) = 0 if co is even, 

Y(w) =1 if wisodd. 

The values 0 and 1 are not essential-any two distinct real numbers could be used instead. 
However, 0 and 1 suggest “even” and “odd,” respectively, because they represent the 
remainder obtained when the outcome co is divided by 2. 

example 2. A dart is thrown at a circular target. The set of all possible outcomes is 
the set of all points co on the target. If we imagine a coordinate system placed on the 

target with the origin at the center, we can assign various random variables to this experi¬ 
ment. A natural one is the two-dimensional random variable which assigns to the point co 
its rectangular coordinates (x, y). Another is that which assigns to co its polar coordinates 

(r, 19). Examples of one-dimensional random variables are those which assign to each co 
just one of its coordinates, such as the x-coordinate or the r-coordinate (distance from the 
origin). In an experiment of this type we often wish to know the probability that the dart 

will land in a particular region of the target, for example, the first quadrant. This event can 
be described most simply by the random variable which assigns to each point co its polar 

coordinate angle 9, so that X(co) = 9\ the event “the dart lands in the first quadrant” is the 
set of CO such that 0 < X(co) < W ■ 

Abbreviations. 1/1/e avoid cumbersome notation by using special abbreviations to describe 
certain types of events and their probabilities. For example, if t is a real number, the set 
of all co in the sample space such that X(m) = t is denoted briefly by writing 

x=t. 

The probability of this event is written P(X = t ) instead of the lengthier P({co | X(co) = t)). 
Symbols such as P(X = a or X = b) and P(a < X < b) are defined in a similar fashion. 
Thus, the event “X = a or X = />” is the union of the two events “X = a" and “X = b" ; 
the symbol P(X = a or X = b) denotes the probability of this union. The event 
"a < X < })' is the set of all points co such that X(co) lies in the half-open interval (a, b], 
and the symbol P(a < X < b) denotes the probability of this event. 

14.4 Exercises 

1. Let X be a one-dimensional random variable. 

(a) If a < b, show that the two events a < X < b and X < a are disjoint. 

(b) Determine the union of the two events in part (a). 

(c) Show that P(a < X ^ b) = P(X < b) - P(X < a). 

2. Let ( X , Y) denote a two-dimensional random variable defined on a sample space S. This means 
that ( X , Y) is a function which assigns to each co in S a pair of real numbers (X(w), Y(w)). 
Of course, each of X and Y is a one-dimensional random variable defined on S. The notation 


X <, a, Y <, b 
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stands for the set of all elements oj in S such that X(o>) < a and Y(w) < b. 

(a) If a < b and c < d, describe, in terms of elements of S, the meaning of the following 
notation: a <X<b,c<Y<,d. 

(b) Show that the two events “X < a, Y < c” and “X < a, c < Y < d" are disjoint. Interpret 
these events geometrically. 

(c) Determine the union of the two events in (b). 

(d) Generalize Exercise 1 (c) to the two-dimensional case. 

3. Two fan' dice are rolled, each outcome being an ordered pair (a, b), where each of a and b is 
an integer from 1 to 6. Let X be the random variable which assigns the value a + b to the 
outcome (a, b). 

(a) Describe, in roster notation, the events “X = 7,” “X = 11,” “X = 7 or X = 11.” 

(b) Compute the probabilities of the events in part (a). 

4. Consider an experiment in which four coins are tossed simultaneously (or one coin is tossed 
foui' times). For each coin define a random variable which assigns the value 1 to heads and the 
value 0 to tails, and denote these random variables by X 1 , X 2 , X 3 , X t . Assign the probabilities 
P(X i = 1) = P(X t = 0) = \ for each X { . Consider a new random variable Y which assigns 
to each outcome the total number of heads among the four coins. Express Yin terms of X± , 
X 2 ■ X 3 , X i and compute the probabilities P{ Y = 0) , P( Y = 1), and P( Y < 1). 

5. A small railroad company has facilities for transporting 100 passengers a day between two cities, 
at a fixed cost (to the company) of $7 per passenger. If more than 100 passengers buy tickets 
in any one day the railroad is obligated to provide bus transportation for the excess at a cost of 
$10 per passenger. Let X be the random variable which counts the number of passengers that 
buy tickets in a given day. The possible values of Xare the integers 0, 1, 2, 3, . . . up to a certain 
unknown maximum. Let Y denote the random variable which describes the total daily cost 
(in dollars) to the railroad for handling passengers. Express Yin temis of X. 

6. A factory production line consists of two work stations A and B. At station A, X units per 
hour are assembled; they are immediately transported to station B, where they are inspected 
at the rate of Y units per hour, where Y < X. The possible values of X and Y are the integers 
8,9, and 10. Let Z denote the random variable which counts the number of units that come off 
the production line during the first hour of production. 

(a) Express Z in temis of X and Y, assuming each of X and Y is constant during this hour. 

(b) Describe, in a similar way, the random variable U which counts the number of units de¬ 
livered in the first two consecutive hours of production. Each of X and Y is constant during each 
hour, but the constant values during the second hour need not be the same as those during the 
first. 

14.5 Distribution functions 

We turn now to the problem of computing the probabilities of events associated with 
a given random variable. Let X be a one-dimensional random variable defined on a 
sample space S, where S is a Borel set in n-space for some ri > 1 • Let P be a probability 
measure defined on the Borel subsets of S. For each to in S, X (Vo) is a real number, and 
as co runs through the elements of S the numbers X (o>) run through a set of real numbers 
(the range of X). This set may be finite, countably infnite, or uncountable. For each real 
number t we consider the following special subset of S: 

A(t) = {co | X(0) < t). 

If t is less than all the numbers in the range of X, the set A(t) will be empty; otherwise, 
A(i) will be a nonempty subset of S. We assume that for each t the set A(t) is an event. 
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that is, a Borel set. According to the convention discussed at the end of Section 14.3, we 
denote this event by the symbol X < t. 

Suppose we know the probability P(X < t ) for every real t. We shall find in a moment 
that this knowledge enables us to compute the probabilities of many other events of 
interest. This is done by using the probabilities P(X < /) as a basis for constructing a 
new function F, called the distribution function of X. It is defined as follows: 

definition of A distribution function. Let X be a one-dimensional random variable. 
The function F defined for all real t by the equation 

F(t) = P(X < t) 

is called the distribution function of the random variable X. 

Note: Sometimes the notation Fx is used to emphasize the fact that the distribution 
function is associated with the particular random variable X. The value of the function 
at t is then denoted by FxiO- 

It is important to realize that the distribution function F is defined over the entire real 
axis, even though the range of X may be only a bounded portion of the real axis. In fact, 
if all numbers X(w) lie in some finite interval [a. b], then for t < a the probability P(X < t) 
is zero (since for t < a the set X < t is empty) and for / )> b the probability P(X < /) is 1 
(because in this case the set X < t is the entire sample space). This means that for bounded 
random variables X whose range is within an interval [a, b] we have F(t) = 0 for all 

/ < a and F(t) = 1 for all t > b. 

We now proceed to derive a number of properties common to all distribution functions. 

theorem 14.2. Let F denote a distribution function of a one-dimensional random variable 
X. Then we have: 

(a) 0 < F(t) < 1 for all t. 

(b) P(a < X <b) = F(b ) - F(a) if a<b. 

(c) F(a) < F(b) if a<b. 

Proof. Part (a) follows at once from the definition of F because probabilities always lie 
between 0 and 1. 

To prove (b) we note that the events “a < X f b" and “X < a” are disjoint. Their 

union is the event “X < b. ” Using additivity we obtain 

P(a < X < b) + P(X <a)= P(X < b), 

which can also be expressed as 

P(a<X<b)= P(X <b)~ P(X < a) = F(b ) - F(a). 

Part (c) follows from (b) since P(a < X < b) > 0. 

Note: Using the mass analogy, we would say that F(t) represents the total amount of 
mass located between — oo and t (including the point t itself). The amount of mass located 
in a half-open interval (a, b] is F(b) — F(a). 
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A distribution function 


of a bounded random variable. 
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FIGURE 14.2 A distribution function of an 
unbounded random variable. 


Figure 14.1 shows a distribution function of a bounded random variable X whose 
values A^ro) lie in the interval [0, 1]. This particular example is known as a uniform 
distribution. Here we have 


F(t) = 0 f o r t < 0, F(t) = t for 0 < t ^ 1, F(t) = 1 for t > 1. 

Figure 14.2 shows an example of a distribution function corresponding to an unbounded 
random variable. This example is known as a Cauchy distribution and its function values 
are given by the formula 

F(t) = - + - arctan t . 

2 77 

Experiments that lead to uniform and to Cauchy distributions will be discussed later. 

Note: Using the mass analogy, we would say that in Figure 14.1 no mass has been 
placed to the left of the origin or to the right of the point 1. The entire mass has been 
distributed over the interval [0, 1 ]. The graph of F is linear over this interval because the 
mass is smeared with a uniform thickness. In Figure 14.2 the mass has been smeared along 
the entire axis. The graph is nonlinear because the mass has been smeared with a varying 
thickness. 

Theorem 14.2(b) tells us how to compute (in terms of F) the probability that X lies in a 
half-open interval of the fomr (a, b]. The next theorem deals with other types of intervals. 


theorem 14.3. Let F be a distribution function of a one-dimensional random variable X, 
Then if a b we have: 

(a) P(a < X < b) = F(b) - F(a) + P(X = a). 

(b) P(a < X < b) = F(b) ~ F(a) - P(X = b). 

(c) P(a < X < b) = F(b) - F(a) + P{X = a) - P(X = b). 

Proof. To prove (a) we note that the events “a < X < b” and “X = a” are disjoint and 

their union is “a ^ X < b Using additivity and Theorem 14.2(b) we obtain (a). Pails 

(b) and (c) are similarly proved. 
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Note that all four events 

a < X<b, a<X<,b, a < X <b, and a <, X < b 

have equal probabilities if and only if P(X = a) = 0 and P(X = b) = 0. 

The examples shown in Figures 14.1 and 14.2 illustrate two further properties shared by 
all distribution functions. They are described in the following theorem. 

theorem 24.4. Let F be the distribution function of a one-dimensional random variable X. 
Then we have 

(14.1) lim F(t) = 0 and lim F(t) = 1 . 

<-►—00 <-*+«> 

Proof. The existence of the two limits in (14.1) and the fact that each of the two limits 
lies between 0 and 1 follow at once, since F is a monotonic function whose values lie between 
0 and 1. 

Let us denote the limits in (14.1) by L 1 and L 2 , respectively. To prove that L\ = 0 and 
that L 2 = I we shall use the countably additive property of probability. For this purpose 
we express the whole space S as a countable union of disjoint events: 

oo oo 

s = U(— n < X < -n + 1) U U(n < X < n + 1). 

n =1 n=0 

Then, using additivity, we get 

00 00 

PfSj = £ P(-n <X < -n + 1) + < X < n + 1) 

71 =1 71=0 

M N 

= lim ^ lF(-n + 1) - F(—n )] + lim 2 [F(n + 1) - F(n)]. 

oo n=i N-+oo n—Q 


The sums on the right will telescope, giving us 

P(S) = lim [F(O) - F(-M)] + lim [F(N + 1) - F(O)] 

N -* co 

= F( 0) - L x + L„ - F( 0) = L 2 - L x . 

Since P(S) = 1, this proves that L., •— L x = \ or L 2 = I + L,. On the other hand, we also 
have jL 2 < I and > 0. This implies that L 2 = 0 and L 2 = 1, as asserted. 


14.6 Discontinuities of distribution functions 

An example of a possible distribution function with discontinuities is shown in Figure 
14.3. Using the mass analogy we would say that F has a jump discontinuity at each point 
which carries a positive amount of mass. As the next theorem shows, the jump is equal to 
the amount of mass concentrated at that particular point. 
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FIGURE 14.3 A possible distribution function. Figure 14.4 Illustrating a jump dis¬ 

continuity of a distribution function. 


THEOREM 14.5. Let F be the distribution function of a one-dimensional random variable X. 
Then for each real a we have 

(14.2) lim F(t) = F(a) 

<-» a+ 

and 

(14.3) lim F(t ) = F(a) — P(X = a). 

t-*a— 

Note: The limit relation in (14.2) tells us that Fis continuousfrom the right at each point 
a, because F(t)+ F(a) as t —> a from the right. On the other hand. Equation (14.3) tells 
us that as t —> a from the left, F(t) will approach F(a) if and only if the probability 
P(X = a) is zero. When P(X = a) is nor zero, the graph of F has a jump discontinuity at 
a of the type shown in Figure 14.4. 

Proof. The existence of the limits follows at once from the monotonicity and bounded¬ 
ness of F. We prove now that the limits have the values indicated. For this purpose we 
use part (b) of Theorem 14.2. If t > a we write 

(14.4) F(t) = F(a) + P(a < X < l) ; 
if t < a we write 

(14.5) F(t) = F(a) — P(t < X < a). 

Letting t —> a+ in (14.4) we find 

lim F(t) = F(a) + lim P(a < X < t) , 

<-*«+ t->a+ 

whereas if t a- in (14.5) we obtain 

lim F(t) = F(a) — lim P(t < X < a). 

t-*a— t~*a— 

Therefore to prove (14.2) and (14.3) we must establish two equations: 

limP(a < X < t) = 0 
t-*a+ 


(14.6) 
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and 

(14.7) limP(( < X < a) = P(X — a). 

<-* a- 

These can be justified intuitively as follows: When t —> a+ , the half-open interval (a, /] 
shrinks to the empty set. That is, the intersection of all half-open intervals (a, /], for 
t > a, is empty. On the other hand, when t —* a- the half-open interval (t, a] shrinks 
to the point a. (The intersection of all intervals ( t, a] for ( < a is the set (a}.) Therefore, 
if probability behaves in a continuous fashion. Equations (14.6) and (14.7) must be valid. 
To convert this argument into a rigorous proof we proceed as follows: 

For each integer n > 1, let 

(14.8) p n = < X < a + ^ . 

To prove (14.6) it suffices to show that p n —> 0 as tl -> CO, Let S n denote the event 

a +- < X < ci 4—. 

n + 1 n 

The sets S n are disjoint and then union S 1 U S 2 U S 3 U • ’ • is the event a < X < a + 1. 
By countable additivity we have 

00 

(14.9) 2 P(S n ) = P(a < X £ a + 1) = Pl . 

n —1 

On the other hand. Equation (14.8) implies that 

Pn Pn+l = P(Sn) > 
so from (14.9) we obtain the relation 

oo 

(14.10) 2(Pn ~ Pn+l) = Pl- 

n=l 

The convergence of the series is a consequence of (14.9). But the series on the left of 
(14.10) is a telescoping series with sum 

Pi ~ I™ Pn- 

n-*oc 

Therefore (14.10) implies that lim„_ x p n = 0, and this proves (14.6). 

A slight modification of this argument enables us to prove (14.7) as well. Since 

P(t < X <a) = P(t < x < a) + P(X = a) 
limP(l < X < a) = 0. 

t~*a— 


we need only prove that 
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For this purpose we introduce the numbers 

and show that q n -*■ 0 as n -*■ oo, In this case we consider the events T n given by 


for n = 1, 2, 3, ... . 
so we have 


a--< 

n n + 1 


These are disjoint and their union is the event a — 1 < X < a, 


OO 


lP(T n ) = P(a - 1 < X < a) = q x . 


We now note that q„ — q n+1 = P(T n ), and we complete the proof as above. 


The most general type of distribution is any real-valued function F that has the following 
properties : 

(a) F is monotonically increasing on the real axis, 

(b) F is continuous from the right at each point, 

(c) lim ( __ 00 F(t) = 0 and lim ( _ +00 F(t) = 1. 

In fact, it can be shown that for each such function F there is a conesponding set function 
P, defined on the Borel sets of the real line, such that F is a probability measure which 
assigns the probability F(b) — F(a ) to each half-open interval ( a, b]. For a proof of this 
statement, see H. Cramer, Mathematical Methods of Statistics, Princeton University Press, 
Princeton, N.J., 1946. 

There are two special types of distributions, known as discrete and continuous, that are 
of particular importance in practice. In the discrete case the entire mass is concentrated 
at a finite or countably infinite number of points, whereas in the continuous case the 
mass is smeared, in uniform or varying thickness, along an interval (finite or infinite). 
These two types of distributions will be treated in detail in the next few sections. 


14.7 Discrete distributions. Probability mass functions 

Let X be a one-dimensional random variable and consider a new function p, called the 
probability mass function of X. Its values p(t) are defined for every real number t by the 
equation 

Pit) = P(X = t). 

That is, p(t) is the probability that X takes the value t. When we want to emphasize that 
p is associated with X we writep, instead ofp and p x {t) instead of p(t). 

The set of real numbers t for which p(t) > 0 is either finite or countable. We denote 
this set by T; that is, we let 
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The random variable X is said to be discrete if 

2 Pi 0 = 1 • 

teT 

In other words, X is discrete if a unit probability mass is distributed over the real line by 
concentrating a positive mass p{t) at each point t of some finite or countably infinite set 
T and no mass at the remaining points. The points of T are called the mass points of X. 

For discrete random variables a knowledge of the probability mass function enables 
us to compute probabilities of arbitrary events. In fact, we have the following theorem. 


theorem 14.6. Let A bea Borel subset of the real line R, and let P(X e A) denote the 
probability of the set of m such that X(o) eA. Then we have 

(14.11) P(XgA)= 2 P(x), 

xeA nT 

where T is the set of mass points of X. 

Proof. Since A n T c A and T — A c R ~ A, we have 

(14.12) 2 p(x)<P(X£A) and 2 P(x) < P(X f A) . 

xeAnT xeT—A 

But A n T and T — A are disjoint sets whose union is T, so the second inequality in 
(14.12) is equivalent to 

1 - 2 PM <i-P(XeA) or 2 P(x)>P(Xe A ). 

xsAnT zcAnT 

Combining this with the first inequality in (14.12) we obtain (14.11). 

Note: Since p(x) = 0 when x (ji T, the sum on the right of (14.11) can be written as 
2 xeA P( x ) without danger of its being misunderstood. 

When A is the interval (- co, t], the sum in (14.11) gives the value of the distribution 
function F(t). Thus, we have 

F(t) = P(X <t) = 2 p(x). 

a■<( 

If a random variable X is discrete, the corresponding distribution function F is also called 
discrete. 

The following examples of discrete distributions occur frequently in practice. 


example 1. Binomial distribution. Let p be a given real number satisfying 0 < p < 1 
and let q = 1 — p. Suppose a random variable X assumes the values 0, 1, 2, . . . , n, 
where n is a fixed positive integer, and suppose the probability P(X = k) is given by the 
formula 



for k = 0, 1, 2 ,. . . , n. 


P(X = k) = 
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Figure 14.5 The probability mass function and the distribution function of a 

binomial distribution with parameters n = 5 and p = J. 

This assignment of probabilities is permissible because the sum of all the point probabilities 

is 

n n . 

2- p(x = k) =2( l) pY~ k = (p + q) n = i- 

k=o k=e> ' ' 

The corresponding distribution function F x is said to be a binomial distribution with 
parameters n andp. Its values may be computed by the summation fomrula 

Fx(t) = ^ 

Binomial distributions arise naturally from a Bernoulli sequence of trials where p is 
the probability of “success” and q the probability of “failure.” hi fact, when the random 

variable X counts the number of successes in n trials, P{X = k) is precisely q n ~ k 

because of Bernoulli’s formula. (See Theorem 13.3 in Section 13.16.) Figure 14.5 shows 
the graphs of the probability mass function and the conesponding distribution function 
for a binomial distribution with parameters n = 5 and p = \. 

example 2. Poisson distribution. Let A be a positive real number and let a random 
variable X assume the values 0, 1, 2, 3, .... If the probability P(X = k) is given by the 
formula 

P(X = lc)= for k = 0, 1, 2, . . . , 

Id 

the corresponding distribution function F x is said to be a Poisson distribution with param¬ 
eter A, It is so named in honor of the French mathematician S. D. Poisson (1781-1840). 
This assignment of probabilities is permissible because 

k=0 k=0 ' 


2r(X 
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The values of the distribution function are computed from the partial sums 


FA 0 = 2 

0<k<t 


?L 
k \' 


The Poisson distribution is applicable to many problems involving random events 
occurring in time, such as traffic accidents, connections to wrong numbers in a telephone 
exchange, and chromosome interchanges in cells induced by x-ray radiation. Some specific 
applications are discussed in the books by Feller and Parzen listed at the end of this 
chapter. 


14.8 Exercises 

1. A perfectly balanced die is rolled. For a random variable X we take the function which counts 
the number of points on the upturned face. Draw a graph of the corresponding distribution 
function F x . 

2. Two dice are rolled. Let X denote the random variable which counts the total number of 
points on the upturned faces. Construct a table giving the nonzero values of the probability 
mass function and draw a graph of the corresponding distribution function F x . 

3. The distribution function F of a random variable X is given by the following formulas: 

0 i f t < - 2 , 

\ if -2 < t <0, 

4 if 0 < t < 2, 

1 i f t ^ 2. 

(a) Sketch the graph of F. 

(b) Describe the probability mass function p and draw its graph. 

(c) Compute the following probabilities: P(X = 1), P(X < 1), P(X < I), P(X = 2), 
P{X < 2), P(0 < X < 2), P(0 < X < 2), P(\ < X < 2). 

4. Consider a random variable X whose possible values are all rational numbers of the form 

n n + 1 

- a n d - , where n = 1,2, 3, . . . .If 

n + 1 n 



verify that this assignment of probabilities is permissible and sketch the general shape of the 
graph of the distribution function F’. 

5. The probability mass function p of a random variable X is zero except at points t = 0, 1, 2. 
At these points it has the values 

p(0) = 3c 3 , p( 1) = 4c — 10c 2 , p(2) = 5c — 1, 

forsomec >0. 

(a) Determine the value of c. 

(b) Computethefollowingprobabihties: P(X < 1), P(X < 2),/ > (l < X < 2), P(Q < X < 3). 

(c) Describe the distribution function F and sketch its graph. 

(d) Find the largest t such that F(t) < 

(e) Find the smallest t such that F(t) > 
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6. A random variable X has a binomial distribution with parameters n = 4 andp = . 

(a) Describe the probability mass function p and sketch its graph. 

(b) Describe the distribution function F and sketch its graph. 

(c) Compute the probabilities P(1 < X < 2) and. P(1 < X < 2). 

7. Assume that if a thumbtack is tossed on a table, it lands either with point up or in a stable 

position with point resting on the table. Assume there is a positive probability p that it lands 
with point up. 

(a) Suppose two identical tacks are tossed simultaneously. Assuming stochastic independence, 
show that the probability that both land with point up is p 2 . 

(b) Continuing part (a), let X denote the random variable which counts the number of tacks 

which land with point up (the possible values of Xare 0, 1, and 2). Compute the probabilities 

P(X = 0) and P(X = 1). 

(c) Draw the graph of the distribution function F x when p = -j. 

8. Given a random variable X whose possible values are 1, 2, ... , n. Assume that the prob- 
abilityP(X = k) is proportional to k. Determine the constant of proportionality, the probability 
mass function p x , and the distribution function F x . 

9. Given a random variable X whose possible values are 0, 1, 2, 3, ... . Assume that P(X = k) 
is proportional to c k /k\, where c is a fixed real number. Determine the constant of proportion¬ 
ality and the probability mass function p. 

10. (a) A fair die is rolled. The sample space is S = { 1, 2, 3, 4, 5, 6}. If the number of points on 
the upturned face is odd a player receives one dollar'; otherwise he must pay one dollar. Let 
X denote the random variable which measures his financial outcome (number of dollars) on 
each play of the game. (The possible values of X are + 1 and — 1.) Describe the probability 
mass function p x and the distribution F x . Sketch their graphs. 

(b) A fair coin is tossed. The sample space S = {H, T}. If the outcome is heads a player 
receives one dollar; if it is tails he must pay one dollar. Let Y denote the random variable 
which measures his financial outcome (number of dollars) on each play of the game. Show that 
the mass function py and the distribution Fy are identical to those in part (a). This example 
shows that different random variables may have the same probability distribution function. 
Actually, there are infinitely many random variables having a given probability distribution 
F. (Why?) Such random variables are said to be identically distributed. Each theorem 
concerning a particular distribution function is applicable to any of an infinite collection of 
random variables having this distribution. 

11. The number of minutes that one has to wait for a train at a certain subway station is known 
to be a random variable X with the following probability mass function: 

p(t ) = 0 unless t = 3&/10 for some k = 0, 1,2 ,... , 10. 
p(t) = -i 2 - if 1 = 0,0.3, 0.6,0.9,2.1, 2.4, 2.7, 3.0. 
pit) if f = 1.2, 1.5, 1.8. 

Sketch the graph of the corresponding distribution function F. Let A be the event that one 
has to wait between 0 and 2 minutes (including 0 and 2), and let B be the event that one has 
to wait between 1 and 3 minutes (including 1 and 3). Compute the following probabilities: 
P(A), P{B), P(A n B ), P(B | A), P(AuB). 

12. (a) IfO < p < 1 andq = 1 -p,showthat 






Continuous distributions. Density functions 


525 


where 


Qn = 


n(-^) 


(i - P f • 

(b) Given A > 0, let p = A/n for ft > A. Show that Q„ 1 as n -> oo and that 


| p k q n k 


k\ 


as n -*• CO. 


This result suggests that for large n and small p, the binomial distribution is approximately 
the same as the Poisson distribution, provided the product np is nearly constant; this constant 
is the parameter A of the Poisson distribution. 


14.9 Continuous distributions. Density functions 

Let X be a one-dimensional random variable and let F be its distribution function, so 
that F(t) = P(X < /) for every real t. If the probability P(X = t ) is zero for every t then, 
because of Theorem 14.5, F is continuous everywhere on the real axis. In this case F Is 
called a continuous distribution and X is called a continuous random variable. If the deriva¬ 
tive F’ exists and is continuous on an interval [a, t] we can use the second fundamental 
theorem of calculus to write 

(14.13) F(t) - F(a) = J*f(u ) du , 

where / is the derivative of F. The difference F(t) — F(a) is, of course, the probability 
P(a < X < t), and Equation (14.13) expresses this probability as an integral. 

Sometimes the distribution function F can be expressed as an integral of the form 

(14.13) , in which the integrand / is integrable but not necessarily continuous. Whenever 
an equation such as (14.13) holds for all intervals [a, t], the integrand f is called a proba¬ 
bility density function of the random variable X (or of the distribution F) provided thatfis 
nonnegative. In other words, we have the following definition: 


DEFINITION OF A PROBABILITY DENSITY FUNCTION. Let X be O O U C ~(l i 01 C US i O U Cl l I'COUlOOl 

variable with a continuous distribution function F. A nonnegative function f is called a 
probability density of X (or of F) if f is integrable on every interval [a, t] and if 

(14.14) F(t) — F(a) = \*f(u) du. 

da 


If we let a —*■ — 00 in (14.14) then F(a) 0 and we obtain the important formula 
(14.15) F(t) = P(X <t)= J \j(u) du , 


valid for all real t. If we now let t —> + 00 and remember that F(t) 


’ + 00 

f(u) clu = 

-CO 


1 we find that 


(14.16) 


1 . 
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For discrete random variables the sum of all the probabilities P(X = t ) is equal to 1. 
Formula (14.16) is the continuous analog of this statement There is also a strong analogy 
between formulas (14.11) and (14.15). The density functionf plays the same role for con¬ 
tinuous distributions that the probability mass function p plays for discrete distributions —• 
integration takes the place of summation in the computation of probabilities. There is 
one important difference, however. In the discrete case p(t) is the probability that X = t, 
but in the continuous case f(t) is not the probability that X = t . In fact, this probability is 
zero because F is continuous for every /. Of course, this also means that for a continuous 
distribution we have 

P{a < X <b) = P(a < X < b) = P(a < X < b) = P(a < X <b). 

If F has a density / each of these probabilities is equal to the integral f(u) du. 

Note: A given distribution can have more than one density since the value of the 

integrand in (14.14) can be changed at a finite number of points without altering the 
integral. But iffis continuous at t then f(t) = F’(t) ; in this case the value of the density 
function at t is uniquely determined by F. 

Since f is nonnegative, the right-hand member of Equation (14.14) can be interpreted 
geometrically as the area of that portion of the ordinate set of/ lying to the left of the line 
x = t ■ The area of the entire ordinate set is equal to 1. The area of the portion of the 
ordinate set above a given interval (whether it is open, closed, or half-open) is the proba¬ 
bility that the random variable X takes on a value in that interval. Figure 14.6 shows an 
example of a continuous distribution function F and its density function f . The ordinate 
F(t) in Figure 14.6(a) is equal to the area of the shaded region in Figure 14.6(b). 

The next few sections describe some important examples of continuous distributions. 

14.10 Uniform distribution over an interval 

A one-dimensional random variable X is said to have a uniform distribution function F 
over a finite interval [a, b] if F is given by the following formulas: 

if t < a, 
if a < t < b, 
if t>b. 

fU) = 1 Kb- a) 

i 

an » m - » 

A . __2_ 

a t b 

(b) The density function f. 

figure 14.6 A uniform distribution over an interval [a, b ] and the corresponding 

density function. 


'"T 



(a) The distribution function F. 
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This is a continuous distribution whose graph is shown in Figure 14.6(a). 

The derivative F’(t) exists everywhere except at the points a and b, and we can write 

F(t) = f' /(«) du, 

* / —co 


where f is the density function, defined as follows: 

f(t)- [ l ^ b ~ ^ H a<t<h ’ 

[0 otherwise. 

The graph off is shown in Figure 14.6(b). 

The next theorem characterizes uniform distributions in another way. 

theorem 14.7. Let X be a one-dimensional random variable with all its values in a finite 
interval [a, b], and let F be the distribution function of X. Then F is uniform over [a, b] if 
and only if 

(14.17) P(XeI)= P(XeJ) 

for every pair of subintervals Z and J of [a, b] having the same length, in which case we have 

P(X e I) = ——-, 

b - a 

where h is the length of I. 

Proof. Assume first that X has a uniform distribution over [a, b]. If [c, c + h] is any 
subinterval of [a, b] of length h we have 

P(c<X<c + h)= F(c + h) — F(c) = -----. 

b —a b -*-a b 

This shows that P(X e I) = P(X e J) = hj{b —■ a) for every pair of subintervals Z and J of 
[a, b] of length h. 

To prove the converse, assume that X satisfies (14.17). First we note that F(t) = 0 if 
t < a and F(t) = 1 if t>b, since X has all its values in [a, b]. 

Introduce a new function g defined on the half-open interval (0, b — a] by the equation 

(14.18) g(u) = P(a < X < a + u) if 0 <U<b - a. 

Using additivity and property (14.17) we find 

g(u +v) = P(a <X<a + u + v ) 

= P(a < X < a + u) + P(a + u<X<a + u + v) 

= giM) + P(a < X < a + v)= g(u ) + g(v), 
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provided that 0 < u + v < fa — a. That is, g satisfies the functional equation 

g(u + v) = g(u) + g(v) 

for all u and v such that u > 0, v > 0, w + v < fa — a. This is known as Cauchy’s 
functionalequation. In a moment we shall prove that every nonnegative solution of Cauchy’s 
functional equation is given by 

g(w) = —— g(b - a) for 0 < u < b - a . 
b — a 

Using this in Equation (14.18) we find that for 0 < w < fa — a we have 

P(a < X < a + u) = —-— P(a < X < b) = —-— 

b — a fa - a 

since P(a < X < b) = 1. In other words, 

F(a + u) — F(a) = — if 0 < u <, b — a. 

b — a 

We put t = a + u and rewrite this as 

F(t) — F(a) = if a < t < b. 

b — a 

But F(a) = 0 since F is continuous from the right. Hence 

F(f) = t-a if a<t<b, 

b - a 

which proves that F is uniform on fa, b]. 

THEOREM 14.8. SOLUTION OF CAUCHY'S FUNCTIONAL EQUATION . Let g be a real-valued 

function defined on a half-open interval (0, c] and satisfying the following two properties: 

(a) g(u + v) = g(u) + g(v) whenever u, v, and u + v are in (0, c], 
and 

(b) g is nonnegative on (0, c]. 

Then g is given by the formula 

g(u) = - g(c) for 0<u<^c. 
c 

Proof. By introducing a change of scale we can reduce the proof to the special case in 
which c = 1 . In fact, iet 

G(x)= g(cx) for 0<x<, 1. 
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Then G is nonnegative and satisfies the Cauchy functional equation 

G( x + y) = G(x) 4- G(y) 

whenever x, y, and x + y are in (0, 1]. If we prove that 

(14.19) G(x) = xG(l) for 0<X<1 

it follows that g(cx) = xg(c) , or that g(u) = («/c)g(c) for 0 < ll < c. 
If x is in (0, 1] then x/2 is also in (0, 1] and we have 

GW = G (i) + c © 

By induction, for each x in (0, 1] we have 

(14.20) G(x) = nG for n 

Similarly, if y and my are in (0, 1] we have 

G(my) = mG(y ) for m = I, 2, 3 ,.., . 

Taking y = x/n and using (14.20) we obtain 



if x and mxjn are in (0, 1], In other words, we have 
(14.21) G{rx) = rG(x) 


- 2 G 


= 1,2,3. 



for every positive rational number r such that x and YX are in (0, 1], 

Now take any x in the open interval (0, 1) and let {r,J and {R,} be two sequences of 
rational numbers in (0, 1 ] such that 

r n < x < R n and such that lim r n = lim R n = X. 

n-* oo 

Cauchy’s functional equation and the nonnegative property of G show that G(x + y) )> 
G(x) so G is monotonic increasing in (0, 1], Therefore 

G(r n )<G(x)<G(R n ). 


Using (14.21) we rewrite this as 


r n G( 1) < G(x) < R n G( 1). 


Letting n ->• 00 we find xG(l) < G(x) < xG(l) , so G(x) = xG'(l) , which proves (14.19). 
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Note: Uniform distributions are often used in experiments whose outcomes are points 
selected at random from an interval [a. b], or in experiments involving air interval [a, b] as 
a target, where aiming is impossible. The terms “at random” and “aiming is impossible” 
are usually interpreted to mean that if Z is any subinterval of [a, b] then the probability 
P(X £ I) depends only on the length of Z and not on its location in [a, b]. Theorem 14.7 
shows that uniform distributions are the only distributions with this property. 


We turn now to the probability questions asked at the beginning of this chapter. 

example . A line segment is broken into two pieces, with the point of subdivision chosen 

at random. Let X denote the random variable which measures the ratio of the length of the 

left-hand piece to that of the right-hand piece. Determine the probability distribution 
function F x . 

Solution. Use the interval [0, 1] to represent the line segment and let the point of 
subdivision be described by the random variable Y(w) = a) for each w in (0, 1). Since the 
point of subdivision is chosen at random we assume that Y has a uniform distribution 
function Fy over [0, 1], Hence 

F y {t) - t for 0 < t < 1 . 

If the segment is broken at co, then co/(1 — co) is the ratio of the length of the left-hand 

piece to that of the right-hand piece. Therefore X(oj) = Co/( 1 — co). 

If t <' 0 we have F, (t) =0 since the ratio X(co) cannot be negative. If t > 0, the 
inequality X(pji) < t is equivalent to ft>/( 1 — co) < t , which is equivalent to 0) < ?/(l + t). 
Therefore 


since 0 < f/(I + t) < 1 . 

Now we can calculate various probabilities. For example, the probability that the two 
pieces have equal length is P(X = 1) = 0 . In fact, since F x is a continuous distribution, 
the probability that X takes any particular value is zero. 

The probability that the left-hand segment is at least twice as long as the right-hand 
segment is P(X > 2) = 1 — P(X < 2) = 1 — | = 3 . Similarly, the probability that the 
right-hand segment is at least twice as long as the left-hand segment is P(X < 2 ) = |. The 
probability that the longer segment is at least twice as long as the shorter segment is 

P(X >2) + P(X <i) = b 


14.11 Cauchy’s distribution 

A random variable X is said to have a Cauchy distribution F if 

F(t) = - + - arctan t 

2 77 
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(a) The distribution function F. (b) The density function f. 

Figure 14.7 Cauchy’s distribution function and the corresponding density function. 


for all real t. This function has a continuous derivative everywhere; a continuous density 
functionfis given by the formula 


1 

7T( 1 + t 2 ) ' 

The graphs of F and f are shown in Figures 14.7(a) and (b), respectively. 

The following experiment leads to a Cauchy distribution. A pointer pivoted at the point 
(-1, 0) on the x-axis is spun and allowed to come to rest. An outcome of the experiment 
is 8, the angle of inclination from the x-axis made by a line drawn through the pointer; 
8 is measured so that — %tt < 6 <C %tt . Let X be the random variable defined by X(6) = 8, 
and let Y be the random variable which measures the y-intercept of the line through the 
pointer. If 8 is the angle described above, then 

Y(0) = tan 8. 

We shall prove that Y has a Cauchy distribution Fy if X has a uniform distribution over 
\tt]. 

If a < Met a = arctan a and let 0 = arctan t. Then we have 



Fy(t) — F,(a) = P(a < Y < t) = P(ct < X < 6) 


fx(u) du 


8 — a 
7 T 


Since a -> — \tt as a —— oo we find 


F Y {t) - -- + - 2 — = - arctan t + - . 

77 77 2 


This shows that Y has a Cauchy distribution, as asserted. 
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14.12 Exercises 

1. A random variable X has a continuous distribution function F, where 

(0 if / 5a 0, 

F(t) = )ct if 0 < t < 1, 

\\ i f t > 1 . 

(a) Determine the constant c and describe the density function f 

(b) Compute the probabilities P(X = - 3 -), P(X < ? f ) . P(\X\ < 3 ). 

2. Let f(t) = c | sin t \ for 1 1 \ < tt/2 and let /(f) = 0 otherwise. Determine the value of the constant 
c so that f will be the density of a continuous distribution function F. Also, describe /• and 
sketch its graph. 

3. Solve Exercise 2 if/(f) = c(4f — 2/ 2 ) for 0 < f < 2, and/(f) = 0 otherwise. 

4. The time in minutes that a person has to wait for a bus is known to be a random variable with 
density function f given by the following formulas : 

/(f) = i for 0 < t < 1, /(f) = a for 2<f <4, f(t) = 0 otherwise. 

Calculate the probability that the time a person has to wait is (a) more than one minute; 
(b) more than two minutes; (c) more than three minutes. 

5. A random variable X has a continuous distribution function F and a probability density /. 
The density has the following properties : /(f) = 0 if t < \ ,/(j) = 1 ,/(f) is linear' if f < 

/( 1 - f) = /(f) for all f. 

(a) Make a sketch of the graph of/ 

(b) Give a set of formulas for determining F and sketch its graph. 

(c) Compute the following probabilities: P(X < 1), P(X < f), P(X < l 2 ), P(X < |), 

P(*<*<t). 

6 . A random variable X has a uniform distribution over [ -3, 3], 

(a) Compute P(X = 2), P(X < 2), P(\X < 2), P(\X - 2| < 2). 

(b) Find a t for which P(X > t) = J-. 

7. The Lethe Subway Company schedules a northbound train every 30 minutes at a certain 
station. A man enters the station at a random time. Let the random variable X count the 
number of minutes he has to wait for the next train. Assume X has a uniform distribution over 
the interval [0, 30]. (This is how we interpret the statement that he enters the station at 
“random time.“) 

(a) For each k = 5, 10, 15, 20, 25, 30, compute the probability that he has to wait at least 
k minutes for the next train. 

(b) A competitor, the Styx Subway Company, is allowed to schedule a northbound train 
every 30 minutes at the same station, but at least 5 minutes must elapse between the arrivals 
of competitive trains. Assume the passengers come into the station at random times and always 
board the first train that arrives. Show that the Styx Company can arrange its schedule so that 
it receives five times as many passengers as its competitor. 

8 . Let X be a random variable with a uniform distribution F x over the interval [0, 1]. Let Y = 
aX + b, where a > 0. Determine the distribution function F Y and sketch its graph. 

9. A roulette wheel carries the integers from 0 to 36, distributed among 37 arcs of equal length. 
The wheel is spun and allowed to come to rest, and the point on the circumference next to a 
fixed pointer is recorded. Consider this point as a random variable X with a uniform distri¬ 
bution. Calculate the probability that X lies in an arc containing (a) the integer 0; (b) an 
integer n in the interval 11 f! < 20 ; (c) an odd integer. 
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10. A random variable is said to have a Cauchy distribution with parameters a and b, where a > 0, 
if its density function is given by 

ft s 1 a 
^ = It « 2 + (t - bf ' 

Verify that the integral of f from — co to + co is 1, and determine the distribution function F. 

11. Let/j(t) = 1 for 0 < t < 1, and let f^t) = 0 otherwise. Define a sequence of functions {/„} 
by the recursion formula 

/«+!«= -')/«(')<*. 

(a) Prove that f n+1 (x) = fjj) dt. 

(b) Make a sketch showing the graphs of fx , f 2 , and f 3 . 

12. Refer to Exercise 11. Prove that each functionf,, is a probability density. 

14.13 Exponential distributions 

Let A be a positive constant. A one-dimensional random variable X is said to have an 
exponential distribution F with parameter A if 

fl — e~ u for t > 0 , 

F(t) = 

tO for t < 0 . 

A corresponding density functionf is given by the formulas 

Xe~ lt for t > 0, 

0 for t<0. 

The graphs of F and f are like those shown in Figure 14.8. 

I\t) fit) 

A 


0 

(a) The distribution function F. (b) The density functionf. 

Figure 14.8 An exponential distribution and the con'esponding density function. 
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Exponential distributions have a characteristic property which suggests their use in 
certain problems involving radioactive decay, traffic accidents, and failure of electronic 
equipment such as vacuum tubes. This property is analogous to that which characterizes 
uniform distributions and can be described as follows. 

Let X denote the observed waiting time until a piece of equipment fails, and let F be the 
distribution function of X. We assume that F(t) = 0 for t < 0, and for the moment we 
put no further restrictions on F. If t > 0, then X is the event “failure occurs in the 
interval [0, ?].” Hence X > t is the complementary event, “no failure occurs in the interval 
[0,t].” 

Suppose that no failure occurs in the interval [0, t]. What is the probability of continued 
survival in the interval [?, t + s]? This is a question in conditional probabilities. We wish 
to determine P(X > t + S | X > f), the conditional probability that there is no failure in 
the interval [ 0 , t + s], given that there is no failure in the interval [ 0 , /]. 

From the definition of conditional probability we have 

P [(X > t + s) n (X > Q] P(X > t + s) 

P(X > 0 P(X > t) 

Suppose now that F is an exponential distribution with parameter X > 0. Then F(t) = 

1 — e~ kt for t > 0 , and P(X > t) = 1 — P(X < t) = e~ xt . Hence Equation (14.22) 
becomes 

p —A(i+s) 

P(X > t + s I X > t) = -—— = (T As = P(X > s). 
i e -u 

hi other words, if the piece of equipment survives in the interval [0, t], then the probability 
of continued survival in the interval \t, t + ,v] is equal to the probability of survival in the 
interval [0, ,v] having the same length. That is, the probability of survival depends only on 
the length of the time interval and not on the age of the equipment. Expressed in terms of 
the distribution function F, this property states that 

1 - F(t + s) 

(14.23) ---- = 1 - F(s) for all ( > 0 and s > 0. 

1 - F(t) 

The next theorem shows that exponential distributions are the only probability distribu¬ 
tions with this property. 


(14.22) P(X > t + S X> t) 


theorem 14.9. Let F be a probability distribution function satisfying the functional 
equation ( 14 . 23 ), where F(t) < 1 for t > 0. Then there is a positive constant X > 0 such that 

F(t) = 1 — e~ xt far all t > 0. 

Proof. Let g(t) = -log [1 — F(t)] for t > 0. Then 1 — F(t) = e _9(() , so to prove the 
theorem it suffices to prove that g(t) = Xt for some X > 0 . 

Now g is nonnegative and satisfies Cauchy’s functional equation. 


g(t + s) = g(t ) + g(s) 
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for all / > 0 and s > 0. Therefore, applying Theorem 14.8 with c = 1, we deduce that 
g(t) = fg(l) for 0 < t < 1 . Let X = g(l). Then X = -log [I — F(l)] > 0, and hence 
g(t) = It for 0 < t < 1 . 

To prove that g(t) = Xt for all t > 0, let G(t) = g(t) — Xt, The function G also satisfies 
Cauchy’s functional equation, Moreover, G is periodic with period 1 because G(t + 1) - 
G(t) + G( 1) and G(l) = 0. Since G is identically 0 in (0, I] the periodicity shows that 
G(t) = 0 for all t > 0. In other words, g(t) = Xt for all / > 0, which completes the proof. 


example 1. Let X he a random variable which measures the lifetime (in hours) of a 
certain type of vacuum tube. Assume X has an exponential distribution with parameter 
1 = 0.001. The manufacturer wishes to guarantee these tubes for T hours. Determine T 
so that P(X > T) = 0.95. 

Solution. The distribution function is given by F(t) = 1 — e~ xt for t > 0, where 
X = 0.001. Since P(X > T) = 1 — F(T) = e~ xT , we choose T to make e~ XT = 0.95. 
Hence T = -(log 0.95 )jX = - 1000 log 0.95 = 51.25+ . 


example 2. Consider the random variable of Example 1, but with an unspecified value 
of X. The following argument suggests a reasonable procedure for determining il. Start 
with an initial number of vacuum tubes at time t = 0, and let g(t) denote the number of 
tubes still functioning t hours later. The ratio [g(O) — g(t)]jg( 0) is the fraction of the 
original number that has failed in time t. Since the probability that a particular tube fails 
in time t is 1 — e ~ xt , it seems reasonable to expect that the equation 


(14.24) 


g(Q) - g(0 = 
g(0) 


should be a good approximation to reality. If we assume (14.24) we obtain 


g(t) - g(0)e~ xt . 

In other words, under the hypothesis (14.24), the number g(t) obeys an exponential decay 
law with decay constant X. The decay constant can be computed in terns of the half-life. 
If t x is the half-life then | = g(ti)lg(0) = e ~ xtl , so X = (log 2)It,. For example, if the 
half-life of a large sample of tubes is known to be 693 hours, we obtain X = (log 2)/693 = 
0 . 001 . 


14.14 Normal distributions 


Let m and a be fixed real numbers, with a > 0. A random variable X is said to have a 
normal distribution with mean m and variance a 1 if the density function / is given by the 
formula 

/(t)--L e ~ot-m)hfn 

oV Itt 

for all real t. The corresponding distribution function F is, of course, the integral 


m = 



1 


e -Uu-m)!a?/2 du . 



Table 14.1 Values of the standard normal distribution function 


®0 = 


1 

yjl-rr 



e U * l2 du. 


t 

0.00 

0.01 

0.02 

0.03 

0.04 

0.05 

0.06 

0.07 

0.08 

0.09 

0.0 

0.5000 

0.5040 

0.5080 

0.5120 

0.5160 

0.5199 

0.5239 

0.5279 

0.5319 

0.5359 

0.1 

0.5398 

0.5438 

0.5478 

0.5517 

0.5557 

0.5596 

0.5636 

0.5675 

0.5714 

0.5753 

0.2 

0.5793 

0.5832 

0.5871 

0.5910 

0.5948 

0.5987 

0.6026 

0.6064 

0.6103 

0.6141 

0.3 

0.6179 

0.6217 

0.6255 

0.6293 

0.6331 

0.6368 

0.6406 

0.6443 

0.6480 

0.6517 

0.4 

0.6554 

0.6591 

0.6628 

0.6664 

0.6700 

0.6736 

0.6772 

0.6808 

0.6844 

0.6879 

0.5 

0.6915 

0.6950 

0.6985 

0.7019 

0.7054 

0.7088 

0.7123 

0.7157 

0.7190 

0.7224 

0.6 

0.7257 

0.7291 

0.7324 

0.7357 

0.7389 

0.7422 

0.7454 

0.7486 

0.7517 

0.7549 

0.7 

0.7580 

0.7611 

0.7642 

0.7673 

0.7704 

0.7734 

0.7764 

0.7794 

0.7823 

0.7852 

0.8 

0.7881 

0.7910 

0.7939 

0.7967 

0.7995 

0.8023 

0.8051 

0.8078 

0.8106 

0.8133 

0.9 

0.8159 

0.8186 

0.8212 

0.8238 

0.8264 

0.8289 

0.8315 

0.8340 

0.8365 

0.8389 

1.0 

0.8413 

0.8438 

0.8461 

0.8485 

0.8508 

0.8531 

0.8554 

0.8577 

0.8599 

0.8621 

1.1 

0.8643 

0.8665 

0.8686 

0.8708 

0.8729 

0.8749 

0.8770 

0.8790 

0.8810 

0.8830 

1.2 

0.8849 

0.8869 

0.8888 

0.8907 

0.8925 

0.8944 

0.8962 

0.8980 

0.8997 

0.9015 

1.3 

0.9032 

0.9049 

0.9066 

0.9082 

0.9099 

0.9115 

0.9131 

0.9147 

0.9162 

0.9177 

1.4 

0.9192 

0.9207 

0.9222 

0.9236 

0.9251 

0.9265 

0.9279 

0.9292 

0.9306 

0.9319 

1.5 

0.9332 

0.9345 

0.9357 

0.9370 

0.9382 

0.9394 

0.9406 

0.9418 

0.9429 

0.9441 

1.6 

0.9452 

0.9463 

0.9474 

0.9484 

0.9495 

0.9505 

0.9515 

0.9525 

0.9535 

0.9545 

1.7 

0.9554 

0.9564 

0.9573 

0.9582 

0.9591 

0.9599 

0.9608 

0.9616 

0.9625 

0.9633 

1.8 

0.9641 

0.9649 

0.9656 

0.9664 

0.9671 

0.9678 

0.9686 

0.9693 

0.9699 

0.9706 

1.9 

0.9713 

0.9719 

0.9726 

0.9732 

0.9738 

0.9744 

0.9750 

0.9756 

0.9761 

0.9767 

2.0 

0.9772 

0.9778 

0.9783 

0.9788 

0.9793 

0.9798 

0.9803 

0.9808 

0.9812 

0.9817 

2.1 

0.9821 

0.9826 

0.9830 

0.9834 

0.9838 

0.9842 

0.9846 

0.9850 

0.9854 

0.9857 

2.2 

0.9861 

0.9864 

0.9868 

0.9871 

0.9875 

0.9878 

0.9881 

0.9884 

0.9887 

0.9890 

2.3 

0.9893 

0.9896 

0.9898 

0.9901 

0.9904 

0.9906 

0.9909 

0.9911 

0.9913 

0.9916 

2.4 

0.9918 

0.9920 

0.9922 

0.9925 

0.9927 

0.9929 

0.9931 

0.9932 

0.9934 

0.9936 

2.5 

0.9938 

0.9940 

0.9941 

0.9943 

0.9945 

0.9946 

0.9948 

0.9949 

0.9951 

0.9952 

2.6 

0.9953 

0.9955 

0.9956 

0.9957 

0.9959 

0.9960 

0.9961 

0.9962 

0.9963 

0.9964 

2.7 

0.9965 

0.9966 

0.9967 

0.9968 

0.9969 

0.9970 

0.9971 

0.9972 

0.9973 

0.9974 

2.8 

0.9974 

0.9975 

0.9976 

0.9977 

0.9977 

0.9978 

0.9979 

0.9979 

0.9980 

0.9981 

2.9 

0.9981 

0.9982 

0.9982 

0.9983 

0.9984 

0.9984 

0.9985 

0.9985 

0.9986 

0.9986 

3.0 

0.9987 

0.9987 

0.9987 

0.9988 

0.9988 

0.9989 

0.9989 

0.9989 

0.9990 

0.9990 

3.1 

0.9990 

0.9991 

0.9991 

0.9991 

0.9992 

0.9992 

0.9992 

0.9992 

0.9993 

0.9993 

3.2 

0.9993 

0.9993 

0.9994 

0.9994 

0.9994 

0.9994 

0.9994 

0.9995 

0.9995 

0.9995 

3.3 

0.9995 

0.9995 

0.9995 

0.9996 

0.9996 

0.9996 

0.9996 

0.9996 

0.9996 

0.9997 

3.4 

0.9997 

0.9997 

0.9997 

0.9997 

0.9997 

0.9997 

0.9997 

0.9997 

0.9997 

0.9998 

3.5 

0.9998 

0.9998 

0.9998 

0.9998 

0.9998 

0.9998 

0.9998 

0.9998 

0.9998 

0.9998 

3.6 

0.9998 

0.9998 

0.9999 

0.9999 

0.9999 

0.9999 

0.9999 

0.9999 

0.9999 

0.9999 
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Figure 14.9 The standard normal distribu¬ 
tion function: m = 0, o = 1. 



Figure 14.10 The density function of a 
normal distribution with mean m and 
variance cr 2 . 


It is clear that this function F is monotonic increasing, continuous everywhere, and tends 
to 0 as t —> — co. Also, it can be shown that F(t) —* 1 as t —> + cc. (See Exercise 7 of 
Section 14.16.) 

The special case m = 0, a = 1 is called the standard normal distribution. In this case 
the function F is usually denoted by the letter ( t>. Thus, 


0(0 = 




du . 


The general case can be reduced to the standard case by introducing the change of variable 
v = (w — m)ja in the integral for F. This leads to the formula 


m 


=ff)- 


A four-place table of values of 0(?) for values of t spaced at intervals of length 0.01 is 
given in Table 14.1 for t = 0.00 to t = 3.69. The graph of 0 is shown in Figure 14.9. The 
graph of the densityfis a famous “bell-shaped” curve, shown in Figure 14.10. The top of 

the bell is directly above the mean m. For large values of O the curve tends to flatten out; 
for small a it has a sharp peak, as in Figure 14.10. 

Normal distributions are among the most important of all continuous distributions. 
Many random variables that occur in nature behave as though their distribution functions 

are normal or approximately normal. Examples include the measurement of the height 
of people in a large population, certain measurements on large populations of living 
organisms encountered in biology, and the errors of observation encountered when making 

large numbers of measurements. In physics, Maxwell’s law of velocities implies that the 

distribution function of the velocity in any given direction of a molecule of mass M in a 
gas at absolute temperature T is normal with mean 0 and variance Ml(kT), where k is a 
constant (Boltzmann’s constant). 

The normal distribution is also of theoretical importance because it can be used to 
approximate the distributions of many random phenomena. One example is the binomial 
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Figure 14.11 The density function of a normal distribution considered as an approxi¬ 
mation to the probability mass function of a binomial distribution. 


distribution with parameters n and p. If X is a random variable having a binomial distri¬ 
bution with parameters tl andp, the probability P(a < X < b) is given by the sum 

p k q n ~ k , 

where q = 1 — p. For a large n, laborious computations are needed to evaluate this sum. 
In practice these computations are avoided by use of the approximate formula 



where the symbol rv means that the two sides of (14.25) are asymptotically equal; that is, 
the ratio of the left member to the right member approaches the limit 1 as p —► oo. The 
limit relation expressed in (14.25) is a special case of the so-called central limit theorem of 
the calculus of probabilities. This theorem (discussed in more detail in Section 14.30) 
explains the theoretical importance of normal distributions. 

Figure 14.11 illustrates approximate formula (14.25) and shows that it can be accurate 
even for a relatively small value of n. The dotted lines are the ordinates of the probability 
mass function p of a binomial distribution with parameters n = 10 and p = \. These 
ordinates were computed from the formula 




P(t ) = P(X = t) = 


f o r t = 0, 1, 2, . . . , 10. 
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The ordinates for t = 7, 8 , 9, and 10 are not shown because their numerical values are 
too near zero. For example, />(10) = (|) 10 = 2 10 /10 10 = 0.0000001024. The smooth 
curve is the graph of the density function f of a normal distribution (with mean m = np = 2 
and variance cr 2 = npq = 1.6). To compute the probability P(a < t < b) from the mass 
function p we add the function values p(t) at the mass points in the interval a < t < b. 
Each value p(t) may be interpreted as the area of a rectangle of height p(t) located over 
an interval of unit length centered about the mass point t. (An example, centered about 
t = 3, is shown in Figure 14.11.) The approximate formula in (14.25) is the result of 

replacing the areas of these rectangles by the area of the ordinate set off over the interval 

fa - \,b + $]. 

14.15 Remarks on more general distributions 

hi the foregoing sections we have discussed examples of discrete and continuous distribu¬ 
tions. The values of a discrete distribution are computed by adding the values of the 
corresponding probability mass function. The values of a continuous distribution with a 
density are computed by integrating the density function. There are, of course, distribu¬ 

tions that are neither discrete nor continuous. Among these are the so-called “mixed” 
types in which the mass distribution is partly discrete and partly continuous. (An example 
is shown in Figure 14.3.) 

A distribution function F is called mixed if it can be expressed as a linear combination 
of the form 

(14.26) F(t) = C^ft) + C 2 F 2 (t), 

where F 1 is discrete and F 2 is continuous. The constants cq and C 2 must satisfy the relations 

0 < Cj < 1, 0 < C 2 < 1, c l + C 2 = 1 . 

Properties of mixed distributions may be found by studying those that are discrete or 
continuous and then appealing to the lineality expressed in Equation (14.26). 

A general kind of integral, known as the Riemann-Stieltjes integral, makes possible a 
simultaneous treatment of the discrete, continuous, and mixed cases.7 Although this 
integral unifies the theoretical discussion of distribution functions, in any specific problem 

the computation of probabilities must be reduced to ordinary summation and integration. 
In this introductory account we shall not attempt to describe the Riemann-Stieltjes integral. 
Consequently, most of the topics we discuss come in pairs, one for the discrete case and one 

for the continuous case. Flowever, we shall only give complete details for one case, leaving 

the untreated case for the reader to work out. 

Even the Riemann-Stieltjes integral is inadequate for treating the most general distribu¬ 
tion functions. But a more powerful concept, called the Lebesgue-Stieltjes integral,! does 
give a satisfactory treatment of all cases. The advanced theory of probability cannot be 
undertaken without a knowledge of the Lebesgue-Stieltjes integral. 


t A discussion of the Riemann-Stieltjes integral may be found in Chapter 9 of the author's Mathematical 
Analysis, Addison-Wesley Publishing Company, Reading, Mass. 1957. 

+ See any book on measure theory. 
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14.16 Exercises 

1. Let X be a random variable which measures the lifetime (in hours) of a certain type of vacuum 
tube. Assume X has an exponential distribution with parameter A = 0.001 . Determine T 
so that P(X > T) is (a) 0.90; (b) 0.99. You may use the approximate formula -log (1 — x) = 

x + x~\A in your calculations. 

2. A radioactive material obeys an exponential decay law with half-life 2 years. Consider the 
decay time X (in years) of a single atom and assume that X is a random variable with an 
exponential distribution. Calculate the probability that an atom disintegrates (a) in the interval 
1 <> X <, 2 ; (b) in the interval 2 < X < 3 ; (c) in the interval 2 < X < 3, given that it has 
not disintegrated in the interval 0 < X < 2 ; (d) in the interval 2 < X < 3, given that it 
has not disintegrated in the interval 1 < X < 2. 

3. The length of time (in minutes) of long distance telephone calls from Caltech is found to be a 
random phenomenon with probability density function 



Determine the value of c and calculate the probability that a long distance call will last (a) 
less than 3 minutes; (b) more than 6 minutes; (c) between 3 and 6 minutes; (d) more than 
9 minutes. 

4. Given real constants A > 0 and c. Let 


/(') = 


\Ae 

0 


if l >. c, 

if t <c . 


Verify that f(t) dt = 1, and determine a distribution function F havingfas its density. 
This is called an exponential distribution with two parameters, a decay parameter A and a 
location parameter c, 

5. State and prove an extension of Theorem 14.9 for exponential distributions with two parameters 
A and c. 

6 . A random variable X has an exponential distribution with two parameters A and c. Let Y = 
aX + b, where a > 0. Prove that Y also has an exponential distribution with two parameters 
I' and c , and determine these parameters in terms of a, b, c, and ii. 

7. In Exercise 16 of Section 11.28 it was shown that J “ dx = yJit/2. Use this result to prove 
that for a > 0 we have 



8 . A random variable X has a standard nomial distribution ©. Prove that (a) ®( -*) = 1 - 
®(*); (b)P(|Y| < k) = 2 0(/c) - 1 ; (c) P(\X\ > k) = 2(1 - Q(k)). 

9. A random variable X has a standard normal distribution ®. Use Table 14.1 to calculate each 
of the following probabilities: (a) P(X > 0) ; (b) P(1 < X < 2) ; (c) / , (|A r | < 3) ; (d) 

P{\X | > 2 ). 

10. A random variable X has a standard normal distribution <f>. Use Table 14.1 to find a number c 
such that (a)P(|Y| > c) = |; (b) / > (|Jf| > c) = 0.98. 

11. Assume Xhas a normal distribution function Fwith mean m and variance a 2 , and let denote 
the standard normal distribution. 
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(a) Prove that 



(b) Find a value of c such that P(\X — m\ > c) = Jr. 

(c) Find a value of c such that P(\X — m\ > c) = 0.98. 

12. A random variable Xis normally distributed with mean in = 1 and variance a 2 = 4. Calculate 
each of the following probabilities: (a) P( -3 < X < 3) ; (b) P( -5 < X < 3). 

13. An architect is designing a doorway for a public building to be used by people whose heights 

are normally distributed, with mean m = 5 ft. 9 in., and variance c 2 where 0 = 3 in. How low 

can the doorway be so that no more than 1 % of the people bump their heads? 

14. If X has a standard normal distribution, prove that the random variable Y = aX + b is also 
normal if a X 0. Determine the mean and variance of Y. 

15. Assume a random variable X has a standard normal distribution, and let Y = Y 2 . 

(a) Show that F v (t)= ■ ~ f e““ 2 / 2 du if t > 0. 

V277J0 

(b) Determine Fy(t) when t < 0 and describe the density function fy . 


14.17 Distributions of functions of random variables 

If (p is a real-valued function whose domain includes the range of the random variable 
X, we can construct a new random variable Y by the equation 

Y=<p( X), 

which means that Y(w) = tp[X(co )] for each to in the sample space. If we know the distribu¬ 
tion function F x of X. how do we find the distribution Fy of Y? We begin with an impor¬ 
tant special case. Suppose that <p is continuous and strictly increasing on the whole real 
axis and takes on every real value. In this case cp has a continuous strictly increasing 
inverse ip such that, for all x and y, 

y — <p{x ) if and only if x = ip{y). 

By the definition of Fy we have 

Fy{t)=P{Y <t)=P[(p(X)<t]. 

Since (f is strictly increasing and continuous, the events “ tp(X ) < t" and “X K. ip(t)” are 
identical. Therefore P[<f>(X) < /] = P[X < if(t)] = F x [ip(t)] . Hence the distributions Fy 
and F x are related by the equation 

( 14 . 27 ) Fy(t) — F x [ip(t)]. 

When the distribution F x and the function ip have derivatives we can differentiate both 
sides of (14.27), using the chain rule on the right, to obtain 


F'y(t)= 
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This gives us the following equation relating the densities: 

fr(t)= fxbp(t)]-V } '(t)- 

example 1. Y = aX + b , a > 0. In this case we have 

y _ 7 _ Y 

cp{x) = ax + b, f(y) = —— , v'(y ) = - • 

a a 

Since (f is continuous and strictly increasing we may write 

MO = Fx (““) and ^’0) = Kfx ■ 

example 2. Y = X 2 . In this case <p(x) = X 2 and the foregoing discussion is not directly 
applicable because <p is not strictly increasing. However, we can use the same method of 
reasoning to determine F Y and fy . By the definition of Fy u>e have 


Fy(l) = P(X 2 < t). 

If t < 0 the event “X 2 < f” is empty and hence P(X 2 < f) = 0. Therefore F r (t) = 0 for 
t<0. Ift>Owehave 

P(X 2 <t) = P{-y/t < X < Vo = F x (xt) - F x (-s/~t) + PiX - -Vo- 


relation between F Y and F 


For a continuous distiibution F x we have P(X = —V t) — 0 and we obtain the following 

A' : 

'0 if r < 0, 

Fx(xt) — F x (—\lt) if t>0. 


Fy(t) . 


For all t < 0 and for those t > 0 such that F x is differentiable at V t and at —\Jt we have 
the following equation relating the densities: 


0 


frit) = 1,/ WO + M-VO 

2s/l 


if t < 0, 


if t > 0 


Further problems of this type will be discussed in Section 14.23 with the help of two- 
dimensional random variables. 


14.18 Exercises 

1. Assume X has a uniform distribution on the interval [0, 1], Determine the distiibution function 
Fy and a probability density fy of the random variable Y if: 

(a) Y = 3X + 1, (d) Y = log \X \, 

(b) Y = -3X + 1, (e) Y = log X 2 , 

(c) Y = X 2 , (f) Y = e x . 
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2. Let X be a random variable with a continuous distribution function Fx . If (p is continuous and 
strictly increasing on the whole real axis and if q>(x) -*■ a as x -»■ — oo and 95(x)-»foasx-^-+cc, 
determine the distribution function Fy of the random variable Y = <f{X ). Also, compute a 
density fy , assuming that Fx and <p are differentiable. 

3. Assume X has a standard normal distribution. Determine a probability density function of the 
random variable Y when 

(a) Y = X 2 , (c) Y = e x , 

(b) Y = \X\' A , (d) Y = arctan X. 


14.19 Distributions of two-dimensional random variables 

The concept of a distribution may be generalized to n-dimensional random variables 
in a straightforward way. The treatment of the case n = 2 will indicate how the extension 
takes place. 

If X and Y are two one-dimensional random variables defined on a common sample 
space S, (X, Y) will denote the two-dimensional random variable whose value at a typical 
point o) of S is given by the pair of real numbers (X(w), Y(w)). The notation 

X < a, Y<b 

is an abbreviation for the set of all elements o> in S such that X(o>) < a and Y(w) < b ; 
the probability of this event is denoted by 

P(X < a, Y K.b). 

Notations such as a < X Kb, c<Y < d, and P(a < X K b, c < Y K d) are similarly 
defined. 

The set of points (x, y ) such that x K a and y < b is the Cartesian product A x B of 
the two one-dimensional infinite intervals A = {* j x < aj and B = {y j y Kbj. The 
set A x B is represented geometrically by the infinite rectangular region shown in Figure 
14.12. The number P(X <a, Y < b) represents the probability that a point (X(o), Y(w)) 
lies in this region. These probabilities are the two-dimensional analogs of the one-dimen¬ 
sional probabilities P(X < a), and are used to define two-dimensional probability distribu¬ 
tions. 


definition. The distribution function of the two-dimensional random variable (X, Y) 
is the real-valued function F defined for all real a and b bv the equation 

F(a, b) = P(X < a, YKb). 

It is also known as the joint distribution of the two one-dimensional random variables X and Y. 

To compute the probability that (X, Y) lies in a rectangle we use the following theorem, 
a generalization of Theorem 14.2(b). 



544 


Calculus of probabilities 


v 



Figure 14.12 An infinite rectangular Figure 14.13 The event “X < b, Y d” 6X- 

region Ax B, where A = {x \ X < a} pressed as the union of four disjoint events, 

and B = { y \ y < b}. 


theorem 14.10. Let F be the distribution function of a two-dimensional random variable 
(X, Y). Then if a < b and c <d we have 

(14.28) P(a <X < b, c < Y < d) = F(b, d) — F(a, d) - F{b , c) + F(a, c). 

Proof. The two events “X < a, c < Y < d" and U X < a, Y < c” are disjoint, and 
their union is “X < a, V < d Adding probabilities we obtain P(X < a, C < V < d) + 
P(X <a,Y < C) = P(X < a, y < d); hence 

P(X < a, c < Y < d) = F(a, d) — F(a, c). 

Similarly, we have 

P(a < X <b,Y <c) = F{b, c) - F(a, c). 

Now the four events 

“X<a,Y<c,” "X <a, c <Y <df 

“a<X<b,Y <cf “a<X <b,c <Y <d” 

are disjoint, and then union is “X Kb, Y < d." (See Figure 14.13.) Adding the corre¬ 
sponding probabilities and using the two foregoing equations we obtain 

F(a, c) + [F(a, d) — F(a, c)] + [F(b, c) — F(a, c)] + P(a < X < b, c < Y <d)= F(b,d), 


which is equivalent to (14.28). 
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Formula (14.28) gives the probability that the random variable (X, Y) has a value in 
the rectangle (a, b] x (c, d]. There are, of course, corresponding formulas for the rec¬ 
tangles, [a, b] x [c, d], (a, b) x (c, d), [a, b) x [c, d), and so forth. 

Note: The analogy with mass may be extended to the two-dimensional case. Here the 
total mass 1 is distributed over a plane. The probability P(a < X < b, c < Y < d) 
represents the total amount of mass located in the rectangle (a, b] x (c, dj. The number 
F(a, b) represents the amount in the infinite rectangular region X < a, Y < b . As in 
the one-dimensional case, the two most important types of distributions are those known as 
discrete and continuous. In the discrete case the entire mass is located in lumps concen¬ 
trated at a finite or countably infinite number of points. In the continuous case the mass 
is smeared all over the plane with a uniform or varying thickness. 


14.20 Two-dimensional discrete distributions 

If a random variable ( X, Y) is given we define a new function p, called the probability 
mass function of (X, Y), such that 

p(x,y)=P(X = x, Y = y ) 

for every pair of real numbers (x, y). Let T denote the set of (x, y) for which p(x, y) > 0. 
It can be shown that T is either finite or countably infinite. If the sum of the p(x, y ) for 
all (x, y) in T is equal to 1, that is, if 

(14.29) 2 P(x, Y) = 1, 

(x,y)eT 

the random variable (X, Y) is said to be discrete (or jointly discrete). The points (x, y) 
in Tare called the mass points of (X, Y). 

Suppose that x 1 , x 2 , x 3 , . . . and y x , j 2 , J 3 , • • • are among the possible values of X and 
Y, respectively, and let 

Pa =P{X = Xi, Y = yi). 

If each p i} is positive and if the sum of all the p. t> is 1, then the probability of an event 
“(X, Y) £ E" is the sum of all the p (j taken over all x t and y j for which (x t . y } ) E E. We 
indicate this by writing 

P[(X, Y)eE]= 12 Pij . 

Xi Vj 

\x iy iij)eE 

hi particular, since P(X < x, Y <[ y) = F(x, y), the joint distribution F (which is also 
called discrete) is given by the double sum 

(14-30) F(x,y)= l l Pij . 

Xi <x V)<y 


The numbers can also be used to reconstruct the probability mass functions p x 
and Py of the one-dimensional random variables X and Y. In fact, if E ii denotes the 
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event “X = .v,, Y = v ; -the events E n , £„, £, 3 , • • . are disjoint and their union is the 
event “X = x t Hence, by countable additivity, we obtain 

00 00 

(14.31) P(X = Xi) = 2 P(£„) = 2 Pa- 

i=l 3=i 

Similarly, we have 

00 CO 

(14.32) P(Y = y,) = 2 p ( E u) = 2 Pa • 

i=l i=i 

Therefore, the corresponding one-dimensional distributions Ex and F Y can be computed 
from the formulas 

Exit) = 2 P(X = *.) = 2 2 Pa 

Xi<t Xi<t } = 1 

and 

Fy(t) = 2P(Y=y i ) = 2 2 Pit- 

Vi<t Vj<ti —1 

For finite sample spaces, of course, the infinite series are actually finite sums. 


14.21 Two-dimensional continuous distributions. Density functions 

As might be expected, continuous distributions are those that are continuous over the 
whole plane. For the majority of continuous distributions F that occur in practice there 
exists a nonnegative function f (called the probability density of F) such that the proba¬ 
bilities of most events of interest can be computed by double integration of the density. 
That is, the probability of an event “(X, Y) £ Q" is given by the integral formula 


(14.33) P[(X, Y) e Q] = j jr. 

Q 

When such anfexists it is also called a probability density of the random variable (X, Y), 
or a joint density of X and Y. We shall not attempt to describe the class of regions Q for 
which (14.33) is to hold, except to mention that this class should be extensive enough to 
include all regions that arise in the ordinary applications of probability. For example, if a 
joint density exists we always have 

(14.34) P(a < X <b, c < Y <d) = }//(*> y ) dx dy, 

R 

where R = [a, b] x [c, d]. The integrand f is usually sufficiently well behaved for the 
double integral to be evaluated by iterated one-dimensional integration, in which case 
(14.34) becomes 

P{a < X < b, c < Y < d) = y) dx] dy = [j‘V(w y) dy] dx. 

In all the examples we shall consider, this formula is also valid in the limiting cases in 
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which a and C are replaced by — 00 and in which b and d are replaced by + 00 . Thus 
we have 

(14.35) F(b, d) = J_ ro [/_. /(x> y) dx] dy = [J_ w f(x, y ) dy] dx 

for all b and d, and 

ii4 - 36 > c [/:: ,(x ' y) *] ^=c / n /<*< ^<«&=1. 

Equations (14.35) and (14.36) are the continuous analogs of (14.30) and (14.29), 
respectively. 

If a density exists it is not unique, since the integrand in (14.33) can be changed at a 
finite number of points without affecting the value of the integral. However, there is at 
most one continuous density function. In fact, at points of continuity off we have the 
formulas 

f(x, }’) = D 12 F(x, y) = D 21 F(x, y ) , 


obtained by differentiation of the integrals in (14.35). 

As in the discrete case, the joint density f can be used to recover the one-dimensional 
densities f x and f Y . The formulas analogous to (14.31) and (14.32) are 

+oo 

fx(x) —/(*, y)dy and f r (y) = J ^ fix, y) dx . 

The corresponding distributions F,(t) and F Y {t ) are obtained, of course, by integrating the 
respective densities fx an d f Y from — oo to t. 

The random variables X and Y are called independent if the joint distribution F{x, y) can 
be factored as follows, 

F{x, y) = F x (x)F v (y) 

for all (x, y). Some consequences of independence are discussed in the next set of exercises. 

example . Consider the functionfthat has the constant value 1 over the square R = 
10 , 1] X [ 0 , l], and the value 0 at all other points of the plane. A random variable (X, Y) 
having this density function is said to be uniformly distributed over R. The con'esponding 
distributions function F is given by the following formulas: 


'xy 

if ( x,y)eR, 



X 

if 0 < X < 1 

and 

y > i> 

y 

if 0<y<l 

and 

X > 1 , 

i 

if X > l 

and 

y>i, 


otherwise. 




The graph of F over R is part of the saddle-shaped surface z = xy . At all points (x, y) not 
on the boundary of R the mixed partial derivatives D 1 .,F(x, y) and D 2 x F(x, y) exist and 
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are equal to f(x, y). This distribution is the product of two one-dimensional uniform 
distributions F x and F Y ■ Hence X and Y are independent. 


14.22 Exercises 

1. Let X and Y be one-dimensional random variables with distribution functions F x and Fy, 
and let F be the joint distribution of X and Y. 

(a) Prove that X and Y are independent if and only if we have 

P(a < X <, b, c <Y <, d) = P(a < X <, b)P{c <Y£d) 
for all a, b, c, d, with a < b and c < d. 

(b) Consider the discrete case. Assume X 2> ■ ■ ■ and y 1 , y 2 , . . . are the mass points of X 
and Y, respectively. Let a { = P(X = x/) and b } = P(Y = y } ) . If p (j = P(X = X{ , Y = yp , 
show that X and Y are independent if p ( j = a t bj for all i and j. 

(c) Let X and Y have continuous distributions with corresponding densities f x and f Y and 
let f denote the density of the joint distribution. Assume the continuity of all three densities. 
Show that the condition of independence is equivalent to the statement f(x, y) =f x ( x)f Y (y) 
for all (x, y). [Hint: Expressfas a derivative of the joint distribution /\] 

2. Refer to Exercise 1. Suppose that P(X = x lt Y = y x ) = P(X = jc 2 , Y = y 2 ) — p/2 and that 
P(X = Xi, Y = y 2 ) = P(X = x 2 , Y = yd — qjl, where p and q are nonnegative with sum 1. 

(a) Determine the one-dimensional probabilities P(X = x t ) and P( Y = y .) for / — l, 2 and 
7 = 1 , 2 . 

(b) For what value (or values) of p will X and Y be independent? 

3. If a < b and c < d, defmefas follows: 

f(x, y) = |(b - a)(d - c) lf <X ’ y) 6 [a ’ ^ (a) (b) (c) d] ’ 

(^0 otherwise. 


(a) Verify that this is the density of a continuous distribution F and determine p. 

(b) Determine the one-dimensional distributions Fx and Fy , 

(c) Determine whether or not X and Y are independent. 

4. If P[ Y <, b) 0 , the conditional probability that X a, given that Y ^ , is denoted by 

P(X ^ a | Y <,b) , and is defined by the equation 


P(X<,a Y<b) = 


P(X <a,Y <b) 
P(Y < b) 


If P(Y <, b) =0, we define P(X < a | Y < b) = P(X <, a). Similarly, if P(X < a) 9*0, 
we define P( Y £ b \ X <, a) = P(X < a, Y <, b)IP(X <, a). If P(X < a) - 0, we define 
P(Y<,b\X^a) =P(Y£b). 

(a) Refer to Exercise 1 and describe the independence of X and Y in terms of conditional 
probabilities. 

(b) Consider the discrete case. Assume x 1 , x 2 , ■ ■ ■ and y 1 , y 2 , . . . are the mass points of X 
and Y, respectively. Show that 

oo 

P{X = *,) = 2 P(Y= Vj)P(X = x t \ Y= yf 

3=1 


KY = y t ) = 2 Pi* = x t )P( Y=y j \X = x i ). 

i=l 


and 
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5. A gambling house offers its clients the following game: A coin is tossed. If the result of the 
first throw is tails, the player loses and the game is over. If the first throw is heads, a second 
throw is allowed. If heads occur the second time the player wins $2, but if tails comes up the 
player wins $1. Let X be the random variable which is equal to 1 or 0, according to whether 
heads or tails occurs on the first throw. Let Y be the random variable which counts the number 
of dollars won by the player. Use Exercise 4 (or some other method) to compute P( Y = 0), 
P(Y = 1), andP(Y = 2 ). 

6. Refer to Exercise 4. Derive the so-called Bayes’ formulas : 


P(X = x k \ Y=y } ) 


P(X = x lc )P(Y=y j \X = x k ) 
l&PW^xm Y = y j \X=x i )' 


P{Y — y k \X — xf) 


P(Y =y k )P(X = x i \ Y =y k ) 

IA P(X = yj)P(X = Xi | Y = yj )' 


7. Given two urns A and B. Um A contains one $5 bill and two $10 bills. Um B contains three 
$5 bills and one $10 bill. Draw a bill from um A and put it in um B, Let Y be the random 
variable which counts the dollar value of the bill transferred. Now draw a bill from um B 
and use the random variable Xto count its dollar value. Compute the conditional probabilities 

P( Y = 5 | X= 10) and P(Y = 10 | X = 10), 

[Hint: Use Bayes’ formulas of Exercise 6 .] 

8 , Given three identical boxes, each containing two drawers. Box number 1 has one gold piece 
in one drawer and one silver piece in the other. Box 2 has one gold piece in each drawer and 
Box 3 has one silver piece in each drawer. One drawer is opened at random and a gold piece 
is found. Compute the probability that the other drawer in the same box contains a silver piece. 
[Hint: Use Bayes’ formulas of Exercise 6 .] 

9, Let Q be a plane region with positive area u(Q). A continuous two-dimensional random 
variable (X, Y) is said to haV£ a uniform distribution over Q if its density functionfis given by 
the following formulas : 

|1 /a(Q) if (x,y)GQ, 

,y) (0 if (x,y)£Q. 

(a) If E is a subregion of Q with area a (E) , show that a(E)ja(Q) is the probability of the event 

C X,Y)eE . 

(b) Raindrops fall at random on the square Q with vertices (1, 0), (0, 1), (-1, 0), (0, -1). 
An outcome is the point (x, y) in Q struck by a particular raindrop. Let X(x, y) = x and 
Y(x, y) = y and assume (X, Y) has a uniform distribution over Q. Determine the joint 
density function f and the one-dimensional densities and A . Are the random variables X 
and Y independent? 

10. A two-dimensional random variable ( X , Y) has the joint distribution function F. Let U = 
X — a, V = Y — b, where a and b are constants. If G denotes the joint distribution of 
(i/, V) show that 

G(u, v ) = F(u + a, v + b). 

Derive a similar relation connecting the density functionfof ( X , Y) andg of ( U , V) whenfis 
continuous. 
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14.23 Distributions of functions of two random variables 

We turn now to the following problem: If X and Y are one-dimensional random 
variables with known distributions, how do we find the distributionof new random variables 
such as X + Y, XY, or X 2 + Y 2 ? This section describes a method that helps to answer 
questions like this. Two new random variables U and V are defined by equations of the 
form 

U — M(X, Y), v = N(X, Y ), 

where M(X, Y) or N(X, Y) is the particular combination in which we are interested. From 
a knowledge of the joint distribution / of the two-dimensional random variable (X, Y) 
we calculate the joint distribution g of (JJ, V), Once g is known, the individual distribu¬ 
tions of U and V are easily found. 

To describe the method in detail, we consider a one-to-one mapping of the xy-plane 
onto the Mr-plane defined by the pair of equations 

u - M(x, y), V — N(x, y). 

Let the inverse mapping be given by 

x = Q(u, v), y = R(u, V ) , 

and assume that Q and R have continuous partial derivatives. If T denotes a region in the 
xy-plane, let T denote its image in the uv-plane, as suggested by Figure 14.14. Let X and 
Y be two one-dimensional continuous random variables having a continuous joint distribu¬ 
tion and assume (X, Y) has a probability density function f. Define new random variables 
U and 1/ by writing U = M(X, Y), V = N(X, Y). To determine a probability density g 
of the random variable (U, V) we proceed as follows: 

The random variables X and Y are associated with a sample space S. For each to in S 
we have U(co) = M[X(o)), Y(w)] and V(w) = N[X(co), Y{(n)\. Since the mapping is 
one-to-one, the two sets 

{co | ( U(co ), V(co)) e T'} and {w | (X(w), Y(m)) 6 T) 
are equal. Therefore we have 


( 14 . 37 ) P[(U, V) e T'] = P[{X, 7 ) G T]. 

Since f is the density function of (X, Y) we can write 


(14.38) 


P[(X, Y) G T] = f j f(x, y) dx dy. 

T 


Using (14.37) and the formula for transforming a double integral we rewrite (14.38) as 
follows : 


P[(U, Y) e T'J = f{Q(u, v), R(u, v )] 


d(Q ■ R) 

I d(u,, v) I 


du dv. 
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y 

u = M(x,y) 
v = N(xy) 


x = Q(u,v) 
y = R(u,v) 


U 


figure 14.14 A one-to-one mapping of a region Tin the xy-plane onto a region T' in 

the uv-plane. 

Since this is valid for every region T' in the uu-plane a density g of (U, V) is given by the 
integrand on the right; that is, we have 

(14.39) g(u, v) = f[Q(u, v), R(u, u)] 

The densities fjj and fy can now be obtained by the integration formulas 

poo poo 

fu( u ) = I *0 dv , fv( v ) = I g(u> v) du . 

•s —00 —00 

example 1. The sum and difference of tv/o random variables. Given two one-dimensional 
random variables X and Y with joint density f, determine density functions for the random 
variables U = X + Yand V = X- Y. 

Solution. We use the mapping given by U = x + y . v = X — . This is a nonsingular 

linear transformation whose inverse is given by 

U + V u — V 

x = — = Q(u, V), y = — = R(u, v). 

The Jacobian determinant is 

d_Q dQ 
d(Q, R) = du dv 
3(u,v) a R dR 
du dv 



d(Q, R) 
S(u, v) 
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Applying Equation (14.39) we see that a joint density g of (U, V) is given by the formula 


g(“> 


(u + V u — v\ 

3( Q, R) 

\ 2 ’ 2 j 

d (u, v) 


— if / u + r u — v \ 
~ 2 J { 2 ’ 2 ) 


To obtain a density f v = f x+Y we integrate with respect to v and find 

The change of variable x = |(w + v) , dx = \ du, transforms this to 

fx+r( u ) = J fix, u - x) dx. 

v—00 

Similarly, we find 


f(x, x — v) dx. 


An important special case occurs when X and Y are independent. In this case the joint 
probability density factors into a product. 


f(x,y) =fx(x)fv(y), 


and the integrals for f x+Y an£ i fx-Y become 

/*00 1*00 
fx+yi w) = - x) dx, f x .. Y (v) = J_ 00 fx(x)f Y (x ~v)dx. 

example 2. Thesum of two exponential distributions. Suppose now that each of X and Y 

has an exponential distribution, say f x (t) = f Y (t ) = 0 for t < 0, and 

fx (0 = fr (0 = l ierllt for t > 0. 

Deteimine the density of X + Y when X and Y are independent. 

Solution. If u < 0 the integral for f x+Y {u) is 0 since the factor f x (x) = 0 for x < 0, 
and the factor f Y {u — x) = 0 for x > 0. If u > 0 the integral for f x +y( u ) becomes 


f x+Y (u) = /“ ke~ lx ne-» (u - x] dx = f“ dx . 

To evaluate the last integral we consider two cases, p, = X and [ijtl. 
If n = X the integral has the value u and we obtain 


If n l we obtain 


Ix+y (. u ) — tye 


fx+r( u ) - ^ 2 ue 

_ j 


for u > 0, 


-Aw 


-/it* 


jX — % 


= l[X ■ 


/* 


for u > 0. 
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example 3. The maximum and minimum of two independent random variables. Let X and 
Y be two independent one-dimensional random variables with densities f x and fy and 
corresponding distribution functions F x and Fy . Let U and V be the random variables 

U = max {X, Y}, V = min {X, Y(. 

That is, for each ft) in the sample space, U(m) is the maximum and V(a >) is the minimum of 
the two numbers X(o), Y(o). The mapping u = max { x,y }, v = min {x, y} is not one- 
to-one, so the procedure used to deduce Equation (14.39) is not applicable. However, in 
this case we can obtain the distribution functions of U and V directly from first principles. 

First we note that U K t if, and only if, X < t and Y < t . Therefore P(U < l) = 

P(X <^t, Y<Jf). By independence this is equal to P(X ^ t)P( Y < t) = F x {t)Fy(t). 

Thus, we have 

Fu(t) = F x (t)Fy(t). 

At each point of continuity of f x and fy we can differentiate this relation to obtain 

fuO) = fx( { )Fy(t) + Fx(t)fy(t) ■ 

Similarly, we have V > t if and only if X > t and Y > t. Therefore 

F v (t ) = P(V <t) = 1 - P(V > t) = 1 - P(X > t, Y > t) = 1 - P(X > t)P( Y > t) 

= 1 — (1 — 1 - Fy(t)) = F x (t) + Fy{t) - F x (t)Fy(t). 

At points of continuity of f x and fy we differentiate this relation to obtain 

Mt) =f x (t ) +f Y (t) ~f X (t)Fy{t) - F X {t)fy{t). 


14.24 Exercises 

1. Let X and Y be two independent one-dimensional random variables, each with a uniform 
distribution over the interval [0, 1], Let U = X + Y and let V = X — Y. 

(a) Prove that U has a continuous density f y given by 


u i f 0 < u <, 1 , 


/b(«) = 12 - u 


if 1 < u < 2, 
otherwise. 


(b) Describe, in a similar way, a continuous density fy for V. 

(c) Determine whether or not U and V are independent. 

2. Let X and Y be as in Exercise 1, and let U = max [X, Y} , V = min {X, Y} . 

(a) Prove that U has a density function such that fij{t) = 2t for 0 < t < 1, and fy{t) = 0 
otherwise. 

(b) Describe a density function fy for V. 

(c) Determine whether or not U and V are independent. 
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3. Let A'and Y be two independent one-dimensional random variables, each having an exponential 
distribution with parameter A = 1, and let f(x, y ) = /jW/y(j)i the product of the densities of 
Xand Y. 

(a) Let A denote the set of points in the xy-plane at whichf(x, y) > 0. Make a sketch of 
A and of its image A’ under the mapping defined by u = x + y , v = xj{x + y) . 

(b) Let U = X + Y and V = X/(X + Y) be two new random variables, and compute a 
probability density g of (U, V). 

(c) Compute a probability density&. 

(d) Compute a probability density fy . 

4. Let X and Y be two independent random variables, each with a standard normal distribution 
(mean = 0, variance =1). Introduce new random variables U and V by the equations U = 
XjY, v = Y. 

(a) Show that a probability density function of (U, V) is given by the formula 

g(u,v) = — — e -<l+u 2 H> 2 /2 if v < 0. 

' 2jt 

(b) Find a similar formula for computing g(u, v) when v > 0. 

(c) Determine a probability density function of U. 

5. Assume X has the density function given by 


fx(x) = j^V 1 “ * 2 

If an independent random variable Y has density 

'ye ~ 1/2/2 if y> 0, 

0 if y <0, 

find a density function of Z = X Y. 

6. Given two independent one-dimensional random variables X and Y with continuous densities 
f x and fy . Let U and V be two random variables such that X = U cos V, Y = U sin V , with 
U > 0 and -n < V < ^t. 

(a) Prove that U has a density such that f y (u) = 0 for u < 0, and 

f v (u) = u f fx(u cos v)fy(u sin v)dv for u > 0. 

J —JT 



if — 1 < x < 1, 
if |*| > L 


(b) Determine fy and the corresponding distribution Fu explicitly when each of X and Y has 
a normal distribution with mean rn = 0 and variance a 2 . 

7. (a) Assume cq > 0 and <r 2 > 0. Verify the algebraic identity 


where 


^ x - mf j + x - m. 2 J _ - m n \j + - ( m l + m 2 ) J 

a\a\ m^l + {t - m 2 )al 


a* = a? + ai 

i 2’ a: 


and 


m 


erf + oi 
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(b) Given two independent one-dimensional random variables X and Y. Assume X has a 
normal distribution with mean m 1 and variance of, and that Y has a normal distribution with 
mean m 2 and variance n 2 . Prove that X + Y has a normal distribution with mean m = m x + m 2 
and variance a 2 — a 2 + • 

8. Given two one-dimensional random variables Xand Ywith densities f x and f Y and joint density 
f . For each fixed y, define 

f x (x I y = y)= whenever f Y (y) > 0. 

This is called the conditional probability density of X, given that Y = y . Similarly, we define 
the conditional probability density of Y, given that X = x, by the equation 

f Y (y I X = x) = whenever f x (x) > 0. 

fx <x) 

(a) Iffy and f x are positive, prove that f x (x \ Y = y) dx = f Y (y | X = x) dy = 1. 

(b) If f Y and f\ are positive, prove that 

fx(x) = |' X frWx( x I y = y) dy and f Y (y) = f“ fx(x)fy(y \ X = x)dx. 

J —CO J —CO 

9. A random variable (X, Y) is said to have a normal bivariate distribution if its density function 
/ is given by the formula 

fix, y) 

J LiT 

where Q(x, y) is the quadratic form 


Q(x, y) = A u (x - x 0 ) 2 + 2A 12 (x - x (l )(y - Jo ) + A 22 (y - y (i f. 

The numbers A n , A„ , A 22 are constants with A n > 0. The number D = A n A 22 — A”„ is 
called the discriminant of Q and is assumed to be positive. The numbers x 0 and y 0 are arbitrary, 
(a) Show that Q(x, y) can be expressed as a sum of squares as follows: 

, / A ii \ 2 D , 

Q{x, y) = /4 n l u + — vj + — D 12 , where U ~ X ~ x 0 , v = y - y 0 . 


*4-no 

(b) Define the “improper” double integral Jj / (x, y) dx dy to be the limit 

“oo 


+ 00 

jj fi x ,y)dx d y 

—oo 


= fim f{x, y) dx dy, 


where /?(?) is the square [—/, t] x [-t, /]. Show that 


+ C0 

lf(x,y)dxdy = 

— QO 


1. 
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[Hint: Use part (a) to transform the double integral over R(t) into a double integral 
in the uu-plane. Then perform a linear change of variables to simplify the integral and, 
finally, let t -> + oo .] 

10. If a two-dimensional random variable (X, Y) has a normal bivariate distribution as described 
in Exercise 9, show that X and Y themselves are normal one-dimensional random variables 
with means x 0 and y 0 , respectively, and with variances n‘ z (X) = A 22 lD , cr 2 ( Y) = A n j D . 

11. If (X, Y) has a normal bivariate distribution as described in Exercise 9, show that the random 
variable Z = X + Y has a one-dimensional normal distribution with mean x B + j 0 and 
variance (A„ — 2 A 12 + A i2 )/D. 

14.25 Expectation and variance 

The mass interpretation of probability distributions may be carried a step further by 
introducing the concepts of expectation and variance. These play the same role in proba¬ 
bility theory that “center of mass” and “moment of inertia” play in mechanics. Without 
the Stieltjes integral we must give separate definitions for the discrete and continuous cases. 

DEFINITIONS OF EXPECTATION AND VARIANCE. Let Xbe a one-dimensional random variable. 

The expectation of X and the variance ofX are real numbers denoted by E(X) and Var (X) 
respectively, and are defined as follows: 

(a) For a continuous random variable with density function f x , 

= /_* */x(0 dt, 

Var (X) = [t - E(X)Tf x (t) dt. 

(b) For a discrete random variable with mass points x 1 , x 2 ,. . . having probabilities 
p k = P(X = x k ), we define 

E(X) = fx kPk , 

fc =1 

Var (X)=;f [x k ~E(X)fp k . 

k = l 

Note: We say that E(X) and Var (X) exist only when the integral or series in question 
is absolutely convergent. It is understood that the series is a finite sum when the sample 
space is finite; in this case E(X) and Var (X) always exist. They also exist when f x is 0 
outside some finite interval. 

The mathematical expectation E(X) is a theoretically computed value associated with 
the random variable X. In some respects, the distribution acts as though its entire mass 
were concentrated at a single point, £ (X). The true significance of mathematical expecta¬ 
tion in probability theory will be discussed in Section 14.29 in connection with the so-called 
“laws of large numbers.” 

In mechanics, a knowledge of the center of mass alone gives no indication of how the 
mass is spread or dispersed about its center. A measure of this dispersion is provided by 
the “second moment” or “moment of inertia.” In probability theory, this second moment 
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is the variance. It measures the tendency of a distribution to spread out from its expected 
value. In Section 14.28 we shall find that a small variance indicates that large deviations 
from the expected value are unlikely. 

Although the expectation E(X) may be positive or negative, the variance Var (X) is 
always nonnegative. The symbol a 2 is also used to denote the variance. Its positive square 
root is called the standard deviation and is denoted by CT. The standard deviation is a 
weighted average; in fact, a is a weighted root mean square of the distance of each value 
of X from the expected value E(X). The analogous concept in mechanics is the “radius of 
gyration.” 


example 1. Uniform distribution. Let X have a uniform distribution over an interval 
[a, b]. Then fit) = 1/(6 — a) if a < / < b , and fit) = 0 otherwise. Therefore the expec¬ 
tation of X is given by 


E(X) 



b — a Ji 2(6 — a) 


u 4- b 

2 


Thus the mean is the mid-point of the interval. If we write m for (a + 6)/2 and note that 

m — a = b~m = (b~~ a) 12 we find 


i rb i pb—m 

Var (X) =- ( t — m) 2 dt — - uf du = 

b — a M b — a Jscm 


(b - af 


12 


Note that the variance depends only on the length of the interval. 


example 2. Binomial distribution. If X has a binomial distribution with parameters n 
and p we have 


E(X)=^k( n \pY~\ 

Jfc=0 ' ' 


where q = I — p . To evaluate this sum, let 

fix, y)=(x + y) n 


x^y n * 


and note that 


J k^jx k l y n ~ k ~ ^ = nix + yf- 1 


If we multiply both sides of this last equation by x and put x = p and y = q, we obtain 

E(X) = np. 

By a similar argument we may deduce the formula 

n 

Var (X) =^Hk - npf fq n ~ k = npq. 

fc=0 ' f 

Two proofs of this formula are suggested in Exercise 6 of Section 14.27. 
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example 3. Normal distribution. The terms “mean” and “variance” have already been 

introduced in connection with our description of the normal distribution in Section 14.14. 

These terms are justified by the formulas 

E(X) = —f " 00 te - lii - m)M2/2 dt = m 

Osjln J -QO 

and 

Var (X) = P* (1 - mfe- w - m)lafli dt = a 2 

(J\J 277 «/—oo 

Proofs of these formulas are requested in Exercise 7 of Section 14.27 

Gamblers often use the concept of expectation to decide whether a given game of chance 
is favorable or unfavorable. As an illustration we shall consider the game of betting on 
“red” or “black” in roulette. 

example 4. Roulette. A roulette wheel carries the numbers from 0 to 36. The number 

0 appears on a gray background, half of the remaining 36 numbers on a red background, 

and the other half on a black background. The usual methods of betting are: 

(1) Bet $1 on a color (red or black). Possible return: $2. 

(2) Bet $1 on a single number (0 excepted). Possible return: $36. 

(3) Bet $1 on any dozen numbers (0 excepted). Possible return: $3. 

If 0 is the winning number the house wins and all other players lose. 

Let X be the random variable which measures the financial outcome of betting by 
method (1). The possible values of X are = — 1 and x 2 = + 1 . The point probabilities 
are P(X = X x ) = -j-T , P(X = X 2 ) = j j . Therefore the expectation is 

E(X) = (-l)if + (+1)M= - 3 V; 

this is usually interpreted to mean that the game is unfavorable to those who play it. The 
mathematical justification for this interpretation is provided by one of the laws of large 
numbers, to be discussed in Section 14.29 The reader may verily that the expectation has the 
same value for methods (2) and (3) as well. 

example 5. A coin-tossing game, hi a coin-tossing game there is a probability p that 

heads ( H ) will come up and a probability q that tails (Tj will come up, where 0 < p < 1 

andq=l—■ • p ■ The coin is tossed repeatedly until the first outcome occurs a second time; 

at this point the game ends. If the first outcome is H we are paid $1 for each 7 that comes 

up until we get the next H. For example, HTTTH pays $3, but HH pays $0. If the first 
outcome is T the same mles apply with Hand T interchanged. The problem is to determine 
how much we should pay to play this game. For this purpose we shall consider the random 
variable which counts the number of dollars won and compute its expected value. 

For the sample space we take the collection of all possible games that can be played in 
this manner. This set can be expressed as the union of two sets A and B, where 


A = {TT, THT, THHT, THHHT, . . .} and B = (HH, HTH, HTTH, HTTTH, . . .}. 
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We denote the elements of set A (in the order listed) as a„ , a„ a,, . and those of set 

B as b 0 , b x , b% , b 3 , . . . . Next, we assign the point probabilities as follows: 

P( a n) = P n f and P ( b n) = q H p 2 ■ 

(When p = 0, we put P(a a ) = I and let P(x) =0 for all other x in A U B. When* 9 = 0 
we put P(b 0 ) = 1 and let P(x) = 0 for all other x.) In Section 13.21 it was shown that this 
is an acceptable assignment of probabilities. 

The random variable X in which we are interested is defined on the sample space A U B 
as follows : 

X(a n ) = X{b n ) = n for n = 0, 1, 2 ,- 

The event “X = n” consists of the two games a, and b n , SO we have 

P( X = n) = p n q 2 + q n p 2 , 


where p° and q° are to be interpreted as 1 when p = 0 or q — 0. The expectation of X Ls 
given by the sum 

00 00 GO 

(14.40) E(X) = j nP(X = n) = q 2 ^ np n + P 2 ^nq n . 

7i=0 n—0 n= 0 


If either p = 0 or q = 0, we obtain E(X) = 0. Otheivvise we may compute the sums of 
the series in (14.40) by noting that for 0 < % < 1 we have 



71=0 




X 

(1 - X) 2 ■ 


Using this in (14.40) with X = P and X = Cj we obtain, for 0 < p < I, 


E(X) = 


q*p p a q 
(1 - pf + (!' - qf 


= p + 9 = 1. 


We interpret this result by saying that the game is unfavorable to those who pay more than 
$1 to play it. 

This particular example is of special interest because the expectation E(X) is independent 
ofp when 0 < p < 1. In other words, loading the coin in favor of heads or tails does not 
affect the expected value except in the extreme cases in which it is so loaded that it always 
falls heads or always falls tails. Note that, as a function of p, the expectation E(X) is 
discontinuous at the points p = 0 and p = 1. Otherwise it has the constant value 1. This 
interesting example was suggested to the author by H. S. Zuckerman. 


14.26 Expectation of a function of a random variable 

If a new random variable Y is related to a given one X by an equation of the form 
Y = (p(X), its expectation is given (in the continuous case) by the equation 

Loo ? /rWe(t. 


( 14 . 41 ) 




560 


Calculus of probabilities 


The expectation E(Y) can be computed directly in terms of the density fx without deter¬ 
mining the density of Y. In fact, the following formula is equivalent to (14.41): 

(14.42) E(Y) = [ dt . 

*> — 00 

A proof of (14.42) in the most general case is difficult and will not be attempted here. 
However, for many special cases of importance the proof is simple. In one such case, <p 
is differentiable and strictly increasing on the whole real axis, and takes on every real value. 
For a continuously distributed random variable X with density f x we have the following 
formula for the density function fy (derived in Section 14.17): 

f T {t) = f x MO] • fit) , 

where f is the inverse of <p. If we use this in (14.41) and make the change of variable 
U = fit) [so that t = 9 ?(«)], we obtain 

c+co c+co r+°° 

E ( Y ) - J_ w tfy(t) dt - J_ w tf X [f(t)\ ’ fit) dt = J_ k fWxiu) dU , 

which is the same as (14.42). 

When Equation (14.42) is applied to Y = (X — m) 2 , where m = E(X), we obtain 
E(Y) = J it — mff x it) dt = Var (X). 

This shows that variance is itself an expectation. A formula analogous to (14.42) also 
holds, of course, in the discrete case. More generally, it can be shown that 

r+x> c+co 

E[fiX, r)3 = I I (pix, y)fix, y) dx dy 

d —00 v—00 


if (X, Y) is a continuous random variable with joint density f . 

Note: For two-dimensional random variables, expectation and variance may be 
defined in a manner similar to that used for the one-dimensional case, except that double 
integrals and double sums are employed. We shall not discuss this extension here. 

14. 2 7 Exercises 

1. A die is rolled. Let X denote the number of points on the upturned face. Compute E(X) 
and Var (X). 

2. Assume that X is a continuous random variable with a probability density function. Let 
Y = (X — m)l<f, where m = E(X) and a = -^Var (X) . Show that E(Y) = 0 and £( Y 2 ) = 1. 

3. Derive the following general properties of expectation and variance for either the discrete or 
the continuous case. 

(a) EicX) = cEiX), where c is a constant. 

(b) Var icX) = c 2 Var (X) , where c is a constant. 

(c) E(X + Y) = E(X) + E(Y). 

(d) Var (X) = EiX 2 ) - MX)] 2 . 

(e) Var (X + Y) = Var (X) + Var (Y) + 2£[(X - E(X))( Y - E(Y))l 

(f) E[(p i(X) + <p 2 ( Y)] = £M(X)] - E[fp 2 ( Y)] . [Part (c) is a special case.] 
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4. If X and Y are independent random variables, show that 

(a) Var (X + Y) = Var (X) + Var (Y). 

(b) EW(X) ■ V (r)] = E[<p{X)] ■ E[f{Y)]. 

(c) UX lt X a ,...,X n are independent random variables with E(X k ) = m k , show that 

Var 

5. Let X lt X 2 , X 3 ,. . . , X„ be n independent random variables, each having the same expectation, 
E(X k ) = m, and the same variance, Var (X k ) = a 2 . Let X denote the arithmetic mean, X = 
o/«)2r=i x i- Use Exercises 3 and 4 to prove that E(X) = m and Var {X ) = a 2 /n. 

6. (a) If q = 1 — p , prove the formula 

(k - npf n p k q n ~ k = npq, 
o * 

thereby showing that Var (X) = npq for a random variable X having a binomial distribution 
with parameters n andp. [Hint: A: 2 = k(k — 1) + k.] 

(b) If X has a binomial distribution with parameters n and p, show that X can be expressed 
as a sum of n independent random variables X lt X. 2 ,... , X„ , each assuming the possible values 
0 and 1 with probabilities p and y, respectively, and each having a binomial distribution. Use 
this result and Exercise 5 to show that E(X) = np and Var (X) = npq. 

7. Determine the expectation and variance (whenever they exist) for a random variable X having 

(a) a Poisson distribution with parameter A. 

(b) a Cauchy distribution. 

(c) an exponential distribution with parameter A. 

(d) a normal distribution. 

8. A random variable X has a probability density function given by 



n n n 

2 (X k - m k ) =2 Var (** “ = 2 Var (**) • 

.Ml k =1 k=l 


/« = 


C(r) 

\t\ r 


if |/| > 1, f(t) 0 


if \t | < L 


where r > 1 and C(r) is independent of t. 

(a) Express C(r) in terms of r and make a sketch to indicate the nature of the graph off. 

(b) Determine the corresponding distribution function F x and make a sketch to indicate the 
nature of its graph. 

(c) Compute P(X < 5) and P(5 < X < 10) in terms of r. 

(d) For what values of r does Xhave a finite expectation ? Compute E(X) in terms of r when the 
expectation is finite. 

(e) For what values of r does X have a finite variance ? Compute Var (X) in terms of r when 
the variance is finite. 

9. A gambler plays roulette according to the following “system.” He plays in sets of three games. 
In the first and second games he always bets $1 on red. For the third game he proceeds as 
follows : 

(a) If he wins in the first and second games, he doesn’t bet. 

(b) If he wins in one of the first or second and loses in the other, he bets $1 on the color 
opposite to the outcome of the second game. 

(c) If he loses in both the first and second, he bets $3 on red. 

Let X, Y, and Z denote, respectively, the financial outcomes of the first, second, and third 
games. Compute E{X), E{Y), E(Z). and E(X + Y + Z) . 
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10. (Petersburg Problem). A player tosses a coin and wins $1 if his first toss is heads. If he tosses 
heads again he wins another dollar. If he succeeds in tossing heads a third time he gets another 
$2 (for a total of $4). As long as he tosses heads in succession n times, his accumulated winnings 
are 2 n_1 dollars. The game terminates when he tosses tails. Let X denote the number of dollars 
won in any particular game. Compute E(X). In view of your result, how much would you 
be willing to pay Harold’s Club in Reno for the privilege of playing this game? 

11. (a) Assume X is a continuous random variable with probability density f x . Let Y = 
(X — m)Jcr, where m = E(X) and a = ar (X) . Prove that 

E(e Y ) = e~ m, ° e tla f x (t) dt. 


(b) Let X be a discrete random variable having a Poisson distribution with parameter A. 
Define Y as in part (a) and prove that 


E(e Y ) = e- wix) , 


where G(A) = 1 + 


1 

7 


_ e i/ v Y. 


12. A random variable X has a standard normal distribution. Compute: (a) It'd Jf|), (b) E(e x ), 
(c) Var (e x ), (d) E(sjx 2 + Y 2 ). In part (d), Y also has a standard normal distribution but is 
independent of X. 


14.28 Chebyshev’s inequality 

As mentioned earlier, a small value for the variance means that it is unlikely that a 
random variable X will deviate much from its expected value. To make this statement more 
precise we introduce the absolute value \X — E{X)\ which measures the actual distance 
between X and E(X). How likely is it that this distance is more than a given amount? To 
answer this question we must determine the probability 

P[\X-E(X)\>c), 

where c is a given positive number, hi the continuous case we have 

P[\X - E(X )I > Cl = 1 - P[\X - E(X )I < Cl = 1 - P[E(X) - c < X < E(X) + Cl 

f+°° CEIX)+e 

= L. fxO) dt - fx(t ) dt 

fE(X)—c r+® 

(M.4 3 ) fx(t)dt + j mx)+e fx(t)dt; 

therefore, the calculation of this probability can be accomplished once the density function 
f x is known. Of course, if f x is unknown this method gives no information. However, if the 
variance is known, we can obtain an upper bound for this probability. This upper bound is 
provided by the following theorem of P. L. Chebyshev (1821-1894), a famous Russian 
mathematician who made many important contributions to probability theory and other 
branches of mathematics, especially the theory of numbers. 
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theorem 14.11. chebyshev's inequality. Let X be a one-dimensional random variable 
withjnite expectation E(X) and variance Var ( X ). Then for every positive number c we have 

(14.44) P[\X - E(X) | > c] < . 

c 

Proof. In the continuous case we have 

Var (X) = f + ” [t - E(X)ff x (t) dt 

J —CO 

r JE(^0—c r +CO 

> It - E(X)ff x (t) dt + j E(x)+c [t - E(X)TMt) dt 

„/ CE(X)—c r+co \ 

^ c (L fxO) dt + } mx)+c fx(t) dt ) ■ 

Because of (14.43), the coefficient of c 2 on the right is P\\X — E{X)\ > c]. Therefore, when 
we divide by c 2 we obtain (14.44). This completes the proof for the continuous case; the 
discrete case may be similarly treated. 

Chebyshev's inequality tells us that the larger we make c the smaller the probability is 
that \X — E(fX)\ > c. hi other words, it is unlikely that X will be very far from E(X); 
it is even more unlikely if the variance Var (X) is small. _ 

If we replace c by ka, where k > 0 and ff denotes the standard deviation, a = vVar (X), 
Chebyshev’s inequality becomes 

P[\X -E(X)\> ka ]< V 

K 

That is, the probability that X will differ from its expected value by more than k standard 
deviations does not exceed 1/A' 2 . For example, when k = 10 this inequality tells us that 
the probability P[\X — E(X)\ > lOcr] does not exceed 0.010. In other words, the probability 

is no more than 0.010 that an observed value of X will differ from the expected value by 

more than ten standard deviations. Similarly, when k = 3 we find that the probability 
does not exceed j = 0.111.. .that an observed value will differ from the mean by more than 
three standard deviations. 

Chebyshev’s inequality is a general theorem that applies to all distributions. In many 
applications the inequality can be strengthened when more information is known about 
the particular distribution. For example, if X has a binonrial distribution with parameters 
n andp it can be shown (by use of the normal approximation to the binomial distribution) 
that for large n the probability is about 0.003 that an observed value will differ from the 

mean by more than three standard deviations. (For this result, n > 12 suffices.) This is 
much smaller than the probability 0.11 I provided by Chebyshev’s inequality. 

example. Testing a coin for fairness. We want to decide whether or not a particular 

coin is fair by tossing it 10,000 times and recording the number of heads. For a fair coin 

the random variable X which counts the number of heads has a binomial distribution with 

parameters n = 10,000 and p = \. The mean of X is np = 5,000 and the standard 

deviation is a = \jnpq = 50. (See Example 2 in Section 14.25.) As mentioned above, the 
probability for a binomially distributed random variable to differ from its expected value 
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by more than 3(J is about 0.003. Therefore, let us agree to say that a coin is not fair if 
the number of heads in 10,000 tosses differs from the mean by more than 30. Since 
E(X) = 5,000 and 3(T = 150, we would say the coin is unfair if the number of heads in 
10,000 tosses is less than 4,850 or more than 5,150. 


14.29 Laws of large numbers 

hi connection with coin-tossing problems, it is often said that the probability of tossing 
heads with a perfectly balanced coin is Jr. This does not mean that if a coin is tossed twice 
it will necessarily come up heads exactly once. Nor does it mean that in 1000 tosses heads 
will appear exactly 500 times. Let us denote by h(n) the number of heads that occur in n 
tosses. Experience shows that even for very large n, the ratio h(n)jtl is not necessarily 2 . 
However, experience also shows that this ratio does seem to approach | as n increases, 
although it may oscillate considerably above and below ^ in the process. This suggests that 
it might be possible to prove that 

(14.45) lim^ = -, 

n-*oo n 2 

Unfortunately, this cannot be done. One difficulty is that the number h(n) depends not 
only on n but also on the particular experiment being performed. We have no way of 
knowing in advance how h(n) will vary from one experiment to another. But the real 
trouble is that it is possible (although not very likely) that in some particular experiment 
the ratio h(n)/n may not tend to g at all. For example, there is no reason to exclude the 
possibility of getting heads on every toss of the coin, in which case h(n) = n and h(n)jn — > 1 . 
Therefore, instead of hying to prove the formula in (14.45), we shall find it more reasonable 
(and more profitable) to ask how likely it is that /;(«)/« will differ from | by a certain 
amount. In other words, given some positive number c, we seek the probability 


P 


h(n) 

n 



By introducing a suitable random variable and using Chebyshev's inequality we can get 
a useful upper bound to this probability, a bound which does not require an explicit 
knowledge of h(n). This leads to a new limit relation that serves as an appropriate substitute 
for (14.45). 

No extra effort is required to treat the more general case of a Bemoullian sequence of 
trials, in which the probability of “success” is p and the probability of ‘failure” is q. 
(In coin tossing, “success” can mean “heads” and for p we may take £.) Let X denote the 
random variable which counts the number of successes in tl independent dials. Then X 
has a binomial distribution with expectation E(X) = np and variance Var (X) = npq. 
Hence Chebyshev’s inequality is applicable; it states that 

(14.46) P(\X-np\>c) 

c 


Since we are interested in the ratio Xjn, which we may call the relative frequency of success. 
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we divide the inequality \X — np\ > c by n and rewrite (14.46) as 


(14.47) 


( 4 -„ 

\ n nf c 


Since this is valid for every c > 0, we may let c depend on n and write c = Bn, where 
e is a fixed positive number. Then (14.47) becomes 




M 

ne 2 


The appeai'ance of n in the denominator on the right suggests that we let n —> CO. This 
leads to the limit formula 


(14.48) 


limP 

n~* oo 


- p 


> =0 fo 


reveryfixed e)>0, 


called the law of large numbers for the Bernoulli distribution. It tells us that, given any 
6 > 0 (no matter how small), the probability that the relative frequency of success differs 
from p by more than e is a function of n which tends to 0 as n —> oo. This limit relation 
gives a mathematical justification to the assignment of the probability 1 for tossing heads 
with a perfectly balanced coin. 

The limit relation in (14.48) is a special case of a more general result in which the 
“relative frequency” Xjn is replaced by the arithmetic mean of /j independent random 
variables having the same expectation and variance. This more general theorem is usually 
referred to as the weak law of large numbers; it may be stated as follows: 


THEOREM 14.12. WEAK LAW OF LARGE NUMBERS. Let X x , X 2 ,... , X n ben independent 

random variables, each having the same expectation and the same variance^ say 

E(X k ) = m and Var (X k ) = o 2 for k = 1, 2, ... ,n. 

Define a new random variable X (called the arithmetic mean of X^X,,..., X n ) by the 
equation 


Then, for every fixed e > 0, we have 



2 >- 


(14.49) limP(|X — m| > e) = 0. 

n-*oo 

An equivalent statement is 


limP(|X — m| < e) = 1 
«-+ 00 


(14.50) 
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Proof. We apply Chebyshev's inequality to X. For this we need to know the expectation 
and variance of X. These are 

_ _ o 2 

E(X ) = m and Var (A") = —. 

n 

(See Exercise 5 in Section 14.27.) Chebyshev’s inequality becomes P(\X — m\ > c) < 
O 2 1 (tic 2 ). Letting n —> OC and replacing c by e we obtain (14.49) and hence (14.50). 

Note: To show that the limit relation in (14.48) is a special case of Theorem 14.12, we 
assume each X k has the possible values 0 and 1, with probabilities PiX k = 1 ) = p and 
P(Xj. = 0) = 1 — p . Then X is the relative frequency of success in n independent trials, 

E(X) = p , and (14.49) reduces to (14.48). 

Theorem 14.12 is called a weak law because there is also a strong law of large numbers 
which (under the same hypotheses) states that 

(14.51) p( lim \ X — m\ = o\ = 1. 

\n—► qo / 

The principal difference between (14.51) and (14.50) is that the operations “limit” and 
“probability” are interchanged. It can be shown that the strong law implies the weak law, 
but not conversely. 

Notice that the strong law in (14.51) seems to be closer to formula (14.45) than (14.50) is. 
In fact, (14.51) says that we have X = m “almost always,” that is, with probability 

1. When applied to coin tossing, in particular, it says that the failure of Equation (14.45) 
is no more likely than the chance of tossing a fair coin repeatedly and always getting heads. 
The strong law really shows why probability theory corresponds to experience and to our 
intuitive feeling of what probability “should be.” 

The proof of the strong law is lengthy and will be omitted. Proofs appeal' in the books 
listed as References 1, 3, 8, and 10 at the end of this chapter. 


14.30 The central limit theorem of the calculus of probabilities 

In many applications of probability theory, the random variables of interest are sums of 
other random variables. For example, the financial outcome after several plays of a game 
is the sum of the winnings at each play. A surprising thing happens when a large number 
of independent random variables are added together. Under general conditions (applicable 
in almost every situation that occurs in practice) the distribution of the sum tends to be 
normal, regardless of the distributions of the individual random variables that make up the 
sum. The precise statement of this remarkable fact is known as the central limit theorem of 
the calculus of probabilities. It accounts for the importance of the normal distribution 
in both theory and practice. A thorough discussion of this theorem belongs to the 
advanced study of probability theory. This section will merely describe what the theorem 
asserts. 

Suppose we have an infinite sequence of random variables, say X k , X 2 , ■ ■ ■ , with finite 
expectations and variances. Let 


m k = E(X k ) and a\ = Var (V A .) , 


k = 1, 2, 
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We form a new random variable S n by adding the first n differences X k — m k \ 

(14.52) S n =£(X k -m k ). 

We add the differences rather than the X k alone so that the sum S n will have expected 
value 0. The problem here is to determine the limiting form, as n —»- co, of the distribution 
function of S n . 

VX lt X t ,.. • , X n are independent, then [by Exercise 4(c) of Section 14.27] we have 

n n n 

Var(S„) =^Var(X fc - m k ) = ^W-ar(X k ) =24- 

lc =1 tc =t i=/ 

Ordinarily, Var (S,) will be large even though the individual variances cs\ may be small. 
Random variables with a large variance are not fruitful objects of study because their 
values tend to be widely dispersed from the expected value. For this reason, a new random 
variable T n is introduced by the equation 

(14.53) T n = S ” . 

VVar (S B ) 

This new variable has expectation 0 and variance 1 and is called a Standardized random 
variable. The standardized variable T n is meaningful even if the random variables X 1 , 
X 2 , i . . j X n are not independent. 

We now introduce the following definition: 


DEFINITION OF THE CENTRAL LIMIT PROPERTY. Let 


(14.54) 


x lf x a , x if ... 


be a sequence of random variables (not necessarily independent), where each X k has a finite 
expectation m k and a finite variance ol . Define S„and T n by (14.52) and (14.53). The 
sequence in (14.54) is said to satisfy the central limit property if, for all a and b with a < b, 
we have 


(14.55) 


lim P(a <T n <b) = 

n~* co 


l 

\lh t 



du. 


hi other words, the random variables in (14.54) satisfy the central limit property if the 
distribution of the standardized variable T n approaches a standard normal distribution 
as n —MX). [Equation (14.55) is to hold also ifa = — oo or b = + oo.] 

Laplace was the first to realize that this property is shared by many sequences of random 
variables, although a special case (random variables describing a Bemoullian sequence of 
trials) had been known earlier by DeMoivre. (Figure 14.11 shows a binomial distribution 
and a corresponding normal approximation.) Laplace stated a general central limit 
theorem which was first completely proved by the Russian mathematician A. Lyapunov in 
1901. In 1922, J. W. Lindeberg generalized Laplace’s result by showing that the property 
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is satisfied if the random variables are independent and have a common distribution giving 
them the same expectations and variances, say E(X k ) = m and Var (X k ) = O' 2 for all k. 
In this case the standardized variable becomes 

T BU A - nm 

* n * 

ffvn 

Lindeberg reahzed that independence alone is not sufficient to guarantee the central limit 
property, but he formulated another condition (now known as the Lindeberg condition) 
which, along with independence, is sufficient. In 1935, W. Feller showed that the Lindeberg 
condition is both necessary and sufficient for independent random variables to satisfy the 
central limit property. We shall not discuss the Lindeberg condition here except to mention 
that it implies 

Var (S,) —> co as n —* CO . 

Fortunately, many independent random variables that occur in practice automatically 
satisfy the Lindeberg condition and therefore also have the central limit property. Up 
to now, the theory for dependent random variables is incomplete. Only a few special 
cases have been treated. Much of the contemporary research in probability theory centers 
about the search for general theorems dealing with dependent variables. 


14.31 Exercises 

1. Carry out the proof of Chebyshev's inequality in the discrete case. 

2. If a is any real number, prove that 

1 

P(\X -o\> cX) < - 2 

for every c > 0, where 2 2 = J+“ (t — aff x (t) dt. Chebyshev’s inequality is the special case 
in which a = E(X). 

3. Let X denote the random variable which counts the number of successes in n independent 
trials of a Bemoullian sequence; the probability of success is p. Show that, for every . > 0, 


P 


X 

n 




< 


1 

4^7 2 ‘ 


4. A fair coin is tossed n times; the number of heads is denoted by X. Find the smallest n for 
which Chebyshev’s inequality implies 

< 0.6^ > 0 . 90 . 

5. In a production line the number X of the defective articles manufactured in any given hour is 
known to have a Poisson distribution with mean E(X) = 100, Use Chebyshev’s inequality 
to compute a lower bound for the probability that in a given hour there will be between 90 and 
110 defective articles produced. 

6. Assume that a random variable X has a standard normal distribution (mean 0 and variance 
1). Let p denote the probability that X differs from its expectation E(X) by more than three 


P {°' 4< ^ 
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times its standard deviation. Use Chebyshev’s inequality to find an upper bound for p. Then 
use suitable tables of the normal distribution to show that there is an upper bound for p that 
is approximately one-fiftieth of that obtained by Chebyshev’s inequality. 

7. Given a sequence of independent random variables X^ , X% , . . . , each of which has a normal 
distribution. Let m% = E(Xi c ) and let <r| = Var (Aj.) . Show that this sequence has the central 
limit property. [Hint: Refer to Exercise 7 in Section 14.24.] 

8. Let Afj, X^, . . . be independent random variables having the same binomial distribution. 
Assume each X k takes the possible values 0 and 1 with probabilities P(Xj, = 1) = p and 
P(Xj. =0) =q,wherep + q = 1. Let Z n = X x + • ■ . + X n ■ The random variableZ„ counts 
the number of successes in n Bernoulli trials. 

(a) Show that the central limit property takes the following form: 

lim p( Z " ,^- nP - < t ) = f e ~» 2/2 du. 

ri-i-co \ \jUpq / y2rrj_oo 


(b) Use the approximation suggested by part (a) to estimate the probability of obtaining 
between 45 and 55 heads if a fair coin is tossed 100 times. Refer to Table 14.1, p. 536 for the 
computation. 

9. With the notation of Exercise 8, the central limit theorem for random variables describing a 
Bemoullian sequence of trials can be written in the form 



h 


Z n - np 

sim 



®(f|) “ ®0l) 


1 , 


where (J) is the standard normal distribution. For this particular case it can be shown that the 
formula is also valid when I. and / 2 are functions of n given by = (a — np)j\JnpCj and f 2 = 
(b — np)l\fnpq ,w here a and b are fixed positive constants, a < b ■ 

(a) Show that this relation implies the asymptotic formula 



(b) An unbiased die is tossed 180 times. Use the approximation suggested in part (a) to esti¬ 

mate the probability that the upturned face is a six exactly 30 times. Refer to Table 14.1, 
p. 536 for the computation. 

10. An unbiased die is tossed 100 times. Use the approximation suggested in Exercise 9(a) to 

estimate the probability that the upturned face is a six (a) exactly 25 times, (b) at least 25 

times. Refer to Table 14.1, p. 536 for the computation. 
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NUMERICAL ANALYSIS 


15.1 Historical introduction 

The planet Uranus was discovered in 1781 by a gifted amateur astronomer, William 
Herschel (1738-1822), with a homemade IO-ft. telescope. With the use of Kepler's laws, 
the expected orbit of Uranus was quickly calculated from a few widely separated observa¬ 
tions. It was found that the mean distance of Uranus from the sun was about twice that 
of Saturn and that one complete orbit would require 84 years. By 1830 the accumulated 
empirical data showed deviations from the scheduled orbit that could not be accounted 

for. Some astronomers felt that Newton’s law of universal gravitation might not hold for 
distances as large as that of Uranus from the sun; others suspected that the perturbations 
were due to a hitherto undiscovered comet or more distant planet. 

An undergraduate student at Cambridge University, John Couch Adams (1819-1892), 
was intrigued by the possibility of an undiscovered planet. He set himself the difficult 
task of calculating what the orbit of such a planet must be to account for the observed 
positions of Uranus, assuming the validity of Newton’s law of gravitation. He completed 
his calculations in 1845 and asked the Royal Observatory at Greenwich to search for the 

hypothetical planet, but his request was not taken seriously. 

A similar calculation was made independently and almost simultaneously by Jean 
Joseph Leverrier (1811-1877) of Paris, who asked Johann Galle, head of the Berlin 
Observatory, to confirm his prediction. The same evening that he received Leverrier's 
letter, Galle found the new planet, Neptune, almost exactly in its calculated position. 
This was another triumph for Newton’s law of gravitation, and one of the first major 
triumphs of numerical analysis, the art and science of computation. 

The history of numerical analysis goes back to ancient times. As early as 2000 B.C. 
the Babylonians were compiling mathematical tables. One clay tablet has been found 
containing the squares of the integers from 1 to 60. The Babylonians worshipped the 
heavenly bodies and kept elaborate astronomical records. The celebrated Alexandrian 
astronomer Claudius Ptolemy (circa 1.50 A.D.) possessed a Babylonian record of eclipses 

dating from 747 B.C. 

In 220 B.C., Archimedes used regular polygons as approximations to a circle and 
deduced the inequalities 34f < tt < 31. Numerical work from that time until the 17th 
century was centered principally around the preparation of astronomical tables. The 
advent of algebra in the 16th century brought about renewed activity in all branches of 
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mathematics, including numerical analysis. In 1614, Napier published the first table of 
logarithms. In 1620, the logarithms of the sine and tangent functions were tabulated to 
seven decimal places. By 1628, fourteen-place tables of the logarithms of the numbers 
from 1 to 100,000 had been computed. 

Computations with infinite series began to flourish near the end of the 17th century, 
along with the development of the calculus. Early in the 18th century Jacob Stirling and 
Brook Taylor laid the foundations of the calculus of finite differences , which now plays a 
central role in numerical analysis. With the prediction of the existence and location of 
the planet Neptune by Adams and Levenier in 1845, the scientific importance of numerical 
analysis became established once and for all. 

Late in the 19th century the development of automatic calculating machinery further 
stimulated the growth of numerical analysis. This growth has been explosive since the 
end of World War II because of the progress in high-speed electronic computing devices. 
The new machines have made possible a great many outstanding scientific achievements 
which previously seemed unattainable. 

The art of computation (as distinct from the science of computation) lays much stress 
.On the detailed planning required in a particular calculation. It also deals with such 
matters as precision, accuracy, errors, and checking. This aspect of numerical analysis 
will not be discussed here; it is best learned by carrying out actual numerical calculations 
with specific problems. For valuable advice on practical methods and techniques the 
reader should consult the existing books on numerical analysis, some of which are listed 
in the bibliography at the end of this chapter. The bibliography also contains some of the 
standard mathematical tables; many of them also give practical information on how to 
carry out a specific calculation. 

This chapter provides an introduction to the science of computation. It contains some 
of the basic mathematical principles that might be required of almost anyone who uses 
numerical analysis, whether he works with a desk calculator or with a large-scale high¬ 
speed computing machine. Aside from its practical value, the material in this chapter is 
of interest in its own right, and it is hoped that this brief introduction will stimulate the 
reader to learn more about this important and fascinating branch of mathematics. 


15.2 Approximations by polynomials 

A basic idea in numerical analysis is that of using simple functions, usually polynomials, 
to approximate a given function f. One type of polynomial approximation was discussed 
in Volume I in connection with Taylor’s formula (Theorem 7.1). The problem there was 
to find a polynomial P which agrees with a given function f and some of its derivatives 
at a given point. We proved that iff is a function with a derivative of order n at a point 
a, there is one and only one polynomial P of degree <« which satisfies the II + 1 relations 

P(a) = f(fl), P'(a) = f'(a), P< n fa) = /‘-'(a). 

The solution is given by the Taylor polynomial, 


PM =t^ <*-«)•. 


fc=*0 


fc> 
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We also discussed the error incurred in approximating/^ (x) by P(x) at points x other than a. 
This error is defined to be the difference E,(x) = f(x) — P(x), so we can write 

m=Z-Tr(x-af+E n (x). 

k =0 

To make further statements about the error we need more information about /• For 
example, if f has a continuous derivative of order n + 1 in some interval containing a, then 
for eveiy x in this interval the error can be expressed as an integral or as an (n + l)st 
derivative : 

1 C x r(n+l)/ \ 

E,(x) = - (x- t)J (n+u (t) dt = l - (x - a ) n+1 , 

"*Jaa (fi + 1)1 

where c lies between a and x. (See Sections 7.5 and 7.7 in Volume I.) 

There are many other ways to approximate a given functionfby polynomials, depending 
on the use to be made of the approximation. For example, instead of asking for a poly¬ 
nomial that agrees with f and some of its derivatives at a given point, we can ask for a 
polynomial that takes the same values as f at a number of distinct points. Specifically, if 
the given distinct points are X 0 , X lt . . . , x n we seek a polynomial P satisfying the 
conditions 

(15.1) P(x 0 )=f(x 0 ), P(x 1 )=/(x 1 ), , P(x n )=f(x n ). 

Since there arc n + I conditions to be satisfied we try a polynomial of degree Kn, say 

n 

P(x) = 2 a k x k , 

k=0 


with n + 1 coefficients a^, a . . a, to be determined. The n + I conditions (15.1) lead 

to a system of n + I linear equations for the coefficients. From the theory of linear equa¬ 
tions it can be shown that this system has one and only one solution; hence such a poly¬ 
nomial always exists. If the equations are solved by Cramer’s mle the coefficients a,, 
Cli, a, are expressed as quotients of determinants. In practice, however, the poly¬ 

nomial P is seldom determined in this manner because the calculations are extremely 
laborious when n is large. Simpler methods have been developed to calculate the poly¬ 
nomial approximation. Some of these will be discussed in later sections. The polynomial 
which solves the foregoing problem is called an interpolating polynomial. 

Another common type of polynomial approximation is the so-called least-square 
approximation. Here the given function f is defined and integrable on an interval [a, b] 
and we seek a polynomial P of degree <n such that the mean-square error 

j b a \f(x)-P(x)\ 2 dx 

will be as small as possible. In Section 15.4 we shall prove that for a continuous f such a 
polynomial exists and is uniquely determined. The Legendre polynomials introduced in 
Section 1.14 play a fundamental role in the solution of this problem. 
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15.3 Polynomial approximation and normed linear spaces 

All the different types of polynomial approximation described in the foregoing section 
can be related by one central idea which is best described in the language of linear spaces. 

Let F be a lineal' space of functions which contains all polynomials of degree </j and 
which also contains the function f to be approximated. The polynomials form a finite¬ 
dimensional subspace S, with dim S = n + 1. When we speak of approximating / by a 
polynomial P in S, we consider the difference f — P . which we call the error of the approxi¬ 
mation, and then we decide on a way to measure the size of this error. 

If F is a Euclidean space, then it has an inner product (x, y) and a corresponding norm 

given by ||jj [| = (x, x)'^ , and we can use the norm ||/— jP J| as a measure of the size of 
the error. 

Sometimes norms can be introduced in non-Euclidean linear spaces, that is, in linear 

spaces which do not have an inner product. These norms were introduced in Section 7.26. 

For convenience we repeat the definition here. 

definition OF A norm. Let V be a linear space. A real-valued function N defined on V 
is called a norm if it has the following properties: 

(a) N(f) > 0 for all f in V. 

(b) N(cf) = |c| N(f) for all f in V and every scalar c. 

(c) N(f + g) < N(f) + N(g) for all f and g in V. 

(d) N(f) = 0 implies f = 0. 


A linear space with a norm assigned to it is called a normed linear space. 

The norm off is sometimes written ||/ |j instead of N(f ). In this notation, the funda¬ 
mental properties become : 

(a) ll/ll > 0, 

(b) lk/|| = Id ll/ll , 

(c) 11/ +g II <||/||+IkII, 

(d) || / || = 0 implies f = 0. 

A function N that satisfies properties (a), (b), and (c), but not (d), is called a seminorm. 
Some problems in the theory of approximation deal with seminormed linear spaces; 
others with normed linear spaces. The following examples will be discussed in this chapter. 

example 1. Taylor seminorm. For. a fixed integer n > 1 , let V denote the linear space of 
functions having a derivative of order n at a given point a. If/ S V, let 


n 

N(f) = I\f M (a)\. 


k =0 


It is easy to verify that the function N so defined is a seminorm. It is not a norm because 
N(f) = 0 if and only if 

f(a) = / ‘(a) = • • • = /<»>(a) = 0. 


and these equations can be satisfied by a nonzero function. For example, N(f) = 0 when 
f(x) = (x - a) n+1 . 
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example 2. Interpolation seminorm. Let 1/ denote the linear space of all real-valued 
functions defined on an interval [a, b]. For a fixed set of II + 1 distinct points .fy, 
Xi, ... ,X n in fa, b], let N be defined by the equation 

TO - 21/001 

k—0 

if f e V. This function N is a seminorm on V. It is not a norm because N(f) = 0 if and 
only if / (x 0 ) = / (x t ) = = f (x,) = 0, and it is clear that these equations can be satis¬ 
fied by a function / that is not zero everywhere on [a, b], 

example 3. Square norm. Let C denote the linear space of functions continuous on 
an interval [a, b]. Iff e C define 

(15.2) TO= (Jj/MI 2 dxf 2 . 

This is a norm inherited from the inner product 

(/. g) = j” f(x)g(x) dx. 

Note: Let S denote the set of functionsfthat are integrable on [a, b]. The set S is a 

linear space, and the function N defined by (15.2) is a seminorm on S. It is not a norm 

because we can have N(f) = 0 withoutfbeing identically zero on [a, b], 

example 4. M ax norm. Let C denote the lineal' space of functions continuous on an 
interval [a, b]. If / 6 C, define 


TO = max 1/0)1» 

a<x<b 

where the symbol on the right stands for the absolute maximum value of | / | on fa, b]. The 
verification of all four norm properties is requested in Exercise 4 of Section 15.5. 

15.4 Fundamental problems in polynomial approximation 

Let C be the space of functions continuous on a given interval fa, b], and let S be the 
linear subspace consisting of all polynomials of degree <n. Assume also that a norm or 
seminorm has been defined on C. Choose a function / in C. If there is a polynomial P in S 
such that 

11/ - P\\ < 11/ ~ fill 

for all polynomials Q in S, we say that P is a best polynomial approximation to / with the 
specified degree. The term “best” is, of course, relative to the given norm (or seminorm). 
The best polynomial for one choice of norm need not be best for another choice of norm. 

Once a norm or seminorm has been chosen, three problems immediately suggest them¬ 
selves. 


1. Existence. Given / in C, is there a best polynomial approximation to / with the 
specified degree ? 
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2. U niqueness. If a best polynomial approximation to f exists with the specified degree, 
is it uniquely determined? 

3. Construction. If a best polynomial approximation to f exists with the specified degree, 
how can it be determined ? 

There are, of course, many other problems that can be considered. For example, if a 
unique best polynomial P n of degree exists, we may wish to obtain upper bounds for 
||f — P n || that can be used to satisfy practical requirements. Or we may ask whether 
||/ - P n || -* 0 as n —> co for the given norm or possibly for some other norm. If so, we 
say that the polynomial approximations converge to f in this norm, hi such a case 
arbitrarily close approximations exist relative to this nomi if n is sufficiently large. These 
examples illustrate some of the types of problems considered in the general theory of 
polynomial approximation. In this introductory treatment we restrict our attention 
primarily to the three problems of existence, uniqueness, and construction, as described 
above. 

For approximation by Taylor polynomials these three problems can be completely 
solved. If / has a derivative of order n at a point a, it is easy to prove that the best poly¬ 
nomial approximation of degree relative to the Taylor seminorm for this n is the 
Taylor polynomial 

(.53) A*) ~ «>*- 

k=0 k ‘ 

In fact, for this polynomial we have 


ll/-^l!=il/ (W (a)-^ , (a)! = 0, 

0 

so the inequality || f — P|| < ||/ — Q || is trivially satisfied for all polynomials Q. Therefore 
P is a best polynomial approximation relative to this seminorm. To establish uniqueness, 
we consider any polynomial Q of degree such that |[ f —■ Q\\ = 0. This equation 
implies that 


2(«) =/(«), Q'(a)=f'(a), ,,,, Q (n> (a) = f 

From Theorem 7.1 of Volume I we know that the Taylor polynomial in (15.3) is the only 
polynomial satisfying all these equations. Therefore Q = P. Equation (15.3) also solves 
the problem of construction. 

All three problems can also be solved for any norm derived from an inner product. In 
this case. Theorem 1.16 tells us that there is a unique polynomial in S for which the nomi 
|| f — P || is as small as possible, hi fact, this P is the projection off on S and is given by 
an explicit formula, 

p(x) -i(P, eje^x) , 

fc =0 


where e 0 , e t , . . . , e n are functions forming an orthonormal basis for S. 
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For example, if C is the space of real functions continuous on the interval [- 1, 1] and if 

(/>g)= j_ 1 f(x)g(x) dx, 

the normalized Legendre polynomials <p 0 , (p lt . . . , (p n form an orthonormal basis for S, 
and the projection f n off on S is given by 

n n 

fjx) = 2 (/> r Pk) ( Pk(x), where (/, cp k ) = I f(t)<p k (t) dt. 

fc=0 1 

We recall that the normalized Legendre polynomials are given by 


?k(x) = p k(x) , where P k (x) = ~ ~ (x” - 1)'“. 

The first six nomialized polynomials are 

<Pa(x) =\i\ , (f x {x) =\/f x, <p x {x) = (3x2 - 1), <p 3 (x) = (5x 3 - 3x), 

fi( x ) = s'J 2 (35x4 — 30x 2 + 3)) r/J 5 (x) = fVV (63x 5 — 70x 3 + 15x). 

The corresponding problems for the interpolation semiliorm will be treated next in 
Section 15.6. In later sections we discuss polynomial approximation relative to the max 
norm. 


15.5 Exercises 

1. Prove that each of the following collections of functions is a linear space. 

(a) All polynomials. 

(b) All polynomials of degree Kn. 

(c) All functions continuous on an interval I, 

(d) All functions having a derivative at each point of /, 

(e) All functions having a derivative of order n at each point of /. 

(f) All functions having a derivative of order n at a fixed point x 0 . 

(g) All functions having power-series expansions in a neighborhood of a given point x 0 ■ 

2. Determine whether or not each of the following collections of real-valued functions is a lineal' 
space. 

(a) All polynomials of degree II. 

(b) All functions defined and bounded on an interval [a, b]. 

(c) All step functions defined on an interval [a, b]. 

(d) All functions monotonic on an interval [a, b]. 

(e) All functions integrable on an interval [a, b]. 

(f) All functions that are piecewise monotonic on an interval La, b]. 

(g) All functions that can be expressed in the fomi f — g , where f and g are monotonic in¬ 
creasing on an interval [a, b], 

3. Let C denote the linear space of real-valued functions continuous on an interval [a, b]. A 
function N is defined on C by the equation given, hi each case, determine which of the four 
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properties of a norm are satisfied by N, and determine thereby whether N is a norm, a seminorm, 
or neither. 


(a) N(f) = f(a). 

(e) N(f) = 

j b a f(x) dx . 

(b) N(f) = \f(a)]. 

(f) N( f) = j 

a 1 fix) | dx . 

(c) N{f) = | fib) — f[a )\. 

(g) N(f) = J 

'1 l/WI 2 dx. 

(d) N(f) = \ h J{x)dx . 

(h) N( f) = 

n , 2 

\ a f{x)dx 


4. Let C be the linear space of functions continuous on an interval [a, b], If fs C, define 

N(f)= max \f(x)\ . 
a<x<b 

Show that N is a norm for C. 

5. Let B denote the linear space of all real-valued functions that are defined and bounded on an 
interval [a, b]. life B, define 

N(f)= sup \/{x)\, 

a <x<b 

where the symbol on the right stands for the supremum (least upper bound) of the set of all 
numbers \f(x)\ for x in [a, b]. Show that N is a noim for B. This is called the sup norm. 

6. Refer to Exercise 3. Determine which of the given functions N have the property that 
N(fg) < N(f)N(g) for allfandg in C. 

7. For a fixed integer n > 1, let S be the set of all functions having a derivative of order n at a 
fixed point x 0 . Ify 6 S, let 

0 

(a) Show that N is a seminorm on S. 

(b) Show that N(fg) < N(f)N(g) for all f, g in S. Prove also that the Taylor seminorm does 
not have this property. 

8. Let f be a real continuous function on the interval L — 1,1]. 

(a) Prove that the best quadratic polynomial approximation relative to the square noim on 
[-1, 1] is given by 

P(x) = \ dt + \x tf(t)dt + |(3x 2 - 1) (3f 2 - 1 )f(t)dt. 

(b) Find a similar formula for the best polynomial approximation of degree <^4. 

9. Calculate constants a, b, c so that the integral \e x — (a + bx + cx 2 )| 2 dx will be as small as 
possible. 

10. Let f(x) = |*| for -1 < x < I . Determine the polynomial of degree <4 that best approxi- 
matesfon [ — 1, 1] relative to the square nomi. 

11. Let C denote the linear space of real continuous functions on [a, b ] with inner product 
(f,g) = \ b a f{x)g{x) dx . Let e 0 ,. . ., e n be an orthonormal basis for the subspace S of poly- 

i nomials of degree <^n. Let P be the polynomial in S that best approximates a given f in C 
relative to the square noim. 

(a) Prove that the square of the norm of the error is given by 

Wf-P\? = \\fV-l(fe k f. 

k =0 

(b) Calculate this error explicitly when [a, b] = [-1, 1], ft = 2, and f(x) = \x\ • 
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12. Let/(x) = 1/x for x ^ 0. 

(a) Show that the constant polynomial P that best approximates f over the interval [1, n] 
relative to the square norm is P(x) = (log «)/(« — 1). Compute ||P — f || 2 for this P. 

(b) Find the linear polynomial P that best approximates f over the interval [1 , n] relative to 
the square norm. Compute ||P — f || 2 for this P when n = 2. 

13. Let f(x) = e x ■ 

(a) Show that the constant polynomial P that best approximates f over the interval [0, ri\ 
relative to the square norm is P(x) = (e n — 1)1n. Compute 1 P — /IS 2 for this P. 

(b) Find the linear polynomial P that best approximates f over the interval [0, 1] relative to 
the square norm. Compute Hi* — f || 2 for this P. 

14. Let P 0 , P lt . . . ■ P n be n + 1 polynomials orthonormal on [a, b] relative to the inner product 
in Exercise 11. Assume also that P k has degree k. 

(a) Prove that any three consecutive polynomials in this set are connected by a recurrence 
relation of the fomi 

Pk+ i(x) = ifl k x + b k )P k (x) + c k P k ^fx) 


for 1 < A' < /; — I. where a k , b k , C k are constants. 

(b) Detennine this recurrence relation explicitly when the polynomials are the orthonormal 
Legendre polynomials. 

15. Refer to Exercise 14, and let p k denote the coefficient of x k in Pj-(x). 

(a) Show that a k = p k+i lp k . 

(b) Use the recurrence relation in Exercise 14 to derive the formula 

Pm P m+ i(x)P m (y) - P m (x)P m+ 1 (y) 

Pm+i x - Y 

valid for x 7 ^ y . Discuss also the limiting case x = y . 


m 

2 p k( x ) p k(y ) 


fc =0 


15.6 Interpolating polynomials 

We turn now to approximation by interpolation polynomials. The values of a function 
f 3 f 6 known at n + ] distinct points x 0 , X k , ■ ■ ■ ■ x n and we seek a polynomial P of degree 
<n that satisfies the conditions 

(15.4) P(x 0 )=f(x 0 ), P( x t)=f( x d, P( x n) =/(^J- 

Fhst we prove that if such a polynomial exists it is unique. Then we prove it exists by 
explicit construction. This polynomial minimizes the distance from f to P, measured in 
the interpolation seminorm for this n, 

\\f-p\\=i\f( x *)-p(x k )\' 

fc =0 

Since this distance is 0 if P satisfies (15.4), the interpolating polynomial P is the best 
approximation relative to this seminorm. 

theorem 15.1. uniqueness theorem. Given ii + 1 distinct points x 0 ,x 1 ,. . . , x n , let 
P and Q be two polynomials of degree fn such that 

P( x ic) = Q(Xk) 

for each k = 0, 1 ,2, .... n . Then P(x) = Q(x) for all x. 
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Proof. Let R(x) = P(x) — Q(x). The function R is a polynomial of degree which 
has n + 1 distinct zeros at the points X 0 , Xj, . . . , X n . The only polynomial with this 
property is the zero polynomial. Therefore R (x) = 0 for all X , so P(X) = Q(x) for all x. 

The interpolating polynomial P can be constructed in many ways. We describe first a 
method of Lagrange. Let A(x) be the polynomial given by the equation 


(15.5) A(x) = (x - x 0 )(x - *r) - • • (x - x n ) = TF (x - x,). 

j=0 

This polynomial has a simple zero at each of the points Xj . Let A k (x) denote the poly¬ 
nomial of degree n obtained from A(x) by deleting the factor x — x k . That is, let 


(15.6) 


M*) = TT(* - **)■ 


3=0 
3 + Tt 


The polynomial A k (x) has a simple zero at each point x t 5 ^ x k . At the point x k itself we 
have 


(15.7) 


n 

M x k) - TT (x t - x i) • 


=0 

3±k 


This is nonzero since no factor in the product is zero. Therefore the polynomial 
Af,(x)lA k (Xf.) has the value 1 when x = X k and the value 0 when x = X } for Xj ■?£ X k . Now 
let 

y f(x k )A k (x) 

When x = Xj , each temi in this sum vanishes except the jth term, which has the value 
f(Xj). Therefore P(Xj) = f(Xj ) f° r cac h j. Since each temi of this sum is a polynomial of 
degree n, the sum itself is a polynomial of degree <«. Thus, we have found a polynomial 
satisfying the required conditions. These results can be summarized by the following 
theorem : 


theorem 15.2. Given n + 1 distinct points x 0 , x 1} . . ., x n and n + 1 real numbers 
f(x 0 ),f(x x ), ..-if Mi not necessarily distinct, there exists one and only one polynomial P of 
degree <n such that P(Xj) = f (x^ for each j =0,1,2, n, This polynomial is given by 
the formula 


(15.8) 


p(x)-2 

fc =0 


f(x k )A k (x) 

Mx k ) 


where A k (x) is the polynomial defined by (15.6). 
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Formula (15.8) for P{x) is called Lagrange’s interpolation formula. We can write it in 
the form 

P(x) = Yf(Xk)Lf x) , 

k-= 0 

where L k (x) is a polynomial of degree It given by 


(15.9) 


L k (x) = 


A k (x) _ 

M x k)' 


Thus, for each fixed x, P(x) is a lineal' combination of the prescribed values f(x 0 ), f{xf), 
■ ■ ■ ,f(x n ). The multipliers L k (x) depend only on the points X 0 , X k , ... , x n and not on the 
prescribed values. They are called Lagrange interpolation coefficients. If we use the 
formulas in (15.6) and (15.7) we can write Equation (15.9) in the form 


(15.10) L,.tx) = 77 --— 

This product formula provides an efficient method for evaluating the number L k (x) for 
a given x. 

Note: The Lagrange coefficients L k (x) are often expressed in the form 

T ( \ 

= A'(x k ) ’ 

where A’ is the derivative of the polynomial in (15.5). To prove this formula it suffices to 
show that A'(x k ) = A k {x^) . Differentiating the relation 

A(x) = (x ~x k )A k {x) 

we obtain A’(x) = (x — x^)A' k {x) + A k (x). When x = x k this gives us A’(x k ) = A k {x k ) . 


example. Determine the polynomial of degree <3 that takes the values y 0 , jq , y 2 > Js 
at the points - 2 , — 1 , 1 , 2 , respectively. 


Solution. We take x 0 = -2, x k = — 1 , x 2 = 1, A' 3 = 2. The polynomials L k (x) in 
(15.10) are given by the formulas 

L 0 (x) = f-i^+l)(-2=-W) Y (-2^U) = - ^ (k l)(x- l)(x-2), 

Ll(X) = —(x—t—2)(*-l)(x—2) — = -(x + 2)(x - l)(x - 2), 

( -1 + 2)(—1 _ 1 )(— 1 — 2 ) 6 V 

L 2 (x) = ( x + 2 ~)( x + V(x ~ 2) _ i ( + 2 )( X + !)( X _ 2), 

2W (1 + 2)(1 + 1)(1 - 2 ) = 6 K 

Lfx) = (X + 2)(X + 1)(X ~ ^ = — (x + 2)(x + l)(x - 1). 

3W (2 + 2)(2 + 1)(2 — 1 ) 12 V A 
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Therefore the required polynomial is 

P(x) = y 0 L 0 (x) + TjL r(x) + y 2 L 2 (x) + y 3 L 3 (x) 

= — ^ (x + l)(x - l)(x - 2 ) + ( x + 2 )(x — l)(x — 2) 

— — (x + 2)(x + l)(x — 2) + — (x + 2)(x + l)(x — 1). 

6 12 

To compute the value of P(x) for a specific x it is usually better to leave the polynomial 
in this fomi rather than to rewrite it in increasing powers of x. For example, if y 0 = -5, 
yi — 1 > T 2 = 1 5 and t 3 = 7, the value of P(x ) for x = f is given by 

m = *(i)(»(-i) + «i)(i)(-i) - umK-b + twixixi) 

_ 26 7_i 3 5. I 2,45 _ 216 _ 01 

— 96 4 8 "r 48 l 96 — 96 — 4,8 • 


15.7 Equally spaced interpolation points 

hi the foregoing discussion the interpolation points x 0 , x ± , ■ ■ . , x n were assumed to be 
distinct but otherwise arbitrary. Now we assume they are equally spaced and show that 
the Lagrange coefficients L k (x) can be considerably simplified. Suppose x 0 < x i < 
X'i <C ' 1 ' < X n , and let h denote the distance between adjacent points. Then we can write 

Xj = T,, +jh 

for; = 0 , 1 , 2 Since X k — Xj = (k - j)h , Equation (15.10) becomes 

(15.11) 
where 


In the last term on the right of (15.11) the product of the factors independent of t is 


L k(x) = TT 


j=0 


X - X 0 - jh 

(k-j)h 


t ~ j 


j=o k — j 

i*k 


TT 


t - 


X — x a 


(15.12) 


<-i k - j \j-.o k - j! I, V,i k - j/ k \, j - k 
j^k 

(-1 )”~* _ (- 1 )"-* n 
= k! (n — k)! n! okl ’ 


where (■£) is the binomial coefficient. Since x = x 0 + th , Equation (15.11) now becomes 

v j*k 


(15.13) 
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For each fixed n, the right member of (15.13) is a function of k and t that can be tabulated. 
Extensive tables of the Lagrangian coefficients for equally spaced interpolation points have 
been prepared by the National Bureau of Standards. (See Reference 13 in the bibliography 
at the end of this chapter.) If x and h are chosen so that the number t = (x — x,)/h is one 
for which the Lagrangian coefficients Lj.(x 0 + til) are tabulated, the actual calculation of 
P(Xq + th) is reduced to a multiplication of the f(x k ) by the tabulated L k (.X 0 + th), followed 
by addition. 


15.8 Error analysis in polynomial interpolation 

Let f be a function defined on an interval [a, A] containing the n + I distinct points 
x 0 , Xi, . . . , x n , and let P be the interpolation polynomial of degree which agrees 

with f at these points. If we alter the values off at points other than the interpolation 
points we do not alter the polynomial P. This shows that the function f and the poly¬ 
nomial P may differ considerably at points other than the interpolation points. If the 
given function f has certain qualities of “smoothness” throughout the interval [a, b] we 
can expect that the interpolating polynomial P will be a good approximation to f at points 
other than the x k . The next theorem gives a useful expression that enables us to study the 
error in polynomial interpolation when the given function has a derivative of order n + 1 
throughout [a, b ]. 


theorem 15 . 3 . Let x 0 , Xj, . . . , x n be n + 1 distinct points in the domain of a function f, 
and let P be the interpolation polynomial of degree <« that agrees with f dt these points. 
Choose a point x in the domain off and let [a, ft] be any closed interval containing the points 
x 0 , Xi, . ,, , x„, and x. Iff has a derivative of order n + 1 in the interval [a, /?] there is at 
least one point c in the open interval (a, /?) such that 


(15.14) 

where 


f(x) - P(x) = — Aix) — / (n+ i>(c), 
(n + 1)! 


A(x) = (x — x 0 )(x — x x ) • •. (x — xj. 


Note: Point c depends on both x and n. 


Proof. If x is one of the interpolation points x k , then A(x k ) = 0 and Equation (15.14) 
is trivially satisfied for any choice of c in (a, ft). Suppose, then, that x is not one of the 
interpolation points. Keep x fixed and define a new function F on [a, ft] by the equation 

(15.15) Fit) = A(x)[f(t) - Pit)] - A(t)[f(x) - P(x)] . 

The right-hand side of this equation, as a function of t, has a derivative of order n + 1 ; 
hence the same is true of the left-hand side. Since P(t) is a polynomial in t of degree <n, 
its (« + l)st derivative is identically zero. The polynomial A(t) has degree n + 1 , the 
term of highest degree being t n+1 , and we have A (n+1> (t) = (n + 1)! . Therefore, if we 
differentiate Equation (15.15) n + 1 times with respect to t we obtain the formula 


(15.16) 


F {n+1 \t) = A{x)f {n+1) {t) - (n + 1 )! [f(x) - P(x)]. 
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From the definition in Equation (15.15) we see that F has the value zero at the n + 1 
interpolation points x 0 , x lt ... , x n and also at the point x. Therefore F(t) = 0 at n + 2 
distinct points in the interval [a, [I]. These points determine n + 1 adjacent subintervals 
of [a, fi] and the function F vanishes at both endpoints of each of these subintervals. By 

Rolle’s theorem, the derivative F’(t) must be zero for at least one t interior to each sub- 
interval. If we choose exactly one such t from each subinterval we obtain n + 1 distinct 

points in the open interval (a, fi) at which F’(t) = 0. These points, in turn, determine n 
subintervals at whose endpoints we have F’(t) = 0. Applying Rolle’s theorem to F’ we 
find that the second derivative F”(t) is zero for at least n distinct points in (a, (I). After 
applying Rolle’s theorem n + 1 times in this manner we finally find that there is at least 

one point c in (a, ft) at which F <n + 1) (c) = 0. Substituting this value of c in Equation 
(15.16) we obtain 

(n + 1)! [f(x) - P(x)] = A(x)fi n +»(c), 
which is the same as (15.14). This completes the proof. 


It should be noted that, as with approximation by Taylor polynomials, the error term 
involves the (n + l)st derivativef ( ” +1) (c) evaluated at an unknown point c. If the extreme 
values of f {n-1) in [a, ft] are known, useful upper and lower bounds for the error can be 
obtained. 

Suppose now that the interpolation points are equally spaced and that x 0 < xq < 
X 2 < • ■ • < X n . If h denotes the spacing we can write 

Xj = X 0 + jh and x = x 0 + th, 

where t = (x — X,)/h. Since x — xq = (t — ])h , the polynomial A(x) can be written as 

A(x) = ft 0 - Xj ) = h n+1 TT (t - j). 

3=0 3=0 

Formula (15.14) now becomes 

f(n+l)( r \ n 

(15.17) fix) - P(x) = f -^ h n+1 TJ(t- j), 

(m+ 1)!. 3=o 

with t = (x — x 0 )//z. 

example . Error in linear interpolation. Suppose a function f with a second derivative 
is tabulated and we wish to estimate its value at a point x intermediate to two consecutive 
entries x 0 and x 0 + h . If we use lineal' interpolation we approximate the graph off over 
the interval [x 0 , x 0 + h] by a straight line, as shown in Figure 15.1. If P denotes the lineal' 
interpolating polynomial, the error estimate in (15.17) becomes 

(15.18) /(x) - P(x) = ® h 2 t(t - 1), 

where t = (x — X 0 )jh. When x lies between x 0 and x 0 + ll we have ()</<! and the 
maximum value of | fit — 1)| in this interval is Therefore (15.18) gives us the estimate 


I/O) - P(x)\ ^ 


l/"(c)|/» 2 

8 
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_I_ 

x o X 0 + h 

Figure 15.1 Linear interpolation. 


The point c is an unknown point in the interval (x 0 , JC 0 + h). If the second derivative 
j" is bounded in this interval, say |/"(*)| < M, the en'or estimate becomes 

Mh 2 

I/M ~ P(x )| < . 


In particular, if f\% a sine or cosine, then \f"(x)\ < 1 for all x and we have | f(x) — P(x )| < 
h 2 j 8 . If a table of sines or cosines has entries for every degree (one degree = 7 t/ 180 
radians) we have h = 7t/180, so 


a) 

7 


7r 


10 


8(180) 259,200 25,000 


0.00004. 


Since this error does not exceed \ in the fourth decimal place, linear interpolation would be 
satisfactory in a four-place table. The error estimate can be improved in portions of the 
table where \f"(c)\ is considerably less than 1 . 


15.9 Exercises 

1. hi each case find the polynomial P of lowest possible degree satisfying the given conditions. 

(a) P(-l) = 0, P(0) = 2, P(2) = 7. 

(b) P(l) = 1, P(2) = 0, P(3) = 0, P(4) = 1. 

(c) P(l) = 1, P(2) = 2, P(3) = 3, P(0) = 1. 

(d) P(0) = -2, P(l) =0, P(-l) = -2, P(2) = 16. 

(e) P(-2) = 11, P(-l) = -11, P(0) = -5, P(l) = -1. 

2. Let f(x) = cos (-nw/4). Find the polynomial of smallest possible degree that takes the same 

values as f at the points -2, 0, §, 2. 

3. Let P be a polynomial of degree <« and let A(x) = (x — x 0 )(x — x,) . (x — x n ) , where 
x 0 , x 1 j , . , x n are n + 1 distinct points. 

(a) Show that for any polynomial B the polynomial Q given by Q(x) = P(x) + A(x)B(x) 
agrees with P at the points x 0 , Xy, ■ ... X n . 
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(b) Prove also the converse. That is, if Q is any polynomial that agrees with P at the points 
X 0 , Xi ,. . . , X n , then Q(x) = P(x) + A(x)B(x) for some polynomial B. 

4. (a) Find the polynomial Q of lowest possible degree that satisfies the conditions 

Q(-2) = -5, Q(-1 ) = -1, Q(l)=l, Q'( 0)=-l. 

[Hint: Fir's! find a polynomial P that takes the prescribed values at -2, — 1, 1, 
and then use Exercise 3 to determine Q.] 

(b) Find the polynomial Q of lowest possible degree that satisfies the conditions in part (a) 
with Q’(0) = -3 instead of Q’(0) = -1. 

5. Let fix) = log 4 x for x > 0. Compute P{ 32), where P is the polynomial of lowest possible 
degree that agrees with f at the points : 

(a) x = 1, 64. (c) x = 4, 16, 64. 

(b) x = 1, 16,256. (d) * = 1,4, 16, 64, 256. 

In each case compute the difference/(32) — P(32). These examples show that the accuracy in 
polynomial interpolation is not necessarily improved by increasing the number of interpolation 
points. 

6. The Lagrange interpolation coefficients L k (x) given by Equation (15.10) depend not only on 
x but also on the interpolation points x 0 , x ± , . . . , X n . We can indicate this dependence by 
writing L k (x) = L k (x] X), where X denotes the vector in (n + l)-space given by X = 
(x 0 , x 1} . . . , x n ). For a given real number b, let b denote the vector in (n + l)-space all of 
whose components are equal to b. If a ^ 0, show that 

L k (ax + b \aX + b) = L k (x; X). 

This is called the invariance property of the Lagrange interpolation coefficients. The next 
exercise shows how this property can be used to help simplify calculations in practice. 

7. Let P denote the polynomial of degree <4 that has the values 

P(2.4) = 72, P(2.5) = 30, P(2.7) = 18, P(2.8) = 24, />(3.0) = 180. 

(a) Introduce new interpolation points Uj related to the given points x by the equation 
Uj = H)Xj — 24. The u } are integers. For each k = 0, 1,2, 3,4, determine the Lagrange 
interpolation coefficients L k (x) in terms of «, where u = I Ox — 24. 

(b) Use the invariance property of Exercise 6 to compute P(2.6). 

8. A table of the function f(x) = log x contains entries for x = 1 to x = 10 at intervals of 0.001. 
Values intermediate to each pah' of consecutive entries are to be computed by linear inter¬ 
polation. Assume the entries in the table are exact. 

(a) Show that the error in linear interpolation will not exceed A in the sixth decimal place. 

(b) For what values of x will linear interpolation be satisfactory for a seven-place table? 

(c) What should be the spacing of the entries in the interval 1 < x ^ 2 so that linear inter¬ 
polation will be satisfactory in a seven-place table? 

In Exercises 9 through 15, x n , .xq, . . . , X n are distinct points and 


A(x) = JJ (•* - Xj ). Mx) = Tj (x - x } ), 

3=0 1=0 


L k (x) = 


Mx) 
Mx k ) ‘ 
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9. Derive the formula A’(x) = A -<X> by use ( a ) logarithmic differentiation; (b) 

Lagrange’s interpolation fomiula. 

10. Prove each of the following formulas: 


n 

(a) ^ L k {x) = 


1 and 


z, A 


A L(x) 

(*k) 


o for all x. 


n 1 

(b) ^ — - = 0- [Hint: Use part (a) with suitable values of x.] 

k=o A Xk ^ 


11. Let P be any polynomial of degree <n. Show that the coefficient of x n is equal to 

V P(x k ) 

Z A’(x k )' 
k=0 


12. (a) Determine a and b so that the polynomial 


p k(x) = {a + b(x - x k )}L k {xf 
will have the following properties : 

P k {Xi) = 0 for all /, P' k (x k ) = 1 and P' k {x t ) = 0 for i ^ k. 
(b) Determine c and d so that the polynomial 

Q k (x) - {c + d(x - x k )}L k (xf 


will have the following properties: 

Qk{x k ) = 1 , Q k {x t ) = 0 for i jik, and Q' k (x t ) = 0 for all / . 

(c) Let H(x) = XLo f(x k )Qk(x} + 2Lo f'(x k )P k (x ), where f is a given function that is 
differentiable at x a , x ly . . . , x,. Prove that 

H(Xi) = f(Xi) and H'{x t ) = /'(**■) for all /. 

Prove also that there is at most one polynomial H(x) of degree <2n + 1 with this property. 

13. (a) Let P and Q be two polynomials of degree </; satisfying the n + 1 conditions 

P(x o) = Q(X 0 ) , P'( Xl ) = Q'( Xl ), P"(X 2 ) = Q"(x 2 ) , . . . , pM(x n ) = Q (n) (Xn) . 

Prove that P(x) = Q(x) for all x. 

(b) Let B 0 (x) = 1, and for n > 1 define 


Show that B' n (x) = B^ix — 1) for n > 1 and deduce that 

B n ( 0) = B' n { 1) = <(2) = . . . = B<”-X>(n - 1) = 0 and B^(n) = 1. 
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(c) Show that the one and only polynomial of degree <n satisfying the conditions 

P(0)=c g , P’(l) = Cj, p”(2) = c 2 , P’“‘(n) = c n 

is given by 

p (x) = 2 c k B k (x). 

&=o 

(d) If x k = x 0 + kh for k = 0,1 * 2,... , n , where h > 0, generalize the results in (b) and (c). 

14. Assume x () , x lt .. . , x n are integers satisfying x 0 < < . . • < x,. 

(a) Prove that \A'(x k )\ > k! (n — k)! and deduce that 

Tl ^ j 2” 

\A ( x k)\ n\ 

S =0 


(b) Let P be any polynomial of degree n, with the term of highest degree equal to x n . Let M 
denote the largest of the numbers |/ > (x 0 )|, |i > (x 1 )|, . . . , |/ , (x„)|. Prove that M > «!/2". [Hint: 
Use part (a) and Exercise 11.] 

15. Prove the following formulas. In parts (a) and (b), x is any point different from x 0 , x lt ■ ■ ■ , X n ■ 


) = V— i _ 

A(x) Zjx-xj. 

tut A "W _ A k( x ) V 1 V 1 _ d(x) ST 1 

A'(x) A'(x) x — Xj < x — Xj A'(x) (x — x,) 2 

w 3=0 1 3=0 3 y 3=0 3 

3^k J&k }£k 



i*k 


16. Let P n (x) be the polynomial of degree <n that agrees with the function/(jc) = e" x at the n -r I 
integers x = 0, 1, . . . ,n. Since this polynomial depends on a we denote it by P n (x\ a). 
Prove that the limit 


lint 

«—0 


P n (x; a) - 1 

a 


exists and is a polynomial in x. Determine this polynomial explicitly. 


15.10 Newton’s interpolation formula 

Let P n denote the interpolation polynomial of degree that agrees with a given 

functionfat n + 1 distinct points x 0 , X lt . . . , x,. Lagrange’s interpolation formula tells 
us that 

n 

P n ( x ) = l L k( x )f( x k )» 

k= 0 


where L k (x) is a polynomial of degree n (the Lagrange interpolation coefficient) given by 
the product formula 


L*(x) 


TT 


X — Xf 


tA x ‘ - XJ 


(15.19) 


for k = 0,1,2,... ,n. 
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Suppose we adjoin a new interpolation point X n+1 to the given points x 0 , x 1; . . . , x n . To 
determine the corresponding polynomial P n+ i by Lagrange’s formula it is necessary to 
compute a new interpolation coefficient L r+l and to recompute all the earlier coefficients 
L 0 , L x , , L n , each of which is now a polynomial of (degree n + 1. In practice this 
involves considerable labor. Therefore it is desirable to have another formula for deter¬ 
mining P n that provides an easier transition from P to P B+1 . One such formula was 
discovered by Newton; we shall derive it from the following theorem. 

theorem 15.4. Given n + 2 distinct points x 0 , x, ...., x n ,x n+1 .Let P n be the poly¬ 
nomial of degree <n that agrees with a given function f at x 0 , ... , x n , and let P n+1 be the 
polynomial of degree <n + 1 that agrees with f at x 0 ,x lt ..., x n , x n+1 . Then there is a 
constant c n+1 , uniquely determined by f and by the interpolation points x Q , ..., x n+l , such 
that 

(15.20) P,+,M = P,(x) + c n+l (x - x 0 ) ■ • • (x - x,). 

Proof. Let Q(x) = P,(X) + c(x — x 0 ) . . . (x — x,) , where c is an unspecified constant. 
Then Q is a polynomial of degree Kn + 1 that agrees with P n and hence with f at each of 
the n + 1 points X 0 , . . . , X n . Now we choose c to make Q agree with f also at x n+ \ ■ This 
requires 

/ (*„+i) = P n (x n+1 ) + c(x n+l - x 0 ) ■ • • (x n+1 - xj . 

Since the coefficient of c is nonzero, this equation has a unique solution which we call 
c n+1 . Taking c = c n+1 we see that Q = P n+1 . 

The next theorem expresses P,(x) in terms of the numbers c 1 , . . . , c,. 

THEOREM 15.5. NEWTON ' SINTERPOLATIONFORMULA . If Xq , . . . , X n B TGCl i St'l HCt, WCkClVe 

(15.21) P n (x) = f(x 0 ) + jfc k (x - x 0 ) • • • (x - x k _{). 

Jc =1 

Proof. We define P„(x) = f (x 0 ) and take n = 0 in (15.20) to obtain 

A 0) = / O 0 ) + c iO - ^o) • 

Now take n = 1 in (15.20) to get 

Pi(x) = Pi(x) + c 2 (x - x 0 )(x - X 1 )=f (x 0 ) + cfx - x 0 ) + c 2 (x - x 0 )(x - x x ), 

By induction, we obtain (15.21). 

The property of Newton's formula expressed in Equation (15.20) enables us to calculate 
P n+ 1 simply by adding one new temi to P r . This property is not possessed by Lagrange’s 
formula. 

The usefulness of Newton’s formula depends, of course, on the ease with which the 
coefficients cq , C 2 , • • • . C n can be computed. The next theorem shows that C n is a linear 
combination of the function values f (x.) ./ (x,). 
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theorem 15.6. The coefficients in Newton’s interpolation formula are given by 


(15.22) 


c. = 5 777 , where = TT(x,-x,). 

& A ‘ ( x,) ;;•» 


Proof. By Lagrange’s formula we have 


P Jx) = 1 L *(*)/(**) , 

k=0 


where L k (x) is the polynomial of degree n given by (15.19). Since the coefficient of x n in 
L k (x) is 1 lAfxfi), the coefficient of x n in P,(x) is the sum appearing in (15.22). On the other 
hand, Newton’s formula shows that the coefficient of x n in P,(x) is equal to c,. This 
completes the proof. 


Equation (15.22) provides a straightforward way for calculating the coefficients in 
Newton’s formula. The numbers A k (x k ) also occur as factors in the denominator of the 
Lagrange interpolation coefficient L k (x). The next section describes an alternate method 
for computing the coefficients when the interpolation points are equally spaced. 


15.11 Equally spaced interpolation points. The forward difference operator 

In the case of equally spaced interpolation points with x k = x 0 + kh for k = 0, n 

we can use Equation (15.12) to obtain 


M*ic) 


it 

= IT' 


3=0 x k 
ilk 


= Att 1 


(~i r 


h n 3 =o k — j nl h n ~ ok/' 

i*k 


hi this case the formula for c„ in Theorem 15.6 becomes 


(15.23) 


1 n , . 


The sum on the right can be calculated in another way in temis of a linear operator A 
called the forward difference operator. 


definition. Let h be a fixed real number and let f be a given function. The function 
Af defined by the equation 

A f{x) = fix + h)~ fix) 

is called the first forward difference off. It is defined at those points x for which both x and 
x + h are in the domain off. Higher order differences Af, Af, . . . are defined inductively as 
follows: 

A k +f = A (Ay) for k= 1, 2, 3 ,... . 

Note: The notations \f(x) and Af (x; h) are also used for Affix) when it is desirable to 
indicate the dependence on h. It is convenient to define Nf = f , 
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The nth difference A n f(x) is a lineal' combination of the function values f(x),f(x + h), 
... ,f{x + nh). For example, we have 

A 2 /(x) = {f{x + 2 h) - fix + h )} - {fix + h ) -fix)} 

= f{x + 2 h) - 2 f{x + h) + fix). 

In general, we have 

n . . 

(15.24) A"/(x) + *«■ 

r-cr ' 

This is easily proved by induction on n, using the law of Pascal’s triangle for binomial 
coefficients : 



Now suppose f is defined at fl + 1 equally spaced points x k = x 0 + kh for k = 0, 1, . . . , 
n . Then from (15.23) and (15.24) we obtain the formula 

c„=-f-A7(x 0 ), 
h nl 

This provides a rapid method for calculating the coefficients in Newton’s interpolation 
formula. The diagram in Table 15.1, called a difference table, shows how the successive 
differences can be systematically calculated from a tabulation of the values of f at equally 
spaced points. In the table we have written f k for f(x k ). 

Newton’s interpolation formula (15.21) now becomes 

(15.25) P n {x) = fix,) + J ft ix - x,) . 

k\ h k i=o 

k ~ 1 
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If we write 

ft (x - Xj) = J](x-X 0 - jh) = /l* TT [ X *° - /) = hk TF (* - j), 

3=0 3=0 3=0 \ n / 3=0 

where t = (x — xf)jh , Equation (15.25) becomes 

(15-26) P n (x) = f{x,) + V tt (t - J) , 

w fc! 3=0 


15.12 Factorial polynomials 

The product f(t — 1) . .• (t — k + 1) which appears in the sum in (15.26) is a polynomial 
in t of degree k called a factorial polynomial, or the factorial kth power of t. It is denoted 
by the symbol Thus, by definition, 

t W = tt (t-J). 

3=0 

We also define 1 <oi = 1. If we consider the forward difference operator A with h = 1 , 
that is. Af (x) = f (x + 1) — f( x), we find that 


= n [( n -i) f or n > 1 . 

This is analogous to the differentiation formula Dt” = nt n_1 for ordinary powers. Thus, 
the factorial power f("* is related to differences much in the same way that the ordinary 
power t n is related to derivatives. 

With the use of factorial polynomials, Newton’s interpolation formula (15.26) becomes 

3c =0 ' C ‘ 


Expressed in this form, Newton’s formula resembles the Taylor formula for the poly¬ 
nomial of degree that agrees with f and its first n derivatives at X 0 . If we write 

t M t <t — l) " . (t — k + \) 

Tl~ k! 

Newton’s formula takes the form 



Pn(x 0 + th) 



Further properties of factorial polynomials are developed in the following exercises. 
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15.13 Exercises 

1. Let A f{x) = fix + h) -f(x). Iffis a polynomial of degree n, say 

f(x) = 2 a r x r 


with a n # 0, show that (a) A k f(x) is a polynomial of degree n — k if k < n ; (b) A n f(x) = 
n\h n a n ; (c) Af(x) =Ofork >«. 

2. Let Ajf(x) = f ix + h ) -f(x). If/(x) = sin (ax + b) , prove that 

/ a/A n / + «ir\ 

A n /(x) = I 2 sin — 1 sin I ax + b 3---I . 


3. Let A f{x) = fix + h) -f(x). 

(a) If f(x) = a x , where a > 0, show that A k f(x) = (a h — 1 ) k a x . 

(b) If ^(x) = (1 + a) x,h , where a > 0 , show that A k g(x) = a k g{x). 

(c) Show that the polynomial P n of degree n that takes: the values P,(k) = (1 + a) k for k = 
0, 1 , 2 ,. .. , n is given by 

p ’ <x> = 2 h xik) - 

fc =0 

4. Let x *" 1 be the factorial nth power of x. Since x ( ”is a polynomial in x of degree n with the value 
0 when x = 0 , we can write 

X M =2 S Kn x\ 

k = l 

The numbers S k n are called Stirling numbers of the first kind. From the definition of x (n) it is 
clear that S n n = 1 for n > 0. 

(a) Show that £„ „ = ~n(n - l)/2 and that S x n = (-1 ) n_1 (n - 1)! for « > 1. 

(b) Prove that S k n+1 = S k _ l n - nS k n . Use this relation to verify the entries in Table 15.2, 
a table of Stirling numbers of the frrst’kind. and construct the next three rows of the table. 


Table 15.2 


n 

Al ,n 

^2,?! 

^3,n 

^4,n 

A 5.71 

S»,n 

^7,n 

1 

2 

1 

- 1 

1 






3 

2 

- 3 

1 





4 

- 6 

11 

- 6 

1 




5 

24 

-50 

35 

-10 

1 



6 

-120 

274 

-225 

85 

-15 

1 


7 

720 

-1764 

1624 

-735 

175 

-21 

1 


(c) Express the polynomial x (4) + 3x (3) + 2x (1 * + 1 as a. linear combination of powers of x. 
5. (a) Prove that 

X = , x 2 = x (1) + x m . * 3 =: x (1) + 3x ( 2) + x (3) , 
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and that, in general. 



k\ ’ 


where f(x) = x n and \f( jr) = f (x + 1) -f(x). The numbers T k n = & k f (0)jk ! are called 
Stirling numbers of the second kind. 

(b) Prove that 


A fc x" + i = (x + k) is k x n + k A* -1 *” 


and use this to deduce that T kn+1 = T k _ l n + kT k n . 

(c) Use the recursion formula in part (b) to verify the entries in Table 15.3, a table of Stirling 
numbers of the second kind, and construct the next three rows of the table. 


Table 15.3 


n 


T 2 ,n 

T 3,n 

^4,n 

T a , n Ti.n 

1 

i 





2 

i 

i 




3 

i 

3 

1 



4 

i 

7 

6 

1 


5 

i 

15 

25 

10 

1 

6 

i 

31 

90 

65 

15 1 

7 

i 

63 

301 

350 

140 21 1 


(d) Express the polynomial x 4 + 3x 3 + 2x — 1 as a linear combination of factorial poly¬ 
nomials. 

6 . (a) If p is a positive integer and if a and b are integers with a < b , prove that 

y 

■jrf/ 


5>“- 

k=a 


p + 1 


This formula is analogous to the integration formula for JJ' x v dx. It should be noted, however, 
that the upper limit in the sum is b — 1 , not b. 

(b) Verify that k(k + 3) = 4k w + & (2) , The use part (a) to show that 


n 

^ k(k + 3) = 4 


(n + 1) (2) + (n + 1) ,3) n{n + l)(n + 5) 


2 3 

k = l 

(c) If f (k) is a polynomial in k of degree r, prove that 


2 m 


*=i 


is a polynomial in n of degree r + 1 . 
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7. Use the method suggested in Exercise 6 to express each of the following sums as a polynomial 
in n. 


(a) f (4k 2 -t 7k + 6). 

ife=i 

(b) 2 + i). 

*=i 


(c) £*(* + 1)(* + 2). 


k=l 


td) J 

4=1 


8. Let A denote the linear operator defined by the equation 


A(f) = a, A n f + a x A" x f + . . + a„_ :l A/ + a n f, 

where a,„ a„ . . ., a, are constants. This is called a constant-coefficient difference operator. 
It is analogous to the constant-coefficient derivative operator described in Section 6.7. With each 
such A we can associate the characteristic polynomial defined by 

PaW = a tf n + + ■ ■ ■ + a„_ x r + a,. 

Conversely, with every polynomial p we can associate an operator A having this polynomial as its 
characteristic polynomial. If A and B are constant-coefficient difference operators and if A is a 
real number, define A + B , AB, and /.A by the same formulas used in Section 6.7 for derivative 
operators. Then prove that Theorem 6.6 is valid for constant-coefficient difference operators. 


15.14 A minimum problem relative to the max norm 

We consider a problem that arises naturally from the theory of polynomial interpolation. 
In Theorem 15.3 we derived the error formula 

(15.27) f{x) - P(x) = -~~f (n+1 \c), 

(n + 1 )! 

where 

A(x) = (x — x 0 )(x — xf) ■ • • (x — X n ), 

Here P is the unique polynomial of degree < n that agrees with f at n + 1 distinct points 
JC 0 , Xi,. . ., X n in [a, b]. The function f is assumed to have a derivative of order n + 1 
on [a, b], and c is an unknown point lying somewhere in [a, b]. To estimate the error in 
(15.27) we need bounds for the (n + l)st derivative f (n+1) and for the product A (x). Since 
A is a polynomial, its absolute value has a maximum somewhere in the interval [a, b]. 

This maximum will depend on the choice of the points _v 0 , - . X n , and it is natural to 

try to choose these points so the maximum will be as small as possible. 

We can denote this maximum by j A || , where || A || is the max norm, given by 

||A|| = max |A(x)|. 

a<x<b 


The problem is to find a polynomial of specified degree that minimizes || A ||. This problem 
was first solved by Chebyshev; its solution leads to an interesting class of polynomials that 
also occur in other connections. First we give a brief account of these polynomials and then 
return to the minimum problem in question. 
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15.15 Chebyshev polynomials 

Let x + iy be a complex number of absolute value 1. By the binomial theorem we have 

(x + iy)” 

for every integer n > 0. In this formula we write x = cos 6, y = sin 0 , and consider the 
real part of each member. Since 

(x + iy)” = (cos 6 + i sin 0) n = e inB = cos n6 + i sin nO, 

the real part of the left member is cos nO. The real part of the right member is the sum over 
even values of k. Hence we have 

(15.28) cos nO = x n - Qx n ~V + ^x"- 4 / 

Since y 2 = sin 2 0=1 — COS 2 0 = 1 — X 2 , the right-hand member of (15.28) is a poly¬ 
nomial in x of degree n. This polynomial is called the Chebyshev polynomial of the first 
kind and is denoted by T,(x). 


definition. The Chebyshev polynomial T,(x) is defined for all real x by the equation 

[nl 2] . 

T n (x) = J ( 2k) ~ 1} “ 

k=0 ' 

From Equation (15.28) we obtain the following theorem. 
theorem 15.7. If -1 fC x < 1 we have 

T,(x) = cos (n arccos x) . 

Proof. If 6 = arccos x then x = cos 6 and T,(x) = cos nO. 

The Chebyshev polynomials can be readily computed by taking the real part of (x + iy) n 
with j .’ 2 = I — x 2 , or by using the following recursion formula. 

theorem 15.8. The Chebyshev polynomials satisfy the recursion formula 

T n+1 (x) = 2xT n (x) - T n _fx) for « > 1, 


with T q (x ) = 1 and T,(x) = x. 
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Proof. First assume — 1 < x < 1 and put X = cos 0 in the trigonometric identity 

cos (n + 1)0 + cos (n — 1)0 = 2 cos 0 cos nO. 

This proves that T,+,(x) + T n _f(x) = 2xT n (x) for x in the interval -1 < x < 1. But 
since both members are polynomials, this relation must hold for all x. 

The next five polynomials are 

T,(x) = 2x2 - 1 , T % (x) = 4x3 - 3X) r 4 (x) = 8x 4 - 8x 2 + 1, 

T h (x) =1 6x 5 - 20x 3 + 5x, T s (x) = 32x 6 - 48x 4 + 18.v 2 - 1. 

The recursion formula shows that all the coefficients of T,(x) are integers; moreover, 
the coefficient of x n is 2 n_1 , 

The next theorem shows that T,(x) has exactly tl first order zeros and that they all lie in 
the interval [ — 1, 1 ], 

theorem 15.9. If n > 1 the polynomial T,(x) has zeros at the n points 

(2k +1)77 . n 1 o i 

x k = cos -—-—— , k = 0,1, 2,. .., n — 1- 

2n 

Hence T,(x) has the factorization 

T n (x) = 2 n ~\x - x 0 )(x - Xj) • • - (x - x„_0 = 2 n_1 IT (x - cos (2k + . 

)c=o \ 2n / 

Proof. We use the formula T,(x) = COS nS. Since cos llO = 0 only if nd is an odd 
multiple of 7 t/ 2, we have T,(x) = 0 for x in [— 1, 1] only if n arccos x = (2k + 1)77/2 for 

some integer k. Therefore the zeros of T n in the interval [ — 1, 1] are to be found among the 

numbers 

(15.29) Xfr — cos ~~~~ ~ k = 0, ±1,±2 ..... 

The values k = 0, 1,2,..., n — 1 give n distinct zeros X 0 , Xj, . . . , x B _ ls all lying in the 
open interval (- 1, 1). Since a polynomial of degree n cannot have more than n zeros, 
these must be all the zeros of T n • The remaining x k in (15.29) are repetitions of these n. 

theorem 15.10. In the interval [- 1, 1] the extreme values of T,(x) are + 1 and — 1, 

taken alternately at the n + 1 points 

(15.30) t k = cos — , for k= 0,1, 2,..., n. 

n 

Proof. By Rolle's theorem, the relative maxima and minima of T n must occur between 
successive zeros; there are n — 1 such points in the open interval (- 1, 1). From the cosine 
formula for T n we see that the extreme values, i 1, are taken at the n — 1 interior points 
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Figure 15.2 Graphs of Chebyshev polynomials over the interval [— 1, 1], 

COS ( kTrjn ), k= 1, 2, . . . , n — 1, and also at the two endpoints x = 1 and X = — 1. 
Therefore in the closed interval [- 1, 1] the extreme values + 1 and — 1 are taken alter¬ 
nately at the n + 1 points t 0 , t lt . . . , t„ given by t k = cos ( knjn ) for k = 0, 1, 2 , . . . , n . 

Figure 15.2 shows the graphs of 7a , , T s over the interval [ —1,1]. 

15.16 A minimal property of Chebyshev polynomials 

We return now to the problem of finding a polynomial of a specified degree for which the 
max norm is as small as possible. The problem is solved by the following theorem. 


THEOREM15.il. Let p n (x) 
coefficient 1, and let 

Then we have the inequality 


x n + • • • be any polynomial of degree n > 1 with leading 

\\pj = max \p n (x )\. 

-1<Z<1 


(15.31) 


WpJ > \\TJ, 


where T n (x) = T n (x)/2 n 1 . Moreover, equality holds in (15.31) if p n = T n . 

Proof. In the interval [-1, 1] the polynomial T n takes its extreme values, 1/2” -1 and 
— 1/2" -1 , alternately at the n + 1 distinct points t k in Equation (15.30). Therefore || T n || = 
1 / 2 *- 1 . 

We show next that the inequality 
(15.32) \\pj < ^ 


leads to a contradiction. Assume, then, thatp, satisfies (15.32) and consider the difference 

r(x) = T n (x) - p n {x). 


At the points t k given by (15.30) we have 


r(t k ) = 


(-If 

2«—i 


Pn(h)= ("I f 
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Because of (15.32) the factor in square brackets is positive. Therefore r(t k ) has alternating 
signsatthen+ 1 points t 0 , t x , , t„. Since r is continuous it must vanish at least once 

between consecutive sign changes. Therefore r has at least n distinct zeros. But since r is a 
polynomial of degree < n — 1, this means that r is identically zero. Therefore P n = T n , 
so ||P || = If.|| = l/2 n_1 , contradicting (15.32). Thiis proves that we must have \\p n \ > 

1/2"-”= || f n ||" 


Although Theorem 15.11 refers to the interval [-1,1] and to a polynomial with leading 
coefficient 1, it can be used to deduce a corresponding result for an arbitrary interval [a, b] 
and an arbitrary polynomial. 


theorem 15.12. Let q n (x) = c n x n + • • • be any polynomial of degree n > 1, and let 

\\qj = max \q n (x)\. 

a<x<b 

Then we have the inequality 


(15.33) 


Il4.ll > W 


(b - ay 

2 2 "-i 


Moreover, equality holds in (15.33) if 


q ( X ) = c (b - ~ — r -T 

q n \ A J — L n 22.-1 ln 



Proof Consider the transformation 


2 x — a — b 
b — a 


This maps the interval a < x < b in a one-to-one fashion onto the interval — 1 < t < 1. 
Since 

b — a x , b + a 


X = 


we have 


hence 


t “j~ 

2 2 


_ q\11 

—^—j t n + terms of lower degree, 

4.00 = 


where p n (t ) is a polynomial in t of degree n with leading coefficient 1. Applying Theorem 
15.11 to p n we obtain Theorem 15.12. 


15.17 Application to the error formula for interpolation 

We return now to the error formula (15.27) for polynomial interpolation. If we choose 
the interpolation points x 0 , x 1 , ■ ■ . , x n to be the n + 1 zeros of the Chebyshev polynomial 
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T n _ x we can write (15.27) in the form 

fix) - P(x) = / (n+1, (c). 

3 V w 2 ”(n + 1)! 

The points A' 0 , .Y 1( . . . , X n all he in the open interval (— 1, 1) and are given by 

x _cos £1±!ZE\ for k = 0, 1, 2,..., n. 

\ n + 1 2/ 

If x is in the interval [- 1, 1] we have | T n+1 (x)\ < 1 and the error is estimated by the 
inequality 


I fix) - P(x) | < ' 


1 


l/ ,B+1, (c)|. 


2"(n + 1)! 

If the interpolation takes place in an interval [a, b] with the points 

b ■ a , b + a 

*‘ = — ** + — 

as interpolation points, the product 

A(x) = (x - y 0 )(x - }\) •••(*- y n ) 

satisfies the inequality |/4(x)| < (b — a) n+1 /2 2n+1 for all x in [a, b]. The corresponding 
estimate for f(x) — P(x) is 

(.b - a )^ 1 


I f(x) - P(x) | < 


2 2n+1 (n + 1 )! 


l/ U+1, (c)|. 


15.18 Exercises 


In this set of exercises T n denotes the Chebyshev polynomial of degree n. 

1. Prove that T n ( —x ) = ( — \) n T n (x). This shows that T n is an even function when n is even 
and an odd function when n is odd. 

2. (a) Prove that in the open interval ( — 1, 1) the derivative T' n is given by the formula 

n sin nd 

T'(x) = —;—— , where Q = arccos x. 

M sin 6 

(b) Compute 7^(1) and T' n { -1). 


3. Prove that 


j: 


T n (u) du 


1 | Ur) - UP) T n __ x {x) - T n _fO) 

21 n + 1 n - 1 


f n > 2 . 


4. (a) Prove that 2TJx)T n (x) = T m _ n (x) + T m _ n (x). 

(b) Prove that T mn (x) = T m [T r {x)] = T n [T m (x)] . 

5. If x = cos 6, prove that sin 0 sin nd is a polynomial in x, and determine its degree. 

6 . The Chebyshev polynomial T n satisfies the differential equation 

(1 — x 2 )y" — xy + n 2 y = 0 
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over the entire real axis. Prove this by each of the following methods: 

(a) Differentiate the relation T' n {x) sin 0 = tl sin nO obtained in Exercise 2(a). 

(b) Introduce the change of variable x = cos d in the differential equation 


d 2 (cos nO ) 

dP 


—n 2 cos nO. 


7. Determine, in terms of Chebyshev polynomials, a polynomial Q(x) of degree Kn which best 
approximates X n+1 on the interval [ —1,1] relative to the max norm. 

8. Find a polynomial of degree <4 that best approximates the function f(x) = X 5 in the interval 
[0, 1], relative to the max norm. 

9. A polynomial P is called primary if the coefficient of the term of highest degree is 1. For a 

given interval [a, b] let || P|| denote the maximum of P j on [u, b\. Prove each of the following 

statements : 

(a) If b — a < 4, for every e > 0 there exists a primary polynomial P with ||/ , || < e. 

(b) If for every € > 0 there exists a primary polynomial P with ||/ > || < e, then b — a < 4. 

In other words, primary polynomials with arbitrarily small norm exist if. and only if. the 

interval [a, /)] has length less than 4. 

10. The Chebyshev polynomials satisfy the following orthogonality relations: 


fi T n (x)T m (x) dx 

J~i V 1 - * 2 


0 

i f 

n ^ m, 

7r 

i f 

n — m = 0. 

7T 

2 

i f 

n = m > 0 
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Let P be the polynomial of degree <n — I that takes the value y k at x k for I < k < n. If x is 
not one of the x k show that 


P(x) = 


■ 2 f Vi ~ x \ 


TJx) 
x — Xi k 


13. Let P be a polynomial of degree <n — 1 such that 

ipwi ^ i 

for -1 < x <[ 1. Prove that |[/ > || < n , where ||P|| is the maximum of |/*| on the interval [ — 1 ,1], 

[Hint: Use Exercise 12. Consider three cases: Xj ^ x <, 1 ; — 1 < x < ; 

x n < X < -Vi : in the first two use Exercise 15(a) of Section 15.9. In the third 
case note that x /1 — x 2 > sin (tj-/2 «) > 1/n.] 

In Exercises 14 through 18, U n (x) " T^ +l (x)j{n + 1) for n = 0, 1,2,. . . . 

14. (a) Prove that U n (x) = 2^[/„_ 1 (x) — U n _ 2 (-' : ) for n > 2. 

(b) Determine the explicit form of the polynomials L/ 0 , U x , . . . , t/ 5 . 

(c) Prove that \ U n {x)\ ^« + lif—l<x<l. 

15. Show that U n satisfies the differential equation 

(1 - x 2 )y" - 3xy' + n(n + 2)y = 0. 


16. Derive the orthogonality relations 

•l 


'X 

v —! 


V 1 - X 2 U m (x)U n (x) dx = 


(0 if m 5 *h, 


if m = n. 


17. Prove that 


,- 2 n (n + IV d n 

Vl - -« 2 Unix) = (- 1)" (1 - * 2 r +1/2 . 


(2 n + 1)! dx n 


18. Let y x , y 2 ,... , y n be n real numbers and let 

kn 


x k = COS 


n + 1 


for k = 1, 2 ,... , n , 


Let P be the polynomial of degree <« — 1 that takes the value y k at x k for 1 < k < n. If x is 
not one of the x k show that 

UJx)_' 

Xk' 




15.19 Approximate integration. The trapezoidal rule 

Many problems in both pure and applied mathematics lead to new functions whose 
properties have not been studied or whose values have not been tabulated. To satisfy 
certain practical needs of applied science it often becomes necessary to obtain quantitative 
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information about such functions, either in graphical or numerical form. Many of these 
functions occur as integrals of the type 

F(x) = f/(0 dt, 

da 

where the integrandfis given by an explicit analytic formula or is known in part by tabular 
data. The remainder of this chapter describes some of the most elementary methods for 
finding numerical approximations to such integrals. The basic idea is very simple. We 
approximate the integrand f by another function P whose integral is easily computed, and 
then we use the integral of P as an approximation to the integral off. 

If/is nonnegative the integral J* f(x) dx represents the area of the ordinate set off over 
[a, b]. This geometric interpretation of the integral immediately suggests certain proce¬ 
dures for approximate integration. Figure 15.3 shows an example of a function f with 
known values at At + 1 equally spaced points a, a + /; , « + 2h, ■ . . , a + nfl = b, where 
h = (b — a)ln . Let x k = a + kh. For each k = 0, 1, 2, ... , n — 1 the graph of / over 
the interval \x k , Xj. +1 ] has been approximated by a linear function that agrees with f at the 
endpoints x k and X k+1 . Let P denote the corresponding piecewise linear interpolating 
function defined over the full interval [a, b]. Then we have 

(15.34) P(x) = Xfc+ \~ X f(x k ) + X ~ f(x k+ 1 ) if x k < x < x k+1 . 

n h 

Integrating over the interval \x k , x k+1 ] we find that 

I ^ P(x) dx = h ^ Xk) + , 

JXk 2 

When f is positive this is the area of the trapezoid determined by the graph of P over 
[x k , W„r]- The fomrula holds, of course, even iff is not positive everywhere. Adding the 
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integrals over all subintervals [Xj. , .\' i+1 ] we obtain 

C b h v 1 

(15.35) I p(x> dx = ~ / [/(x^) + /(Xfc-|.i)] 

*° o 

= ~{f(a) + 2^f(a + kh)+m\. 

' *=i 

To use this sum as an approximation to the integral f a f{x) dx we need an estimate for 
the error, j af( x ) ^ x ~ J« P( x ) ^ x ‘ ^f ^ as a cont i nuous second derivative on [a, b\ this 
error is given by the following the&em. 

theorem 15.13. trapezoidal rule. Assume f has a continuous second derivative f" 
on [a, b].Zfn is a positive integer, let h = (b — a)jn. Then we have 

(15.36) f/(x) dx = ~^(f(a) + 2Sf(a + kh) + f(b)) - (b f"(c) 

ja In \ 12 n 2 

for some c in [a, b]. 

Note: Equation (15.36) is known as the trapezoidal rule. The term —f"(c)(b — a) 3 /\2n 2 
represents the error in approximating f(x) dx by jjj P(x) dx. Once the maximum value 
off’ on [a, b ] is known we can approximate the integral off to any desired degree of 
accuracy by taking n sufficiently large. Note that no knowledge of the interpolating 
function Pis required to use this formula. It is only necessary to know the values off at the 
points a, a + /?,.. . , a + nh, and to have an estimate for \f"(c)\. 

Proof. Let P be the interpolating function given by (15.34), where x k = a + kh . In each 
subinterval [x fc , x^] we apply the error estimate for lineal' interpolation given by Theorem 
15.3 and we find 

(15.37) f(x) - P(x) = (x ~ x k )(x - x, +1 )^ 

for some c h in (x k , X k+1 ). Let M 2 and m. 1 denote the maximum and minimum, respectively, 
off’ on [a, b], and let 

B(x) = (x - X fc )(x jfc+1 - x)/2. 

Then B(x) > 0 in the interval [Xj., x fc+1 ], and from (15.37) we obtain the inequalities 

»l 2 B(x)< P(x)~f ( X) <.M 2 B(x ) 

in this interval. Integrating, we have 

f Xk+h f Xk+h f Xk^fo , 

(15.38) m 2 B(x) dx < [P(x) — f(x)] dx < M 2 B(x) dx . 

J X k Jx k ■>X k 

The integral of 8 is given by 

px k +h i rxjc+h i n l3 

P BM dx = - (x - x k )(x k+1 -x)dx = -^ t(h-t)dt = —. 
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Therefore the inequalities (15.38) give us 

1 j r **+& 

m 2 ^ 75 [P(x) - f(x)] dx < M 2 . 

n Jxk 

Adding these inequalities for k = 0, 1, 2, , n ~ 1 and dividing by n, we obtain 

m 2 < f t F ( x ) - /(*)] dx ^ M 2 ■ 

nn Jo 

Since the function f" is continuous on [a, b], it assumes every value between its minimum 
m 2 and its maximum M 2 somewhere in [a, b]. In particular, we have 

/"(c) = f [P(x)-Kx)]dx 
nh Ji 

for some c in [a, b]. In other words, 

r b C nh 3 

f(x) dx = P(x)dx 

Ja Ji 12 

Using (15.35) and the relation h = (b — a)jn we obtain (15.36). 

To derive the trapezoidal rule we used a linear polynomial to interpolate between each 

adjacent pah' of values off. More accurate formulas can be obtained by interpolating with 

polynomials of higher degree. In the next section we consider an important special case 

that is remarkable for its simplicity and accuracy. 

15.20 Simpson’s rule 

The solid curve in Figure 15.4 is the graph of a function f over an interval [a, b]. The 
mid-point of the interval, (a + b)l2, is denoted by m. The dotted curve is the graph of a 
quadratic polynomial P that agrees with f at the three points a, m, and b. If we use the 
integral P(x) dx as an approximation to J b f(x) dx we are led to an approximate inte¬ 

gration formula known as Simpson’s rule. 

Instead of determining P explicitly, we introduce a linear transformation that carries the 
interval [a, b] onto the interval [0,2], If we write 

X m 3 

t = -, or X = a + (m — a)t, 

m - u 

we see that t takes the values 0, 1, 2 when x takes the values a, m, b. NOW let 

cp(t) = P[a + (m — a)t]. 

Then cp(t) is a quadratic polynomial in t that takes the values P(u), P(m), P(b) at the points 
t = 0, 1, 2, respectively. Also, we have 

f <p(t) dt = f P[a + (m — a)t ] dt == —-— f?(x) dx ; 

Jo Jo m — a Ji 
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Figure 15.4 Interpolation by a quadratic polynomial P. 


hence 

(15.39) P P(x) dx = (m - a) i\(t) dt = ——‘ f 99 (f) dt . 

Ja 2 Jfl 

Now we use Newton’s interpolation formula to construct 99 . We have 

<P(t) = <P(0) + t Af>(0) + t(t - 1) , 

where A 9 o(t) = cp(t + 1) — 99 (f). Integrating from 0 to 2 we obtain 


£ 99(f) dt = 299(0) + 2 A^O) + i A>( 0 ). 

Since A9>(0) = 99(1) — 9>(0) and A 2 <p( 0 ) = cp( 2 ) — 299(1) + 99 ( 0 ), the integral is equal to 

I o V( 0 * = M<P(O) + 499(1)+ 99(2)] = i[P(a) + 4 P(m) + P(b)]. 

Using (15.39) and the fact that P agrees with f at a, m, b, we obtain 

(15.40) £ P(x) dx = ^ [f (a) + 4 /(m) + /(&)]. 

Therefore, we may write 

f f(x) dx = {/{a) + 4 /(m) + f(b)l + R , 

Ja 0 


where R = § b a f(x) dx — P(x) dx. 
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Iff is a quadratic polynomial, P is identical tofand the error R is zero. It is a remark¬ 
able fact that we also have R = 0 when / is a cubic polynomial. To prove this property we 
use the error estimate for Lagrange interpolation given by Theorem 15.3, and we write 

(15.41) fix) - P(x) = (x - a)(x - m)(x - > 

where c £ (a, b). When f is a cubic polynomial the third derivative f” is constant, say 
f”‘(x) = C, and the foregoing formula becomes 

fix) - P(x) = - (x - a)(x - m)(x - b) = j (t + h)t(t - h), 

6 6 

where t = x — m and h = (b — flf)/2. Therefore 

R = j* [fix) - P(x)] dx= ~ j (t 3 - h-t) dt = 0, 

since the last integrand is an odd function. This property is illustrated in Figure 15.5. The 
dotted curve is the graph of a cubic polynomialf that agrees with P at a, m, b. In this 
case R = Jjj [f(x) — P(x)] dx = A, — A„ where A, and A 2 are the areas of the two shaded 
regions. Since R = 0 the two regions have equal areas. 

We have just seen that Equation (15.40) is valid if P is a polynomial of degree < 3 that 
agrees with f at a, m, and b. By choosing this polynomial carefully we can considerably 
improve the error estimate in (15.41). We have already imposed three conditions on P, 
namely, P(a) = f(a), P(m) =f(m), P(b) - f(b) . N ow we impose a fourth condition, 
P’(m) =/' (m). This will give P andfthe same slope at ( m,f{m )), and we can hope that 
this will improve the approximation off by P throughout [a, b]. 


/ Cubic 



Figure 15.5 The two shaded regions have equal areas, for every cubic interpolating 

polynomial. 
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To show that such a P can always be chosen, we let Q be the quadratic polynomial that 
agrees with f at a, m, b, and we let 

P(x) = Q(x) + A(x — a)(x — ni)(x — b), 

where A is a constant to be determined. For any choice of A, this cubic polynomial P 
agrees with Q and hence with f at a, m, b. Now we choose A to make P’(m) = f ‘f m). 
Differentiating the formula for P(x) and putting x = Ytl we obtain 

P’(m) = Q’(m) + A(m — a)(m — b), 

Therefore if we take A = [ f’(m ) — Q , (w)]/[(w — d)(m — b) ] we also satisfy the condition 
P’(m) = f’(m). 

Next we show that for this choice of P we have 

f w (z) 

( 15 . 42 ) f(x) — P(x) = (x — a)(x — mf(x — b )- 

4! 

for some z in (a, b), provided that the fourth derivative y (4) exists in [a, b]. To prove 

(15.42) we argue as in the proof of Theorem 15.3. First we note that (15.42) is trivially 

satisfied for any choice of z if A' = a, m, or b. Therefore, assume x 5 ^ a, x 5 ^ in , x A b , 

keep x fixed, and introduce a new function F defined on [a, b] by the equation 

m = A{x)[f(t) - P(t)] - A(t)[f(x) - P(x)], 

where 

A(t) = (t — a)(t — m)\t — b). 

Note that F(t) = 0 for t = a, ill, b, and x. By Rolle’s theorem, F’(t) vanishes in each of 
the three open intervals determined by these four points. In addition, F’(m) = 0 because 
A’(m) = 0 and f’(m) = P’(m). Therefore F’(t) = 0 for at least four distinct points in 
(a, b). By Rolle’s theorem F"(t) = 0 for at least three points, F"'(t) = 0 for at least two 

points, and F (i) (t) = 0 for at least one point, say for t = z. From the definition of F we 

find 

F w (t) = A{x){f«\t) - P' 4 >(0] - A«\t)[f{x) - P(x)l 
= A(x)f U) (t) - 4! [f(x) - P(x)]. 

When we substitute t = z in this equation we obtain (15.42). 

Now it is a simple matter to prove Simpson’s mle in the following form. 

theorem 15.14. simpson's rule. Assume f has a continuous fourth derivative on 
[a, b], and let m = (a + b)l 2 . Then h’g have 

(15.43) jj(x) dx = ^ [ f(a ) + 4 f[m) + /(*)] " 


for some c in [a, b]. 
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Proof. Let M i and w 4 denote, respectively, the maximum and minimum values of 
/< 4 > on [a, bj, and let B(x) = — (x — a)(x — m)\x — i>)/4!. Since B(x) > 0 for each x 
in [a, b]. Equation (15.42) leads to the inequalities 


m i B(x) < P(x) — f(x) < A/ 4 B{x) . 

Integrating, we fmd 

(15.44) m 4 I B(x) clx < f [P(x) — f(x)] dx < M 4 I B(x) dx . 

To evaluate the integral B(x) dx we let h = (b — a)/2 and we have 


r b i i ph 

B(x) dx - -I (x — a)(x — mf(x — b) dx = — — (f + h)t\t — h) dt 

J« 4 1 Joi 4! J-h 


= -- [V -h^t = - = 

4! J} 4! 15 


(b - a) 5 
2880 


Therefore the inequalities in (15.44) give us 

Cl p (x)-m)dx<M 4 . 

(b — a) Ji 


m d 


But since f (4 * is continuous on [a, bj, it assumes every value between its minimum m i and 
its maximum M 4 somewhere in [a, b]. Therefore 

/( 4) (c)= ^880 r [P{x) _ f{x)]dx 

(b — a) J»o 

for some c in [a, b]. Since P(x) dx = \(b — a)[f(a ) + 4 fipi) + f(b )] , this equation 
gives us (15.43). 


Simpson's mle is of special interest because its accuracy is greater than might be expected 
from a knowledge of the functionfat only three points. If the values of f are known at an 
odd number of equally spaced points, say at a, a + h, . . . , a + 2 nh, it is usually simpler 
to apply Simpson’s mle successively to each of the intervals [a, a + 2 h], [a + 2 h, a + 4 h], 
. . . , rather than to use an interpolating polynomial of degree -fin over the full interval 
[a, a + 2 nh]. Applying Simpson’s rule in this manner, we obtain the following extension 
of Theorem 15.14. 


theorem 15.15. extended SIMPSON’S rule. Assume f has a continuous fourth derivative 
in [a, b]. Let h = (b — a)/( 2n) and let f k = f(a + kh) for k = 1,2. 2n — 1. Then 

we have 



for some C in [a, b]. 


b — a 
6 n 


n n —jl 


( b-af nt) (d) 

2880n 4 


The proof of this theorem is requested in Exercise 9 of the next section. 
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15.21 Exercises 

1. (a) Apply the trapezoidal rule with n = 10 to estimate the value of the integral 



Obtain upper and lower bounds for the error. (See Exercise 10(b) to compare the accuracy 
with that obtained from Simpson’s rule.) 

(b) What is the smallest value of n that would ensure six-place accuracy in the calculation of 
log 2 by this method? 

2. (a) Show that there is a positive number c in the interval [0, 1] such that the formula 

P/C*) dx =/(c) +/(-c) 
is exact for all polynomials of degree <3. 

(b) Generalize the result of part (a) for an arbitrary interval. That is, show that constants c 1 
and c 2 exist in [a, b] such that the formula 

f b . b — ci 

is exact for all polynomials of degree <3. Express q and c 2 in terms of a and b. 

3. (a) Show that a positive constant c exists such that the formula 

f* t Ax)dx = m-c) +/(0) +f(c)l 

is exact for all polynomials of degree <3. 

(b) Generalize the result of part (a) for an arbitrary interval. That is, show that constants q 
and c 2 exist in [a, b] such that the formula 

f 6 b — af / a + b\ 

J f(x ) dx = —— /(q) + / j- j +./'(G) 

is exact for all polynomials of degree <3. Express q and c 2 in terms of a and b. 

4. Show that positive constants a and b exist such that the formula 

I, e*f{x)dx —\{af{b) + bf(a)] 

is exact for all polynomials of degree <3. 

5. Show that a positive constant c exists such that the formula 

f <r*f{x) dx = b/fL [/( -c) + 4/(0) + /(c)] 

J -oo 6 

is exact for all polynomials of degree <5. 

6. Let P n be the interpolation polynomial of degree Kn that agrees with fat n + 1 distinct points 

*o» * 5 x n * 

(a) Show that constants A 0 (n), A,(n), . . . , A,(n) exist, depending only on the numbers 
X 0 , x 1 ,.. . , X n , a, and b, and not on /, such that 

P P n (x) dx = J A k (n) f(x k ). 

• a h =0 

The numbers A k (n) are called weights. (They are sometimes called Christoffel numbers.) 
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(b) For a given set of distinct interpolation points and a given interval [a, b], let fV 0 (n), 
W x (n ),. . . , W n (n) be n + 1 constants such that the formula 

P/M dx= \ W k (n)f(x k ) 

' ,a k =o 

is exact for all polynomials of degree Kn. Prove that 

b r+1 - a r+1 

x r k W le (n) = ~ ~ y — for r =0,1,..., n. 

k =0 

This is a system of n + 1 linear equations that can be used to determine the weights. It can 
be shown that this system always has a unique solution. It can also be shown that for a suitable 
choice of interpolation points it is possible to make all the weights equal. When the weights 
are all equal the integration formula is called a Chebyshev integration formula. Exercises 2 
and 3 give examples of Chebyshev integration formulas. The next exercise shows that for a 
proper choice of interpolation points the resulting integration formula is exact for all poly¬ 
nomials of degree <2 n + 1 ■ 

7. In this exercise you may use properties of the Legendre polynomials stated in Sections 6.19 
and6.20. Let x 0 , x l , ... ,x n be the zeros of the Legendre polynomial P n+1 (x). These zeros 
are distinct and they all he in the interval [ -1, 1], Let f(x) be any polynomial in x of degree 
<2 n + 1 . Divide fix) by P n , i(x) and write 

fix) = Pnnix)Q(x) -t R(x), 

where the polynomials Q and R have degree <.n. 

(a) Show that the polynomial R agrees with f at the zeros of Pn- 1 and that 

dx = j'^ R{x) dx. 

(b) Show that n + I weights (n), . . . , W n (ri) exist (independent off) such that 

i 1 fix) dx = W k (n)f(x k ). 

J *=o 

This gives an integration formula with n + 1 interpolation points that is exact for all poly¬ 
nomials of degree <2 n + 1. 

(c) Take n = 2 and show that the formula in pail (b) becomes 

\\fix)dx = f/(-Vf) + |/(0) + f/(Vi) • 

This is exact for all polynomials of degree <5. 

(d) Introduce a suitable linear transformation and rewrite the formula in part (c) for an 
arbitrary interval [a, b]. 

8. This exercise describes a method of PeariO for deriving the enor formula in Simpson’s rule. 

(a) Use integration by parts repeatedly to deduce the relation 

J u{t)v’"(t) dt = u(t)v”{t) — u(t)v'(t) + u'(t)v{t) — | g{t) dt, 



where g(t)= u"'(t)v{t). 
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(b) Assume <p has a continuous fourth derivative in the interval [ —1,1], Take 

v(t)= t(l-t) 2 j6, u(t)= <p(t) + 9 ?(—/), 

and use paid (a) to show that 

£ V(f) dt = -1) + 4fl»(0) + flt»(l)] - 

Then show that llg(t) dt = (f^Hc)j90 for some c in [ — 1, 1], 

(c) Introduce a suitable linear transformation to deduce Theorem 15.14 from the result of 
paid (b). 

9. (a) Let a„ a 2 , ■ . . , a, be nonnegative numbers whose sum is 1 . Assume <p is continuous on 
an interval [a, bj. If C 1( C 2 , . . . , c n are any n points in fa, b] (not necessarily distinct), prove 
that there is at least one point c in [a, b] such that 


2 °M c k) = 9 (c). 

1 

[Hint: Let M and in denote the maximum and minimum of ip on [a, b] and use 
the inequality m < <f{c k ) < M.] 

(b) Use paid (a) and Theorem 15.14 to derive the extended form of Simpson’s mle given in 
Theorem 15.15. 

10. Compute log 2 from the formula log 2 = j 2 x^ 1 dx by using the extension of Simpson’s rule 
with (a) n = 2 ; (b) n = 5. Give upper and lower bounds for the error in each case. 

11. (a) Let <p(t) be a polynomial in t of degree <3. Express P)(t) by Newton’s interpolation 
formula and integrate to deduce the formula 

/’ 9(t)dt= f[p(0)+ 3<p(l) + 3<p(2) + <p( 3)]. 

(b) Let P be the interpolation polynomial of degree <3 that agrees with f at the points a, 
a +h,a +2h,a + 3/t, where h >0. Usepart(a)toprovethat 

ra+3h 3 h 

P(x) dx= —[f (a) + 3f(a + h)+3f(a+2h)+f(a+3h)]. 

(c) Assume f has a continuous fourth derivative in fa, b], and let h-(b— a)/ 3 . Prove that 

f b b — a (b — af 

J f(x)dx = —— [f(a) + 3f(a + h) + 3f(a + 2b) + f(b)) -^-/ <4) (cj 

for some c in fa, bj. This approximate integration formula is called Cotes' rule. 

(d) Use Cotes’ mle to compute log 2 = x~ l dx and give upper and lower bounds for the 
eiTor. 

12. (a) Use the vector equation r(t) = a sin t i + b cos t j, where 0 < f) < a, to show that the 
circumference L of an ellipse is given by the integral 

L =4a J o / \/l - k 2 sin 2 1 dt, 

where k = *Ja 2 — b^ja. 
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(b) Show that Simpson’s mle gives the formula 


air° 


l - - [„ + b + V5(7TP)] - 23040 

for some c in [0, tt/ 2], where fit) = >J 1 — k 2 sin 2 1 . 


f (i Kc ) 


15.22 The Euler summation formula 

Let n be a positive integer. When the trapezoidal formula (Theorem 15.13) is applied to 
the interval [0, n] it becomes 

n —1 


JV(x)<fc =2 /( ^ + - 


f"(c)n 

12 


for some c in [0, n]. If f is a quadratic polynomial then f" is constant and hence / “(c) — 
f’(0). In this case the formula can be rewritten in the fomi 


(15.45) 




mdx+ fM±M + mn 


2 12 

It is exact when f is any polynomial of degree <2. 

Euler discovered a remarkable extension of this formula that is exact for any function 
with a continuous first derivative. It can be used to approximate integrals by sums, ‘or, as 
is more often the case, to evaluate or estimate sums in terms of integrals. For this reason 
it is usually referred to as a “summation” formula rather than an integration formula. It 
can be stated as follows. 


theorem 15.16. euler’s summation formula. Assume f has a continuous derivative on 
[0, n]. Then we have 


2>=f 

/£=0 J ° 


f (x) dx + 


(15.46) 

where [x] denotes the greatest integer <x. 
Proof. Integration by parts gives us 


m±f(n) 


+ (x - [x] - l)f'(x) dx. 


(15.47) £ (x - -l)f'(x) dx = (n - \)f(n) + }J(0) - £"/(*) dx. 

Now we consider the integral J” \x\f ‘(x) dx and write it as a sum of integrals in each of 
which [x] has a fixed value. Thus, we have 


fn Cr +1 7 L_ A jVf-1 

J [X]/'(X) dx = 2 £ [x]/'(x) dx = 2 r ! f'(x) dx 

r —0 r —0 ' 

- 2 r(/(r + 1) - f(r)) = f rf{r + 1) - 2 r f ( r ) 

r =0 r ==0 r =0 

71 -1 1 

« - 2/( r + 1) +2^ + 1 )f(r + l)-2#) 

r =0 r =0 r =0 

= -2 /( fc ) + n/(n) = -2/W +/(0) + n/(n), 
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Subtracting this from Equation (15.47) we obtain 

J e "(x - [x] - !)/'« dx =2 m - j n f(x) dx, 

which is equivalent to (15.46). 

The last integral on the right of (15.46) can be written as 

0 “ [x] - £)/'(*) dx = /” <pi(x)f'(x) dx, 

where cp 1 is the function defined by 

x-[x]-\ if x is not an integer, 

0 if x is an integer. 

The graph of (p 1 is shown in Figure 15.6(a). We note that (p^X + 1) = (fi(x), which means 
that 9 ?! is periodic with period 1. Also, if 0 < X < 1 we have 9T(x) = X — so 
JJ f r (0 dt = 0. 

Figure 15.6(b) shows the graph of 9? 2 j the indefinite integral of , given by 

(f 2 {x) = J“ cpxit) dt. 

It is easily verified that (p 2 is also periodic with period 1. Moreover, we have 

<p 2 (x) J 1 — -- if 0 < x < 1. 

This shows that — | < q> 2 (x) K 0 for all x. The strict inequalities — | < (p 2 (x) < 0 hold 
except when x is an integer or half an integer. 

The next theorem describes another version of Euler’s summation formula in temis of 
the function <p 2 . 



<Pi(x) 


<p 2 (x) = j’<PAi)dt 



X 
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15.17. If f" is continuous on [0, n] we have 


(15.48) 


y^f(k) = fix) dx + 

k =0 *'° 


m + fjn) 


nix)Fix) dx . 


Proof. Since <p' 2 ix) = (pfx ) at the points of continuity of <p 1 , we have 

j ( " <Piix)f\x) dx = J Q " q-f x)f'(x) dx . 

Integration by paits gives us 

J 0 " <P 2 ix)f'ix) dx = <p 2 (x)f'ix) J“ <p 2 (x)f"(x) dx = -£ cp 2 ix)f"(x) dx 


since tpfti) = qD 2 (0) = 0. Using this in (15.46) we obtain (15.48). 

Note: Although Theorems 15.16 and 15.17 refer to the interval [0, n], both formulas 
are valid when 0 is replaced throughout by 1 or by any positive integer < n. 

To illustrate the use of Euler’s summation formula we derive the following formula for 
logn!. 


theorem 15.18. For any positive integer n we have 

(15.49) log n! = (n + J) log n — n + C + E(n), 

where 0 < E(n) < 1/(8 ri) and C = 1 + t~ i( Pzit) dt . 

Proof. We take f(x) = log x and apply Theorem 15.17 to the interval [1, n]. This 
gives us 


| to, 


dx + | log n + 


cpfx) 


dx. 


Using the relation j log l dt = t log t — t we rewrite this equation as follows, 

nit) 


(15.50) 


logn! =(n + f) log n — n + 1 + 




dt. 


Since I^COI < ^ the improper integral J® t 2 <^ 2 (() dt converges absolutely and we 
write 


nE > dl= r &<!)*_ mi 

Jl t Jl t 2 Jn f 


dt. 


Therefore Equation (15.50) becomes 


log n! = (n + i) log n - n + C - f 

J it r 


dt. 
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where C = 1 + J® t^ 2 (p 2 {t) dt . Since we have —< (pft) < 0 except when t is an integer 
or half an integer, we obtain 


0 < 


-f 




t 8 n 

This proves (15.49), with E(n) = — J® t~ 2 <p 2 (t) dt. 

From Theorem 15.18 we can derive Stirling’s formula for estimating n!. 


theorem 15.19. STIRLING’S formula. If n is a positive integer we have 


V'2t7 n n+1/z e~ n <nl< ^2 tt 


.n+1/2 n 




Proof. Using Equation (15.49) and the inequalities for E(n) we obtain 

exp ((n + |) log n — n + C) < n ! < exp |(n + |) log n — n + C + j , 


where exp 
inequalities as 

(15.51) 


(t) = e l . Using the relation e x < 1 + 2x, with x = l/(8/t), 


we can rewrite these 


An n+1/2 e~ n < n! V An n+V2 e 




where A = e c . To complete the proof we need to show that A = \i2ir. 
We shall deduce this from the inequality 


(15.52) 


Ttn 


< p.(n\f x jr{2n + 1 ) 

“ l (2 m)! j - 2 ’ 


discovered by John Wtlllis (1616-1703). First we show how Wallis’ inequality implies 
A = \2tt ; then we discuss the proof of (15.52). 

If we let 

n! 


A„ = 


n n n+V2 e~ n 


the inequality in (15.51) implies 


A < A - < A {' + b) ■ 

This shows that A n -*■ A as tl -*■ 00 . In (15.52) we write n! = ti n+ll2 e~ n A n to obtain 

>2n„2n+l e -2n A 2 ^ ^ 7r ( 2 „ + 1 ) 


which is equivalent to 


/ In' e n A n Y 
“ \(2nf n+x/2 e- 2n Aj ~ 


. 4 . 2n + 1 

77 < -— < 77 - 

” 2AL ~ 2 n 
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We let n —y co in this last inequality. Since A = > 0 we obtain 

. A' 

This shows that A 2 = 2tt , so A = %/277 , as asserted. 

It remains to prove Wallis’ inequality (15.52). For this purpose we introduce the numbers 


fW2 

I, = sin" t clt , 

J 0 


where n is any nonnegative integer. We note that /„ = 7r/2 and I x = 1. For 0 < t < 7v/2 
we have 0 < sin / < 1 ; hence 0 < sin" +1 t < sin" t . This shows that the sequence {I,} 
is monotonic decreasing. Therefore we can write 


(15.53) 


4n4n-l 


< 4 -<—-—. 

I 2 J J 

l 2n 1 2n 1 2n+l 


Now we shall evaluate each member of this inequality; this will lead at once to Wallis’ 
inequality. 

Integration of the identity 

— (cos t sin n+1 1) = (n + 1) sin” t — (n + 2) sin" +2 1 
dt 


over the interval [0 , tt/2 ] gives us 


0 = (n + 1)4 - (» + 2)4+2 

or 

r n + 1 r 

(15.54) I n+ 2 = —^In¬ 

ti + 2 


Using this recursion formula with n replaced by 2k — 2 we find 


I tk 2fc-_l 2k(2k - 1) 

1 2k —2 2 k (2k) 

Multiplying these equations for k = 1, 2, . . . , n, we find 

tt hk _fr 2k(2k-\) (2n)l 

fc'=t 1 2 k —2 (2k) 2 2 2 "(n !) 2 ' 

The product on the left telescopes to / 2n // 0 . Since 7 0 = tt/2 we obtain 

(2n)! 77 

2 2 "(n!) 2 2 ' 


(15.55) 
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In a similar way we apply the recursion formula (15.54) with n replaced by 2 k — 1 and 
multiply the resulting equations for k = 1 , 2 , . . . , n to obtain 

fV (2fc) 2 _ TT__ 2 2n (n !) 2 1 77 1 

Ui I 2k _i Li 2k(2k + 1) (2n + 1)! 2n + 1 2 I„ . 

The product on the left telescopes to I 2 ,,. ijly = / 2ri+1 , SO tve get 


(15.56) 


hJ 


2n+l 


_ 7 T 

2 ( 2 n + 1 )' 


Since / 2n+1 = 2n/ 2 n _ 1 /(2« + 1), Equation (15.56) implies 


hnhn-l = . ■ 

4n 

We use this in (15.53), together with the two relations (15.55) and (15.56). Then we multiply 
by 7t 2 /4 to obtain Wallis’ inequality (15.52). 


15.23 Exercises 

1. Iffis a polynomial of degree < 2, show that Euler’s summation formula (15.48) reduces to the 
trapezoidal formula, as expressed in Equation (15.45). 

2. Euler’s constant C is defined by the limit formula 


C = lim 

n ->co \ i,_ 


' Jc=* 1 


(See Section 10.17 in Volume I.) Use Euler’s summation formula to prove that 


n -j 

2 i- lo s" 

1 

where 0 < E(n) < |. Also, show that 


1 E(n) 

+ c +5-V 

2 n tv* 


C = 1 


t ~ [/] 

J, t 2 


dt. 


3. (a) Ifs > 0, s ^ 1, use Euler’s summation formula to prove that 


V s _1 _ n 1-8 t - [?] 

4-j k s “ 1 - s + + 5 J„ f s +l dt ’ 


1 i 

c(i)=1 + r^-'i - 


- W , 

dt. 


fS+l 


where 
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(b) If .v > 1, show that C(s) = £(j), where £ is the Riemann zeta function defined for s > 1 
by the series 



k= l 


The series for l(s) diverges for .v < I . However, since the formula for C(s) in pait (a) is meaning¬ 
ful for 0 < j < 1. it can be used to extend the definition of £(rj to the open inteival 0 < S < 1 . 
Thus, for s > 0 and s # 1 we have the formula 


«*) = 1 + 


1 f 05 t 

— ~ s L - 


[/] 


(S+l 


dt. 


This is a theorem ifs > 1, and a definition if 0 < s < 1 ■ 

In Exercises 4 through 6, <p 2 is the function introduced in Section 15.22. 

4. (a) Use Euler’s summation fomrula to prove that 


n 


^log 2 k = (n + |) log 2 n -2nlogn +2«-2 + 2 


fc=t 


f 


log x — 1 

f P 2 (x) - ~~n — dx 


(b) Use part (a) to deduce that for n > e we have 


J log” k = (n + log 2 n — 2nlogn + 2n + A - E(n), 
k=1 


where A is a constant and 0 < £(«)<• 


log n 

4n~ ' 


5. (a) Use Euler’s summation formula to prove that 


V' logk 1 o 1 log n f " 2 log x - 3 
k -1 

(b) Use part (a) to deduce that for n > we have 

■sp logk 1_ 1 loen 

= 2 log " + 2 — +A - E<nK 


where A is a constant and 0 < E(n) < 


log n 


6. (a) If n > 2 use Euler’s summation formula to prove that 


k=2 


klogk 


L 


2 + 310gx + 2 log 2 * 


lQ g (1 °g ") + IPtofn + TbP “ l0g (1 ° g 2) ~ 2 (hiX) (x log *) : 


dx. 
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(b) Use part (a) to deduce that for n > 2 we have 


n I I 

2 k logic = log (log n) + A + 2J71ogn ” ’ 


k=2 


where A is a constant and 0 < E(n) < 


1 


An 2 log n 

7. (a) If a > 0 andp > 0, use Euler’s summation formula to prove that 


’(' + i) , i 


p-ak” — ' J ' 4 . 

e “ a 1/0 + 


1 f“ 

2 “ a P L 

* Jo 


<p 1 (x)x p ~' 1 e~ all>P dx , 


where F is the gamma function, 
(b) Use part (a) to deduce that 


„-ak r — 


k=0 


’( 1+ i) 


nVv 


+ 6, where 0 < 6 < 1 . 


3. Deduce the following limit relations with the aid of Stirling’s formula and/or Wallis’ inequality. 


(a) lim 




= e. 


(«!) 2 2 2n 

(b) lim n = V 77 - 

n-* oo ( 2 ") ! V« 


(c) lim ( 

n—►*> 




rir /2 

9. Let I n = sin" t dt, where n is a nonnegative integer. In Section 15.22 it was shown that the 
Jc 

sequence {4} satisfies the recursion formula 

i -!±!/ 

n+2 ~ n +2 "• 

Let f(n) = r (“Y“)/ r (^ + ! )’ where r is the gamma function. 

(a) Use the functional equation r(s + 1) = iLfV) to show that 


r/ ft \ 

/(« + 2 ) = —— f(n). 


ti + 2 


(b) Use part (a) to deduce that 


> + i\ 




Suggested references 


621 


SUGGESTED REFERENCES 

This small list contains only a few books suggested for further reading on the general principles 

of numerical analysis. All these books contain further references to works of a more special nature. 

The list of tables given in Todd’s survey (Reference 9 below) is especially recommended. 

Books 

1. A. D. Booth, Numerical Methods, Academic Press, New York, 1958; 3rd ed.. Plenum Press, 
New York, 1966. 

2. P. J. Davis, Interpolation and Approximation, Blaisdell, Waltham, Mass., 1963. 

3. D. R. Hartree, Numerical Analysis, Oxford Univ. Press (Clarendon), London and New York, 
1958. 

4. F. B. Hildebrand, Introduction to Numerical Analysis, McGraw-Hill,'New York, 1956. 

5. A. S. Householder, Principles of Numerical Analysis, McGraw-Hill, New York, 1953. 

6. W. E. Milne, Numerical Calculus, Princeton Univ. Press, Princeton, N.J., 1950. 

7. J. B. Scarborough, Numerical Mathematical Analysis, Johns Hopkins Press, Baltimore, Md., 
1958, 6th ed., 1966. 

8. J. Todd, Introduction to the Constructive Theory of Functions, Academic Press, New York, 1963. 

9. J. Todd (ed.), Survey of Numerical Analysis, McGraw-Hill, New York, 1962. 

Tables 

10. L. J. Comrie (ed.), Chambers' Six-figure Mathematical Tables, W. & R. Chambers, London 
and Edinburgh, 1949. 

11. L. J. Comrie, “Interpolation and Allied Tables,” 2nd rev. reprint from Nautical Almanac 
for 1937, H.M. Stationery Office, London, 1948. 

12. A. J. Fletcher, J. C. P. Miller, and L. Rosenhead, Index of Mathematical Tables, McGraw- 
Hill, New York, 1946. 

13. Tables of Lagrangion Interpolation Coefficients, Natl. Bur. Standards Columbia Press Series, 
Vol. 4., Columbia Univ. Press, New York, 1944. 



ANSWERS TO EXERCISES 


Chapter 1 

1.5 Exercises (page 7) 


1 . 

Yes 

8 . 

Yes 

15. 

Yes 

22 . 

Yes 

2 . 

Yes 

9. 

Yes 

16. 

Yes 

23. 

No 

3. 

Yes 

10 . 

Yes 

17. 

Yes 

24. 

Yes 

4. 

Yes 

11 . 

No 

18. 

Yes 

25. 

No 

5. 

No 

12 . 

Yes 

19. 

Yes 

26. 

Yes 

6 . 

Yes 

13. 

Yes 

20 . 

Yes 

27, 

Yes 

7. 

Yes 

14. 

No 

21 . 

Yes 

28. 

Yes 

31. 

(a) No 

(b) No 

(c) No 

(d) No 





1.10 Exercises (page 

13) 











1. 

Yes; 

2 

5. 

Yes; 

1 


9. 

Yes; 

1 


13. 

Yes; 

n 

2. 

Yes; 

2 

6. 

No 



10. 

Yes; 

1 


14. 

Yes; 

n 

3. 

Yes; 

2 

7. 

No 



11. 

Yes; 

n 


15. 

Yes; 

n 

4. 

Yes; 

2 

8. 

No 



12. 

Yes; 

n 


16. 

Yes; 

n 

17. 

Yes; 

dim = 1 + 

2« 

if n is 

even. 

Un 

+ 1) if 

n is 

odd 





18. 

Yes; 

dim = In 

if n 

is even 

, K« 

+ 1) if n is odd 






19. 

Yes; 

k + 1 












20. 

No 













21. 

(a) dim = 3 

(b) 

dim = 

3 

(c) 

dim = 

2 

(d) 

dim = 

2 



23. 

(a) If a ^0 and 

b ^ 

i 0 , set : 

is independent, dim 

= 3 

; if 

one of a 

or b 

is zero, 

, set is 


pendent, dim = 

2 

(b) Independent, 

dim = 

2 

(c) 

If a ^ 

0, independent, dim 


if a = 0, dependent, dim = 2 (d) Independent; dim = 3 (e) Dependent; dim = 2 

(f) Independent; dim = 2 (g) Independent; dim = 2 (h) Dependent; dim = 2 

(i) Independent; dim = 2 (j) Independent; dim = 2 


1.13 Exercises (page 20) 


1. (a) No (b) No (c) No 
8 - (a) \\!e 2 + 1 (b) g(x) = b{x 

,n ,n (« + W 2 " +!)„,« + 1 t 

10 . (b) - - - a + - b 


(d) No (e) Yes 
e 2 + 1\ 

4 J ’ b arbitrary 


(c) 



, aarbitrary 


11. (c) 43 (d) g(t) = «(1 - ft), a arbitrary 

12. (a) No (b) No (c) No (d) No 

13. (c) 1 (d) e 2 - 1 

14. (c) n!/2" +1 


622 



Answers to exercises 


623 


1.17 Exercises (page 30) 


1. (a) and (b) ^3 (1, 1, 1), i^6 (1, -2, 1) 

2. (a) \\Jl (1,1,0,0), \^J(> ( — 1,1,2, 0), ^^3 (1, —1,1,3) 


6. 

(b) W3 (1,1,0,1), ^-(1, 

-2, 6, 1) 




8 - I log 2 3 

9. 

77 — 2 sin x 


7. 

e 2 — 1 

_ e_1 ) + - X ; 1 - le~ 2 

e 

10 . 

t-i* 



8. 

Chapter 

2 




2.4 

Exercises (page 35) 





1 . 

Linear; nullity 0, rank 2 

13. 

Nonlinear 



2 . 

Linear; nullity 0, rank 2 

14. 

Linear; 

nullity 0 , 

rank 2 

3. 

Linear; nullity 1, rank 1 

15. 

Nonlinear 



4. 

Linear; nullity 1, rank 1 

16. 

Linear; 

nullity 0 , 

rank 3 

5. 

Nonlinear 

17. 

Linear; 

nullity 1 , 

rank 2 

6. 

Nonlinear 

18. 

Linear; 

nullity 0 , 

rank 3 

7. 

Nonlinear 

19. 

Nonlinear 



8. 

Nonlinear 

20 . 

Nonlinear 



9. 

Linear; nullity 0, rank 2 

21 . 

Nonlinear 



10. 

Linear ; nullity 0, rank 2 

22 . 

Nonlinear 



11. 

Linear ; nullity 0, rank 2 

23. 

Linear ; 

nullity 1, 

rank 2 

12 . 

Linear ; nullity 0, rank 2 

24. 

Linear; 

nullity 0 , 

rank n + 1 

25. 

Linear; nullity 1, rank infinite 

26. 

Linear; 

nullity infinite, rank 2 


27. Linear; nullity 2, rank infinite 

28. N(T) is the set of constant sequences; T(V) is the set of sequences with limit 0 

29. (d) { 1, cos x, sin x} is a basis for T(V); dim T(V) = 3 (e) N(T) = S (f) If T(f ) = 

cf with c ^ 0, then ceT(V) so we have f(x) = c x + c 2 cos x + c 3 sin x; if c x =0, then 
c = 77 and f(x) = Cj cos x + c 2 sin x, where c 1 , c 2 are not both zero but otherwise arbitrary; 
if c x 5^ 0 , then c = 2 it and f(x) = cq , where c l is nonzero but otherwise arbitrary. 


2.8 Exercises (page 42) 

3. Yes; x = v, y = u 

4. Yes; x = u, y = —v 

5. No 

6. No 

7. No 

8. Yes; x=logH,y =logf 

9. No 

17. Yes; x=u — l,y=v — 1,2 

18. Yes; x = u — 1, y = v — 2, z 

19. Yes; x = u, y - v - u , z — W 

20. Yes; x = \{u - v + w), y = 

25 . (S + Tf = S 2 + ST + TS + T 2 ! 

0 S + Tf = S 3 + TS 2 + STS + S 2 T 


10. Yes; x — U — 1, y = v - 1 

11. Yes; X — ^(v + u), y = %(v — u) 

12. Yes; x = +u), y = ^(2v - «) 

13. Yes; x = w, y = v, z ~ u 

14. No 

15. Yes; x = u, y = \v, z = Jw 

16. Yes; x = u,y=v,z = w~u — V 

w + 1 

w - 3 

■ V 

w + u), z = — u + v) 

ST 2 + TST + t 2 S + T 3 
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Answers to exercises 


26. (a) ( ST){x,y , z) = (x + y + z, x + y, x) ; ( TS)(x, y, z) = (z, z + y,z + y + x) ; 

(ST - TWX, y , z)= (x + y,x - z, -y - z) ; S 2 (*, y , z ) = (x, r); 
r 2 (x, j, z) =(x, 2 x + y, 3x + 2y + z ); 

(ST) 2 (x,y, z) - (3x + 2y + z, 2x + 2y + z, x + y + z); 

(TS) 2 (x,y, z ) = (x + y + z, x + 2y + 2z, x + 2y + 3z); 

(ST - JS ) 2 = (2x + y — z, x + 2y + z, -x + y + 2z) 

(b) 5 -1 («. v, w) = (w, v, u) ; r~Hu, v, w) = (u, v — u, w — v) ; 

(ST)~ l {u, v, w) = (w, v - w, u — v); (TS)~ l (u, v, w) = (w - v, v - u, u) 

(c) (T - l)(x, y,z) = (0,x,x + y ); (T — If(x, y, z) = (0,0, x ); 

(T - /)"(x,j, z) = (0, 0,0) if n > 3 

28. (a) Dp(x) = 3 — 2x + 12x 2 ; Tp(x) = 3x — 2x 2 + 12x 3 ; (DT)p(x) =3 — 4x + 36x 2 ; 

( TD)p(x ) = -2x + 24x 2 ; (£»T - TD)p(x) = 3 - 2x + 12x2; 

( r 2 Z > 2 — D 2 T 2 )p(x) = 8 — 192x (b) p(x) = ax, a an arbitrary scalar 

(c) p(x) = ax 2 + b, a and b arbitrary scalars (d) All p in V 

3 1. (a) Rp(x) = 2 ; Sp(x) =3 — x + x 2 ; Tp(x ) = 2x + 3;t 2 — x 3 + x 1 ; 

(ST)p(x) = 2 + 3x — x 2 + x 3 ; ( TS)p(x ) = — x 2 + x 3 ; ( TS) 2 p(x ) = 3x — x 2 + A ' 3 ; 

(T 2 S 2 )p(x) = -x 2 + x 3 ; (S 2 7>(x) = 2 + 3x - x 2 + x 2 ; (TRS)p(x) = 3x ; 

(RST)p(x) = 2 (b) )V(/?) = {/) | /)(0) = 0}; R(V) = (p | p is constant} ; N(S) = 

Ip \p is constant} ; S(V) = V; N(T) = {0}; T(V) = (p |/>(0) = 0} (c) T* 1 = s 

(d) ( TS) n = Z - R ; S n T n = Z 

32. T is not one-to-one on V because it maps all constant sequences onto the same sequence 


2.12 Exercises (page 50) 

1. (a) The identity matrix Z = (<5^), where dj k = 1 ifj = k, and 6 jk = 0 ilq ^ k 

(b) The zero matrix 0 = (a ik ) where each entry a jk = 0 

(c) The matrix (cS jk ), where (d jk ) is the identity matrix of part (a) 





"o 

1 

0 

0 

o" 

'1 0 

0" 


r 

o 

o 









(b) 


(C) 

0 

0 

1 

0 

0 

_0 1 

0_ 


0 0 1 










_0 

0 

0 

1 

0_ 


2. (a) 

3. (a) —5« + Ij, 9i 


12 j 


(b) 


'1 2 * 

1 -1 


'3 O' 
0 3 


(c) 



'3 O' 
0 3 


■-2 

O' 


'4 

O' 

0 

2 . 

» 

_0 

4. 


5 , (a) 3i + 4j + 4k ; nullity 0, rank 3 

"2 0 -2 

6 . 1 -1 1 

2 1 0 


(b) 


- 1 

1 

- 1 


- 1 

- 3 

- 5 


i 

3 

5 



Answers to exercises 


625 


7. (a) T(4i - j + k) = ( 0 , - 2 ) ; nullity 1 , rank 2 (b) 

‘0 1 3 


(C) 


( 


) 


J> 0 -2. 

8 . (a) (5, 0, -1); nullity 0, rank 2 (b) 


o i r 

P i -i_ 

e i = i> e 2 = k, e 3 = /, w x = ( 1,1 

1 - f 

0 0 

1 1 


(c) «!=/, e 2 =»+j, w 1 = (1,0, l),w g = (0,0, 2), vt> 3 = (0,1,0) 

‘l 1" 

9. (a) (-1, -3, -1); nullity 0, rank 2 (b) |) 1 

1 1 

(c) e 1 = i, e 2 =;' - i, w 1 = (1,0,1), w. z = (0,1,0), w 3 = (0,0,1) 


10 . (a) e x — e 2 ; nullity 0 , rank 2 

11 . 


(b) 


'1 2 
4 

.» I 


(c) a = 5, b 


—1 
o 

_1 

-1 01 

l- 

o 

f 

7 

o 




ro 

l 

O' 


"0 

0 

0 " 



1 2 . 


0 

0 

0 

, 

0 

0 

0 





_o 

0 

1_ 


_o 

0 

1_ 




"0 

1 


r 


'0 

0 

O' 

13. 

0 

0 

- 

i 

> 

0 

0 

-1 


_0 

0 


i_ 


_0 

0 

1 _ 

.. r 

1 

l 

1 

n 


21 






14. 


15, 


16. 


17. 


18 . 


0 1 


0 1 


'0 

-r 


- 

-1 

o ' 





_1 


J 


0 

- 1 _ 





"0 

-1 


1 

0 " 


■-1 

0 

0 

- 2 ' 

1 

0 


0 

1 


0 

-1 

2 

0 

0 

0 


0 

-1 

> 

0 

0 

-1 

0 

L 0 

0 

:i 

0 . 


. 0 

0 

0 

- 1 . 

ri 

-1 

1 

ro 

- 

21 






1 1 

2 -3' 

3 2 


2 °. 
-5 —12 

12 -5 


, w 2 = (1, -1) 




20. Choose (x 3 , x 2 , x, 1) as a basis for V, and (x 2 , x) as a basis for W. Then the matrix of TD is 


6 0 0 0 
0 2 0 0 


2.16 Exercises (page 57) 

‘3 4" 

1. B + C = 0 2 , AB = 

6 -5 


AC = 



CA = 2 -8 


15 

— 14 

_-15 

14. 

0 

O' 

-8 

4 , 

-16 

8_ 


'-1 4 —2~ 

,5/1 = -4 16 -8 , 

7 -28 14 


/4(26 - 3C) = 


30 -28 

-30 28 


, a and 6 arbitrary 


"a bl I” —2a al 

2. (a) , a and b arbitrary (b) , a and b arbitrary 

0 Oj |_— 2b 

3. (a) a =9, 6=6, c = 1, d = 5 (b) a = \, 6=6, c= 0, d=— 2 


4. (a) 

6. A n = 

7. A” = 


-9 -2 -10 


-3 5 -4 


6 14 8 (b) 0 3 24 

-7 5 — 5j [ 12 -27 0 

0 l n 

cos —sin nd 
sinn0 cos/j0 _ 
n(n + 1)1 


8. = 


0 0 


1 
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9. 

10 . 


1 O' 
-100 1 

a b 

> 

c —a 


where b and c are arbitrary, and a is any solution of the equation a 2 = -be 


11. (b) 


a 0 


0 


a 


where a is arbitrary 


12 . 

13. 

14. 


"1 o' 

5 

'-1 

o' 

, a n d 

a b 

0 1 


0 

-1 


_c —a 


, where b and c are arbitrary and a is any solution 


of the equation a 2 = 1 — be 


~15 

1 3 “ 


" 3 . 3 . 

1 9 “ 

2 

2 


4 

4 



, D = 



_ 8 

7 _ 


43 
_ 4 

25 

4 _ 


(b) (A + Bf = A 2 + AB + BA + S 2 ; (A + B)(A - B) = A 2 + BA — AB — B 2 

(c) For those which commute 


2.20 Exercises (page 67) 

1. (x, y, z) = (f, -f, |) 4 (x,y,z) = (1, -1,0) + /(—3,4,1) 

2. No solution 5. (*, y, z, u) = (1, 1,0, 0) + 1(1, 14, 5, 0) 

3 . (x,y, z) = (1, —1,0) + 1(—3, 4,1) 6 . (x,y, z, u) = (1, 8, 0, -4) + 1(2, 7, 3,0) 

7. (x,y,z,u,v) = ^(-1,1,0, 0,0) + 1 2 (-1,0, 3, -3,1) 

8. ( x,y,z,u ) = (1, 1 , 1 , -1) + f x ( —1, 3, 7, 0) + 4(4, 9, 0, 7) 

9- (x, y, z) = (f, f, 0) + 1(5, 1, -3) 

10. (a) (x,y,z, u )= (1,6, 3,0)+ f x (4,11,7,0)+ 1 2 (0, o, o, 1) 

(b) {x, y, z, u) = (-&-, 4, if, 0) + 1(4, -11, 7, 22) 



1 

2 

1 





14 

8 31 










14. 

8 

5 2 



12. 


-S 

■i 1 





3 

2 li 




r_s 

3 

3 

3 

41 





4 

-2 

1 

O' 






15. 

0 

1 - 

2 

1 



13. 

7 

_ -3 

1 

3 

-|J 





0 

0 

1 - 

■ 2 









0 

0 

0 

1 


0 

1 

2 

0 

- 1 

0 

r 







1 

0 

0 

0 

0 

0 







0 

0 

0 

1 

0 

-1 







- 3 

0 

1 

0 

0 

0 







0 

0 

0 

0 

0 

1 

2 






16. 

9 

0 

- 3 

0 

1 

0 
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2.21 Miscellaneous exercises on matrices (page 68) 


3. P 


2 1 

5 - 1 



0 Ol 


"1 0" 


a b 

4. | 




, and 



_0 0 


0 1_ 


c 1 — a 


where b and c are arbitrary and a is any solution 


of the quadratic equation a 2 — a + be = 0 


r 1 


r 1 n 


i 

_ i 


i 

_ i 


r-i - 1 ! 

-r 

i 

L 

9 

i 

i 

i_ 

a 

i i_ 

i 

1 i_ 

i 

i 

i_ 

’ [I: i. 


■ i -r 


'-i r 

_-i -i_ 

i 

_-i -i_ 


Chapter 3 

3.6 Exercises (page 79) 

1. (a) 6 (b) 76 (c) a 3 - 4a 

2. (a) 1 (b) 1 (c) 1 

3. (b) (b — a)(c — a)(c — b)(a + b + c) and (b — a)(c — a)(c — b)(ab + ac + be) 

4. (a) 8 (b) (b — a)(c — a)(d — a)(c — b)(d — b)(d — c) 

(c) (b - a)(c — a)(d — a)(c - b)(d - b)(d - c)(a + b + c + d) 

(d) a(a 2 - 4 )(a 2 - 16) (g) -160 



n ft ft 


/i h j3 


fl fz J3 

ii 

Si Si Sz 
hi h 2 h 3 

+ 

S'i Sz S'z 
h 3 h 2 h 3 

+ 

Si Sz Sz 
h{ h’ h' a 



A 

fi fa 


fl/ 2/3 

8. (b) If F = 

n 

n fa 

then F' = 

fl fl fa 


ri 

fi n 


fill fill fill 

J 1 / 2 / 3 


10 det A = 16, det (A -1 ) = 


1 

16 ’ 


A - 1 


0 

0 

0 



A1 



3.11 Exercises (page 85) 

6. det A = (det B) (det D) 

7. (a) Independent (b) Independent (c) Dependent 


3.17 Exercises (page 94) 


1. (a) 



(b) 






’ 109 

113 

-41 

-13" 

2 

-1 

1 


-40 

-92 

74 

16 

-6 

3 

5 

(c) 

-41 

-79 

7 

47 

-4 

-2 

2_ 


50 

38 

16 

20. 
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2. (a) 


4 

-3 


(b) g 


2 -6 -4 

-1 3 -2 

1 5 2 


(C) 306 


3. (a) A = 2, I = - 3 (b) X = 0, i = ±3 ( c ) 
5. (a) x=0,y = l,z=2 (b) X = 1, y = 1, z = - 


' 109 

-40 

-41 

-50' 

113 

-92 

-79 

38 

-41 

74 

7 

16 

.-13 

16 

47 

20. 

= 3, 

1 

= ±i 





_ 






"x 

7 

2 

r 


X - Xx 

y 

-71 

z -Zi 


det 


Z 1 

i 

7i 

6. (b) det 

|X 2 Xx 

72 

— 7i 

z 2 — Zi 

= 0; 

x 2 

*2 

l 


72 


*3 - *1 >3 

~7i 

z3 —" ?! 





i_ 







_x 3 

J'3 

*3 


= 0 


(c) det 


(x - x x ) 2 + iy - y x f (x - x x ) (y - 

(*i - Xj ) 2 + (y 2 - yi Y (x 2 - x 2 ) (y 2 - Vl ) 
_(x 3 - Xx ) 2 + (y 3 - yf 2 (x 3 - Xx) (y 3 - yi )_ 


= 0 ; 


det 



= 0 


L*3 +73 *1 


Chapter 4 

4.4 Exercises (page 101) 

5. Eigenfunctions: f(t) = Ct”, where C # 0 

6. The nonzero constant polynomials 

7. Eigenfunctions : fit) = - where C ^ 0 

8. Eigenfunctions: fit) = where C ^ 0 

10. Eigenvectors belonging to l = 0 are all constant sequences with limit a 0. Eigenvectors 
belonging to A = -1 are all nonconstant sequences with limit a = 0 


4.8 Exercises (page 107) 



Eigenvalue 

Eigenvectors 

dim E(l) 

(a) 

1,1 

(a, b)* (0,0) 

2 

(b) 

1,1 

/(l, 0 ), t 5* o 

1 

(c) 

1,1 

KO, l), r * o 

1 

(d) 

2 

1(1,1) f 5*0 

1 


0 

1(1, -1), f 5*0 

1 


1 ^ \Jcib 

t{sja, yjb), t 5 * 0 

1 


1 ■« yjab 

tisja, -V*), 1 5* 0 

1 
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3. If the field of scalars is the set of real numbers R, then real eigenvalues exist only when 
sin 8 = 0, in which case there are two equal eigenvalues, I, = I, = cos 6 , where cos 0 = 1 or 
_ 1. In this case every nonzero vector is an eigenvector, so dim £(/ 1 ) = dim £(7. 2 ) = 2. 

If the field of scalars is the set of complex numbers C, then the eigenvalues are — 
cos 0 + i sin 6 ,1, = cos 0 — i sin 0. If sin 6 = 0 these are real and equal. If sin 0 # 0 they are 
distinct complex conjugates; the eigenvectors belonging to I, are t(i, 1), t ^ 0 ; those be¬ 
longing to 7l 2 are t( 1, i), t 5* 0 ; dim E(/. x ) = dim E(L,) = / . 

a b 

4. , where b and c are arbitrary and a is any solution of the equation a 2 = 1 — be . 

c -a i 

r«i 

5. Let A = I , and let A = (a — d) 2 + 4bc. The eigenvalues are real and distinct if A > 0, 

Lc J. 

real and equal if A = 0, complex conjugates if A < 0. 

6. a =b=c=d = e=f = 1. 


Eigenvalue 

Eigenvectors dim E(I) 

(a) 1,1,1 

t(0,0,l),l 5*0 1 

(b) 1 

f(l, -1,0),/5*0 1 

2 

t(3, 3, —l), 15 * 0 1 

21 

f(l,l, 6),f#0 1 

(c) 1 

i(3, —1, 3), f t^O 1 

2,2 

1(2,2, -l),f*0 1 


8. 1, 1, -1, -1 for each matrix 

4.10 Exercises (page 112) 

r- 2 c o] 

2. (a) Eigenvalues 1, 3; C = , where cd ^ 0 

c d_ 

"2 a b~ 

(b) Eigenvalues 6, — 1; C = , where ab jZ 0 

_5 a —b_ 

(c) Eigenvalues 3, 3; if a nonsingular C exists then C~ X AC = 3/, so AC = 3 C, A = 3 1 

(d) Eigenvalues 1, 1; if a nonsingular C exists then C~ X AC = /, so AC = C, A = Z 

3. C=A~ 1 B. 

4. (a) Eigenvalues 1, 1, - 1 ; eigenvectors (1, 0, 1), (0, 1, 0), (1, 0, -1 ); 



(b) Eigenvalues 2, 2, 1; eigenvectors (1, 0, —1), (0, 1, —1), (1, -1, 1); 
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5. (a) Eigenvalues 2, 2; eigenvectors /(], 0), ( ^ 0. If C 
"2 01 


C-'AC = 


1 2 


(b) Eigenvalues 3, 3; eigenvectors t( 1, 1), t ^ 0. If C = 

'3 01 

C- 1 AC = i l 

6. Eigenvalues 1, 1,1: eigenvectors f(l, -1, —1), t ^ 0 


a b 
_-b 0_ 

a b 
a + b b 


, b *0 


, b * 0 


Chapter 5 


5.5 Exercises (page 118) 


3, (b) T" is Hermitian if n is even, skew-Hermitian if tl is odd 

7. (a) Symmetric (b) Neither (c) Symmetric (d) Symmetric 
9. (d) Q(x + ty) = Qix) + CtQ(y) + i(T(x),y) + t(T(y), x) 

5.11 Exercises (page 124) 

1, (a) Symmetric and Hermitian 

(b) None of the four types 

(c) Skew-symmetric 

(d) Skew-symmetric and skew-Hermitian 
"cos 8 sin 6" 

4, (b) 

sin 6 —cos 8_ 

5, Eigenvalues =0, A 2 = 25; orthonormal eigenvectors u t = 4(4, —3), U 2 = i(3,4). 


C = 


4 3 


4l 


6. Eigenvalues Aj = 2i, 2, = -2/'; orthonormal eigenvectors 


* m c ~ji 


1 


7. Eigenvalues Aj = 1, A 2 = 3, 7 3 = -4; orthonormal eigenvectors 

1 1 1 

», = (1,0, 3), « 2 = (3,2, -1), « 3 = stfe (3, -5, -1). 



J[/35 


, then 


, then 
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3. Eigenvalues A x = 1, A 2 = 6 , / 3 = -4; orthonomial eigenvectors 

«i = 1(0, 4 > -3), (5, 3, 4), h 3 = (5, -3, -4). 

r 0 5 5"! 




x /5oL- 3 V 2 4 I3 4 . 


9. (a), (b), (c) are unitary; (b), (c) are orthogonal 

11. (a) Eigenvalues Aj =ia, A 2 = —/a; orthonomial eigenvectors 

w c- 4 -.P ^ 


5.15 Exercises (page 134) 

1. (a) A = (b) A 1 =0,A 2 =5 (c) Ki=-^(1,-2), « 2 = - 7 = (2, 1) 


(d) c 


2. (a) A 


i_r 1 2 

t 1 


(b) A x = A 2 =-i 


1 1 fl 1 

/? Uz=-j=(\, -1) , 

(c) ^=^( 1 , 1 ), v2 (d) c = V.2L1 -1 

'1 ll 

3. (a) A = _ (b) Aj = V2, A, = — yjl 


(c) = r(l + yj2, 1), « 2 = f(-l, 1 + V 2 )> where t = Vd4 + 2 ^2 

(d) C = t ^ where t = 1/^4 + 2Jl 

L 1 1 + V2J 


4. (a) A 


( b ) A x = 50, A 2 = 25 


1 1 if 3 4' 

(c) “1 = 7 (3, -4), « 2 = - (4, 3) (d) C = - 

5 5 5^_4 3 

‘I 1 11 

5. (a) A = 1 0 \ (b) A, = 0, A a = f, A, = -i 

1 1 0 



Answers to exercises 


633 


(c) Ul = - 1 ( 1 , - 1 , - 1 ), u 2 = 1 ( 2 , 1 , 1 ), « 3 = 1 ( 0 , 1 , - 1 ) 


V3 


( c ) C - 


6 . (a) A = 


12 2 

->/2 1 V3 


V 6 


V2 


r/ 6 . 

-V 2 

2 0 2 

_0 1 ill 

2 0-1 


1 -V3J 

(b) ;.J = 1, A 2 = 3, 4 = - 2 


(c) «!- (0,1,0), « 3 =1(2 ; 0,1), 113 = 1(1,0,-2) 


0 2 1 < 



(d) C 


(b ) A, =4 = -1, 2 3 =8 


1 


(c) «i = -^(1,0,-!), « 2 = 3 -l (-1,4, -1), « 3 =^(2,1,2) 


3^2 


3 - 1 2y/l 


L-a "4 2 ^/i 


(d) C 

8 . Ellipse; center at (0, 0) 

9. Hyperbola; center at (—f, — f) 

10. Parabola; vertex at —1|) 

11. Ellipse; center at (0,0) 

12., Ellipse; center at ( 6 , -4) 

13. Parabola* vertex at ( 2 - 5 -, 

5.20 Exercises (page 141) 

8. a — 3 


I 

i 


14. Ellipse; center at (0,0) 

15. Parabola; vertex at (|, |) 

16. Ellipse; center at ( — 1, |) 

17. Hyperbola; center at (0,0) 

18. Hyperbola; center at ( —1,2) 

19. -14 


13. (a), (b), and (e) 


6.3 Exercises (page 144) 


1 = »3x _ „2x 

3. y = 4 cos x — 2 cos 2 x 

4. Four times the initial amount 

5. fix) = Cx n , or f{x) = Cx 1,n 


Chapter 6 


6. (b) y = e ix — e~ x3/3 

7. y = c x e 2x + c 2 e~ 2x 

8. y = Cj cos 2x + c 2 sin 2x 

9. y = e x (c 1 cos 2x + c 2 sin 2x) 

10. y = + c 2 x) 
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11. k = n 2 77 2 ; f k {x) = C sin n-nx {n = 1,2, 3, . . .) 
13. (a) / -y = 0 

(b) y” - 4/ + 4y = 0 

(c) y" + y’ + fy = 0 

(d) y” + 4y = 0 

(e) y" - y = 0 

!4. y = ' s 6, / = -12y = -4^6 


6.9 Exercises (page 154) 

1- y = + c 2 e~ x + cf 1 3. y = q + (c 2 + c A x)e~ 2x 

2- y = q + c 2 e x + c 3 e~ x 4. y = (c 4 + c 2 x + cf)e x 

5. y = (c'i + c 2 x + c 3 x 2 + c 4 x 3 )e~ x 

6. y = c 4 e 2x + c 2 e~' 2x + c 4 cos 2x + c 4 sin 2x 

7. y = e v/ ®*(c 1 cos .^x + c 2 sin ^2x) + e^ 2x (c 3 cos fix + c 4 sin fix ) 

8. y = qe* + e~ xl2 (c 2 cos A/^x + Cg sin \f3x) 

9. y = e~ x [(Cj + c 2 x) cos x + (eg + c 4 x) sin x] 

10. y = (c 4 + C 2 x) COS X + (Cg+ C 4 x) sin x 

11. y = c 1 + C 2 x + (c 3 + C 4 x) cos ^/2x + (eg + C 6 x) sin f2x 

12. y = Cj + c 2 x + (c 3 + c 4 x) COS 2x + (c 5 + c 6 x) sin 2x 

13. f(x) = — (e mx — cos mx — sin mx) 

2/h 2 v 


15. (a) y (4) — 5 y" + 4y = 0 

(b) y’” + 6y" + 12/ + 8y = 0 

(c) y (4) _ If + / = 0 

(d) y< 4 > - if + / = 0 


(e) y< 5 > - 2j< 4 > + /' = 0 

(f) y (4) + 8/" + 33/' + 68/ + 52y = o 

(g) Y (4) - 2/ + _y = 0 

(h) / 6) + 4/' = 0 


6.15 Exercises (page 166) 


1. y x = -2x - x 2 - Jx 3 

2. _y 4 = |xe 2x 

3. y t = (x - f)e x 

4. Ji = | sin x 


5. y x = |x 2 e* + e 2x 

6 . y 1 = ixe x 

7. = x cosh x 
8- }'i = - 2 W X 


9. 50y 4 = (11 — 5x)e x sin 2x + (2 — 10x)e* cos 2x 

10 - Ji = -(f* + f* 2 + i\-x 3 )e~ x 


12. Y 1 = 


x m e a ‘‘ 


PA (m fy 
15. (b) 2D (c) 3D 2 


(d) wD”- 1 


16. y = Ae x + 


1 f e- x 1 f e x 
Be-* + - e x \ — dx - - e _x — dx 


17. y = (A + 2 x) sin 2x + (B + \ log |cos 2x|) cos 2x 

18. y = Ae? + Be~ x + | sec x 

19. y = (A + Bx)e x + e‘ x - xe x j e 6 ' dx + e x j xe 6 * dx 
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1 ,1 C e~ x 1 f e~ 2x 

20. y = — g log \x\ + -e* J ~dx--e 2 * j — dx 

+ — e ix [ — dx + Ae x + Be 2x + Ce lx 

24 J x 


6.16 Miscellaneous exercises on linear differential equations (page 167) 

1. u(x) = 6(e ix — e~ x )j5 ; v(x) = e x — e~ ix 

2. u(x) = | e ,2x ~” sin 5x ; v(x) = ^e~ 2x ~' n sin 3x 

3. u(x) = <r* 2 ; Q(x) = 4x 2 + 2 

5. y = (A + Bx ! )e x + (x 2 - 2x + 2)e 2x 

6 . y — Ae ix j e dx + Be ix 

7. y = Ax A + Bx-' a 

8 . y = Ae x + Bx 2 e~ x — x 

9. y = A(x 2 -2) + B/x 

10. y = x~ 2 [A + B(x — l) 3 + + fx 2 - \x + 1 - ( x - l) 3 log |x - lj] 

11. a = 1,-1 ■ y = [Ae gM + Be~ g{x) ]lx 


6.21 Exercises (page 177) 

2. /(x) = «i(x) (a = 1) 

3. (a) A = (a — b)l2, B = (a + b)/2 

(b ) — (t 2 — 1)~1 — a(a + l)y = 0 , where a = 1 or - 2 , and x = (f + l )/2 


00 

4. Ml (x) =1+2 (-1)™ 2 " 


a(a — 2) (a — 2m + 2) „ 
v 7 v v 2 m 


m=l 


(2m )! 


x 2m for all x; 


k 2 (x) = x + 


00 

2 <-» 


m7m («-D(«-3) . . . («-2/n+ 1) 


m=l 


so 

5. « l( x) = 1 +2(3^7 


(- 1 )” 


m-1 


(3m + 2) (3m - 1) ... 8 5 


(2m + 1 )! 

X 3m for all x; 


x 2m+ i for all x 


« 2 (x) = x -2 | 1 + 2 7177 ) forallx ^ 0 


/1 (a 

6 - + 2 ~ 

' n=l 


— 2)(a — 3) • • • (a — n — 1) 
n\(n + 3)! 


x"! 


for all x 


11. (b) f(x) = iP 0 (x) + |P 2 (x) + 3 %P 4 (x) 
2n 

15 ‘ (b) 4+771 


6.24 Exercises (page 188) 


5- 7^(x)=- - 


COS X 


+ sin 


in xj 


x 
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9. (a) y = x' 2 [c 1 ii, j (|x 32 ) + c 2 /_, 3 (§.x 3 A)] 

(b) y = + c 2 J_ i 4 (^ 2 )] 

(c) >' = *'' ! [c 1 / a (2ax 1 + m/2 ) + c 2 /_^(2otx 1+m/2 )], where a = 1 /(m + 2), provided that 
1 /{m + 2) is not an integer; otherwise replace the appropriate J by K 

(d) y = x^lcjJ^x 2 ) + CiJ^lx 2 )}, where oc = V2/8 

10 . y — gj satisfies x 2 y" + (1 — 2c)xy + (a' 2 b 2 x 2b + c 2 — y- 2 b 2 )y = 0 

(a) y = *^M S (2^J + c,K s (2x' A )\ 

(b) y = Wu(x) + c,J_ Vl (x)] 

(c) y = *-*[<*/,(!*«) + c 2 K 1 Qx 5/ ^)] 

(d) y = x^J^lx'A) + Ca Jt 0 (2x*)] 

11. fl = 2, c = o 


^ C — 1 )« 

! 2 . y = 2 7 ^!)F* n ; y = ' 0 ( 2 **) if x > 0 

71=0 

13 . b = (p 0 — a 0 )ja 0 , c = q*K 

14. j = 

15. t = \. y = 2(- , )-‘^5T W 


t 




71=0 



= x' A e~ xl2 


16. u 0 (x) = cos x ; m 1 (x) = | ^ cos x — | cos 2x 


7.4 Exercises (page 195) 
k-l 

3. (b) (i 1 *)' = ^ P n P'P k - 1 ~ m 
0 


Chapter 7 


7.12 Exercises (page 205) 

1. (a) A' 1 = 2/ - A, A n = - (n ~ 1)Z 

ri o' 

(b) e tA = e*(l — t)Z + te ( A = e 1 ] 


t 1 

2. (a) A - 1 = f / - \A, A” = (2" - \)A - (2" - 2)Z 


(b) e tA = (2e ( — e 2l )l + (e 2t — e l )A 


\_e 2t — e x e\ 


„ , 5 1 + (- 1 )" ,+ 1 “(- 1 )" , 

3. (a) A 1 = A, A” = -^- 1 ■ - ^ - A 

cosh t sinh t 
sinh t cosh t 


(b) e tA = (cosht)Z + (sinht)A 
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4. (a) A- 1 = A, A n = 1 + (-1)" + 1 -(-l) n , 

-r - I -;- A 


(b) e tA = (cosh t)I + (sinh i)A = 
5. ( b ) e tA = e at \ 


2 

'e~ l 0 

0 


cos bt sin bt 
—sin bt cos bt 


7. e A(t) = z + (e - 1 )A(t) ; (e AW Y = (e - l)A'(t) = 


0 e - 1 
0 0 


e M >A'(t) = 


.0 


1 


i A'(t)e A(n = 


0 11 


8. (a) A n = 0 if /I > 3 

(b) e tA = I + tA + i t 2 A 2 = 

9. (a) A n = A if n > 1 
(b) e*- 4 = / + (e* - l)/f 


0 1 
0 0 


1 e* - 1 e* — 1 


0 


e‘ - 1 


10. (a) /l 3 = 4^4 2 - 5A + 2/; /l" 

~e 2 * 0 O' 

(b) e tA = 0 e‘ 0 
_ 0 te % e 4 J 

11. e tA = Z + M + |/M 2 
13. e A e B = 


.0 0 1 
2 n 0 0" 
0 1 0 
0 n 1 



! 

CJ 

1 

T 

N 

1 _ 

D „ re 2 (e - l) 2 ' 


"e 2 O' 


; e B e A = 

; e A+B = 



[0 1 J 

L° 1 


0 1 


7.15 Exercises @age 211) 

1. e tA = 2 (3e ! — e 3t )I + |(e 3( — e l )A 


2. e tA = (cosh a/ 5 /)/ + —= (sinh ^5 t)A 


3. e tA = ie*{(t 2 - 2t + 2)Z + {-It 2 + 2/M + /l4 2 } 

4. s= (3e -< — 3e~ 2( + e~ 3t )I + (fe -t — 4e~ 2t + \e At )A + (|e~ f — e~ 21 * ^e~ 3t )A 2 

5. e tA = (4 e* — 3e 2t + 2 te 2t )I + (4e 2 ' — 3/e 2 * — 4e*M + (e* — e 2 * + te u )A 2 

6. e tA = (4e‘ — be 21 + 4e 3 ‘ — e u )I * < —- 3 3 e* + Me 2 * — 7e 3t + Ve 4 *M 

+ (fe ( - 4e 2( + fe 3< - e lt )A 2 + (—|e‘ + ^e 2! - |e 3( - §e 4t M 3 

7. (b) = le u {(6 - 62/ + 3A 2 / 2 - A 3 / 3 )/ + (6/ - 6A/ 2 + 3A 2 / 3 M + (3/ 2 - 3A/ 3 M 2 + t 3 A 3 } 
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8 • yi - c i cos h ^5 t + 1 sinh x /5 t, y. 1 — c 2 cosh 5 t -\ - 1 sinh ^5 t 

9. y 1 = e l (co$ 3t — sin 3r), y 2 = e‘(cos St — 3 s in 30 
10. y x = e 2t + Ate 2t , y 2 = -2e‘ + e 2t + 4te 2t , y 3 = -2e‘ + 4e 21 
11 - yi=c t e 2t , y 2 =c 2 e l , _y 3 = (c 2 t + c 3 )e l 

12. y x = 3e-‘ - 3e~ 2t + e~ 3t , y 2 = -3<r f + 6e~ 2t - 3e~ 3t , y 3 = 3er* - 12e~ 2t + 9e~ 3t 

13. y x = e M + le~ 3t , y 2 = 2e 5( - 2e~ 3t , y 3 = -e 5t + <r 3i 

14. y x = —\e l + e 2t + ^e 3t , y 2 = e 2t + e 3t , y 3 = e 3t , y x = e il 

15. y t = 2e 2t — 1, y 3 =2e 2t -t-2, y 3 = 2e 2t , y x = e 2t 


7.17 Exercises (page 215) 

2 . <a Jj = (b — l)e x + 2 (c + l — b)xe x + 1 , y 2 = ce x + 2(c + 1 — b)xe x 

4. yi = ~ie‘ - le u + \e u , y 2 = \e l - ie u + \e 2i 

5. (a) B 0 = B,B 1 = AB, B 2 = ^ A 2 B ,.... B m ^"*5 
(b) B = —m\ (A-T +l C 

6 . (a) y(0 = (i + tA + \ t 2 A 2 + \t 3 A 3 \B, where B = -GA^C =-— 1 

\ 2 6 / 128 i 

'This gives the particular solution y x = y 2 = — xfr “ — " 3^( 2 — 4 O 

(b) yi = >’2 = -tIt - aV - tV 2 - it 3 + iase 4 * 

1 

7 . E = B,F = -(AB + C) 

a 

8 . (a) J 4 = -cos 2 ? — 1 sin 2 /, sin 2 t 

(b) y x = 2 cosh It + f sinh 2/ — cos 2 f — | sin 2/, y 2 = cosh 2 ? + 1 sinh 2 ? — | sin 2 f 

9. VjCO = O* + - e*, j/ 2 (jcJ = —2e 2!C - + 3e* 

10 . y\(x) = 2 - 5 ^ - 3 V 2 * + (q - \,\le^ x + (U - c, - c 2 )xe~ 4x , 

y 2 (x)= 2 5 c ' x ' 3" 6 c 2iC + (c 2 — T 0 0 )e + (c 4 + c 2 — 3 

11. ^(x) = e~ 4x (2 cos x + sin x) + — ff, j 2 (x) = e~ 4:c (sin x + 3 cos x) — r 3 e x + r 7 

12. y x {x) — e~ x (x 2 + 2x + 3) + — 3x + 3, j 2 (x) = e _ *(-2A: — 2) + x, 

j 3 (x) = 2e~ x + x - 1 


7.20 Exercises (page 221) 

4. (c:) Y(x) = e x e'^ x ‘ A B 

00 ~ 

5. If A(x) = ^ x k A k , then Y(x) = B + xC + ^ X k B k , 

fc=0 *=2 

k 

where (/: + 2)(A: + 1 )B k , 2 = J A r B k _ r for /t >0. 

r=0 


7.24 Exercises (page 230) 

1. (a) Y(x) = e x 

n j, n f. 

(b) Y n (x) = 2e x — 2 ^ if n is odd; Y n (x ) = 2 if n is even 

4=0 ’ *=0 
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X 2 

X 5 

X 8 

X 11 


2 . 

Y,(x) 

—-u 

- 

- - + - 




2 

20 

160 

4400 





X 4 

X 7 

X 10 


3. 

Y,(x) 

= x + 

4 + 

r 4 + 

160 



7 3 (x) 

X 3 

4x’ 

8x 9 

184x u 

4x13 

4. 

= 3 + 

63 

+ 405 

+ 51975 

+ 12285 



r,(x) = 

1 + 


2x 3 

a: 4 2x 3 

5. 

(a) : 

X + X 

2 + — + 
3 

h + 11 


( b ) 

M ■ 

2; c 

- i 

— 2 




„ 4x 3 lx 4 6x 5 

(c) Y(x) = 1 + x + x 2 + — + — + — 

3 6 5 

2x 5 17 x 7 38x 9 


6. (a) 7 4 (x) 


x u 

x + — 

3 


15 + 315 + 2835 


(d) Y(x) = tanx=X+j+^+^- 


x 7 

63 


134x u 4x13 x 15 

51975 + 12285 + 59535 


62x 9 

2835 


+ . . for |x| < 


IT 

2 


Y 3 (x) = 2 + x 2 


3 , 3x5 

r 5 4- 

20 


ID 


„ 3x 4 6x 5 3x 7 

Z 3 (x) = 3x 2 + -i- + — 

3V 4^5 28 


3x 8 

40 


x 4 x 6 2x 7 x 9 


9. Y a (x) = 5+ AC+tt; + 7 + 


12 


63 72 ’ 


x 3 


2x p 


1 lx* 7x u 


Z 3 (x) - 1 + 3 + x 5 + Y + I + V4 + 264 


10. (d) Y,(x) = 0; lim Y,(x) 
n -*(so 

x 2 if x > 0 

(e) 7„(x) 


; lim Y,(x) 
x 2 if a: < 0 n-foo 


—x 


(f) Y,(x) = i lim 7„(x) 

3 71—►OQ 


0 


(g) y»(x) 


< x 2 if X > 0 

; lim Y,(x) 

x 2 if x <0 j}-m» 


—x 


if x > 0 
if x < 0 


if X > 0 
if x <, 0 


Chapter 8 

8.3 Exercises (page 245) 

2. All open except (d), (e), (h), and (j) 

3. All open except (d) 

5. (e) One example is the collection of all 2-balls B(O ; 1/k), where k = 1, 2, 3, . 

6. (a) Both (b) Both (c) Closed (d) Open (e) Closed (f 
(g) Closed (h) Neither (i) Closed (j) Closed (k) Neither 

8 . (e) One example is the collection of all sets of the form = {jc | |]x|| < 1 
k = 1,2,3, ... . Their union is the open ball B(0; 1) 

10. No 


Neither 
(1) Closed 
— 1 /k} for 
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8.5 Exercises (page 251) 

1. (a) All (x,y) 

(b) All (x, y) ^ (0, 0) 

(c) All (x, y) withy ^ 0 x 2 tt 

(d) All (x,y) with y ^ 0 and — * - + kir (k = 0,1, 2,...) 

(e) All (x, y) with x ^ ^ 

(f) All (x, y) 9 * (0, 0) 

(g) All (x, y) with xy ^ 1 

(h) All ( x> y) jt (0, 0) 

(i) All (x, y) (0, 0) 

(j) All (x, y) with y ^ 0 and 0<,x<,y or y<,x£Q 

5. lim fix, y) does not exist if x ¥■ 0 

6. (1 — m 2 )j( 1 + m 2 ) ; no 

7. y = ix 2 ; f not continuous at (0, 0) 

8 . f (0,0) - 1 


8.9 Exercises (page 255) 


L f'(x;y) -- a-y 

2. (a) f(x\y) = 4 ||jc|| 2 x • y 

(b) All points on the line 2x + 3y = -dL 

(c) All points on the plane x + 2y + 3z = 0 

3. /'(x;y) = x-T(y) + y T(x) 


df 




4. ^ -2 x + y 3 cos (xy) ; ~ = 2 y sin (xy) + xy 2 cos (xy) 


dy 


5, ~ -- xl(x 2 + y 2 )' A ; Y y = y/(x2 + />' A 

6 ‘ f~ = y 2 !^ 2 + 5 = ~xyl(x 2 + y 2 

df df 

1. f x - -2yl(x -yf- f =W(* -y) 2 


8 . D k f(x) -- a k , where a = (a„ . . . , a n ) 

9. D k f(x) -- 2 J a kj x } 

df , 0/ 

10 - he = 4x **? : w y = 4 y 3 - Sx2 y 


11 . 


2x 


df 2y 


df_ __ 

dx x 2 + y 2 ’ dy x 2 + y 2 
2 x ^ df 1 


n df 2x . df 

12 . 5 - =-sin (x a ); = 

ox y dy 


; COS (x 2 ) 


df 2x 2 x 2 df X 2 x 2 

13. ~-=— sec* 2 —; =-- sec* 2 — 


3x 
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14. 


15 

16 

17. 


_ _ y . _ 9 / 1 
dx x 2 + y 2 ’ ay x 2 + t 2 

a/ i +/ a/ _ i + x 2 

3x ~ I + * 2 + J 2 + x 2 }' 2 ’ 3j 1 + x 2 + _y 2 + a: 2 / 2 

r x =fxV " 1 '’ w y =2yxVt108 * 

3/ __ _a f _ = V* 

dx = 2\Jx(y - x)' dy 2jVj - * 


18 . n = -f 

19. a =6 = 1 

22. (b) One example is f (x) = x ■ y , where y is a fixed nonzero vector 


8.14 Exercises (page 262) 

1 . (a) ( 2 x + y s cos xyji + ( 2 y sin xy + xy 2 cos xy)j 

(b) e® cos yi — e x sin yj 

(c) 2j cyAzH + 3 x 2 y 2 z*j + 4 x 2 y 2 z 3 k 

(d) 2xi — 2yj + 4zk 

(e) ^ 2 + + **-+#—;?z 2j ~* 2 +2/-3z 2 fe 

(f) jV* -1 / + zy 2-1 * 1 ' 2 log xj + y z x v ‘ log x log yk 

2. (a) -2/V6 

(b) l/>/6 

3. (1, 0), in the direcdon of i; (-1, 0), in the direction of — i 

4. 2i + 2j ; AA 

5. (a, b, cj = (6, 24, -8) or (-6, -24, 8) 

6 . The set of points (x, y) on the line 5x — 3y = 6 ; Vf (a) = 5/ — 3j 
8. (c) Yes 

(d) /(*, y, z) = |(x 2 + y 2 + z 2 ) 

11. (b) implies (a) and (c); (d) implies (a), (b), and (c); (f) implies (a) 


8.17 Exercises (page 268) 

O’Yt) , . d 2 f 3 2 / , 3 / 3 f 

1 (b) h ( l ) = B ? [ * (,)1 + 2 'tdy XW YW J d ~ [ Y it)] + Tx X ” (t) + iy r ’ (t) 

2. (a) F’(t) = 41 3 + 2t ; F”(t) = 12 1 2 + 2 

(b) F’(t) = (2 cos 2 ? — l)^ c °9 * sin( cos (cos t sin 2 ;) + (3 sin 3 ? — 2 sin r)e cos 1 sin 1 sintcos t sin 2 ?); 
F”(t) = (5 cos 6 1 — 3 cos 4 1 — 4 cos 3 1 — cos 2 1 —4 cos ?)e cos 1 sin 1 cos (cos t sin 2 1) 

+ (14 sin 3 7 — 12 sin 5 1 — 4 sin t + 7 cos 7 — 9 cos 3 ?)e cos (sin 1 sin (cos 7 sin 2 1) 


t 2e 2t exp (e 2< ) 2e~ 2t exp (e 2( ) 

(c) F (?) - | + ex p ( g2 t) + | + eX p (e~ 2t ) ’ 


where exp (u) = e u ; 


F”(t) 


4[1 + e 2t + exp (e 2 ! )]e 24 exp (e 2t ) 
[1 + exp (e 2t )] 2 


4[1 + e 2t + exp (e~ 2t )]e~ 2t exp (e~ 2t ) 
[1 + exp (e -24 )] 2 
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3. (a) —| 

(b) x 2 -y 2 

(c) 0 

4. (a) (1 + 3x 2 + 3y 2 )(xi + yj) — ( x 2 + y 2 ) l/ ^k, or any scalar multiple thereof 

(b) cos 6 = — [1 + (1 + 3(x 2 + y 2 )) 2 ]~'^ ; cos 6 — > — as (x, y, z) — ► (0, 0, 0) 

5. U(x, y) = | log (x 2 + y 2 ) ; V(x, y) = arctan (y/x) 

6. (b) No 

8. xlx o + yly 0 + z/z 0 = 3 
9 x + y + 2z = 4, x -y - z = -1 
10. c = ±V3 


8.22 Exercises (page 275) 


1. (b) = -2x sin (x 2 + y 2 ) cos [cos (x 2 + _y 2 )k si “ [cos {zi + 1,2)1 

ox 


. 0/^10/ i_ 3 f 0F _ 1 jj 1 a_[_ 

3a: 2 0« 2 0n ’ 0y 2du+ 2dv 

dF d L d -^ A d A^. A fd L __ 

' a 05 0JC 05 Y dy 05 ’ 0/ 0AC 0/ 0y 0/ 

d 2 F d 2 fdxdx dy_/dXdY 0£0n 0y0y0y a LAX 9 L Al 

dsdt dx 2 ds dt + 3x3j>\3,s 3? 3s / 3y 2 3s 3f 3x3s3* + dydsdt 

. dF af df dFdf af d 2 F d 2 f d 2 f _d 2 f . 

4 ' (a ^ 05 “0 a: + '0j : 0/ ~dx +S dy’ ds 2 _ 0x 2+2, 0X0^ + ^0/ ; 

^__? 2 / 0Y t cd?F _ 0 2 / 0 2 / 0 2 / 0/ 

0/ 2 " dx 2 + ' 0a: 0_y + J 0/ ’ 05 0/ “ 0a: 2 + U + dxdy + 0/ + dy 

d A- A if. AL-JX^tALAJA. 

ds dx t dy ’ 0/ ? 0+ t 2 dy’ ds 2 0ac 2 0x 0y / 2 0/ 2 ’ 

0 2 F „0 2 / ^ 5 2 0 2 / 5_ 2 02/ 25 02F _ XlACJ^A. _ 9 L 

dt 2 S dx 2 t 2 dx dy + / 4 0y 2 + f 3 dy ’ dsdt~^x 2 "t 3 dy 2 " +dx t 2 dy 

dF _ 1 0/ l df dF _ 10/ 10/ 0 2 F _ 1 0 2 / 1 0 2 / 

^ 05 2 0ac 2 0_y ’ dt 2 dx 2 dy ’ 05 dt 4 0a: 2 4 0y 2 ’ 

d 2 F _1 0 2 / 1 0 2 / 1 0 2 / 0 2 F _1 0 2 / 1 0 2 / 1 0 2 / 

05 2 4 0ac 2 2 dx dy 4 0_y 2 ’ dt 2 4 0a: 2 2 dxdy Y 4 dy 2 

d 2 w d 2 f 1 d 2 f d 2 f \ d 2 f 

5 ' -p= cos2 + cos d sin 9 (070v + tydi ) + sin2 6 W 2 ’ 


dr dd 


= -r cos 


Af 


sm0 df 2+ 


r cos 2 0 


Af 

dx dy 


- r sin 2 d 


d 2 f d 2 f 

~ + r cos 0 sin 6 

dy dx dy 2 


df 

-sin 0 4 + COS 0 

dx 


V. 

■V 
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6 . 


dF dfdX dfdY df dZ dF_dfdX dfdY dfdz 

dr dx dr dy dr dz dr ’ ds dx ds dy ds dz ds 

dF_dfdX dfd_Y dfdz 
dt dx dt + dy dt dz dt 

dF _df df df d_F_df_. d_f df, dF_df df_d_f 

u dr dx dy dz ’ ds dx dy dz ’ dt dx dy dz 


SF (df df 0A dF_ (df d l d l\. d l- 2t ( d l_ d lJl\ 

(b) Tr- lr \Tx + Ty + dz)’ Ts~ 1S \dx~dy dz) ’ dt ~ 2t \dx dy + dz) 

d_F_dfd_X dfd_Y dfd_Z dF = dfdX dfdY dfdz 
ds ~~ dx ds + dy ds + dz ds ’ dt dx dt + dy dt + dz dt 


dF df df df dF „ df -df df 

9 (a) T, = 2s fx 2 s tv +2t k ; dt- 2 t d X - 2 % +2s Tz 


dx 


'W 


dz ’ dt 


dF_dj_dj_ dj d UUl + s d f 

W ds ~ dx + dy + r dz ’ dt dx dy + 


dz 


dF_dfdX dfdY d_F _df_d_X dfdY # dF^dfdX dfdY 
dr dx dr dy dr ’ ds dx ds + dy ds ’ dt dx dt dy dt 


11 . (a) 

dF 

df 

dF 

df 

dF 

d l 





dr 

dx ’ 

ds 

dx 

; dt ~ 

' dy 






dF 

df 

df 


dF df 


df 

dF 

_ df_ 

df. 

( b 

) 

dr ~ dx + 2r 

dy 

: ds ~ 

dx +2s dy 

’ dt 

dx 

+ 2 tf- 
dy 

(c) 

dF 

_ 1 df. 

dF 

- 

- y df 

1 df 

dF 

— i 

[df 


dr 

s dx ’ 

ds 

s 

*Tx + 

t dy 

; dt 

^ 7* 

dy 



13. (a) f(x, y, z) = xi + yj + zk, plus any constant vector 

(b) f{x, y, z) = P(x)i + Q(y)j + R(z)k, where P, Q, R are any three functions satisfying 
P' =p,Q’ =q,R' =r 



gX+2y 2e x+2v 1 

1 4v 9w 2 ' 

14 . (a) Df(x,y) = 

2 cos (y + 2 x) cos (y + 2 x), 

; Dg(u, v, w) 

, —2 u 2 0 


(b) h(u, V, w) = e «+2» 2 +3» 3 +i*>-2u«f + sin (2v - u 2 + 2u + 4u 2 + 6w 3 )j 


(c) 

15. (a) 


Dh{ 1, -1, 1) = 


-30 9 

0 -6cos9 18 cos ^ 


Df(x, y, z) 


2x 1 

1 

2 2 


1 


; Dg(u, v, W ) 


2uvw 2 
W 2 cos v 
u 2 e v 


2uv 2 w 
2 w sin v 
0 I 


(b) h(u, v, w) = (« 2 u 4 w 4 + w 2 sin v + u 2 e v )i + ( 2uv 2 w 2 + w 2 sin v + u i e 2v )j 


(c) Dh(u, 0 , w) 


2 u w 2 + u 2 0 
4 « 3 tv 2 +2« 4 o. 
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8.24 Miscellaneous exercises (page 281) 


1. One example: f(x, y) = 3x when x = y,f(x, y) = 0 otherwise 

2. DJiO, 0) = 0 ; Z> 2 /(0, 0)=-l; D 21 f{ 0, 0 ) = 0 ; D, ,/(0, 0 ) does not exist 

3 . (a) If a = (a x , a 2 ), then /'(O; a) = a\ja\ if a x ^0, and f'iO; a) = 0 if a x =0 
(b) Not continuous at the origin 


4. 

5. 


df 1 ,, ... df l 


Uy-'A 


F "V) = 0 [^'(O] 3 + 3 0^ [^'(/)i 2 no + 3 nri# 

+ 0[ y'(0] 3 +30 * W'(0 +30^ [X"(t) Y'(t) + X\t) y"(0] 

+ 3 a 0nono + |^"w + |r'(o, 


assuming the mixed paitial derivatives are independent of the order of differentiation 


6 . 8 


7 



df + df dg df df d 2 g d 2 f 
dx'' v dy ’ 3 *" dy v; dudv~ dx 2 + 

dy 3/" 

” uv ^72 + 3^ ( b ) a = £> b = 


(« 2 


- « 2 ) 


ay 

3x 3y 


10. (a) /(f) = A'(t) ^f[A(t), y]dy + B’(t) tf<t'f[x,B(t)]dx 

(b) cp\t) = 2?e <2 (2e < 2 — e a — e c ) 

13. A sphere with center at the origin and radius 2 

14. f(x) = x 2 


Chapter 9 


9.3 Exercises (page 286) 

1 . f(x, y) = sin (x - fy) 

2. fix, y) = e xi ' ivn — 1 

3. (a) u(x, yj = x 2 y t e? lv 

(b) v(x, yj = 2 + log 


x 

y 


5. A = B = C = 1 , D = -3; f(x, y) = 9 p x ( 3 x + y) + <p 2 (x - yj 

6. G(x,y) =x-y 


9.8 Exercises (page 302) 

1. dX/dv=(l+xu)/(x—y);dY/du = (1 - yv)/(x -y) ; dY/dv = (1 i yu)/(y — x) 

2. dXjdy--{\\xu)l(\\u)\dVldu = (1 — yv)j( 1 + yu ); dV/dy = (1 - x)j{\ + «) 

dX_ d{ F, G) j d(F , G) . _d Y_ d(F, G) / d(F, G) . dY d (F, G) /_ G) 

dv d{yj.v)jd(x, y) ’ du d(u,x) / d(x,y) ’ dv F(v,x) / d(x,y) 

4 T=± ZJtTi (24i “ 4 ^ 7 1 + 3 V’ k > 




Answers to exercises 


SIS 

5. 2i + j + sj 3 /c , or any nonzero scalar multiple thereof 

6. dxjdu = 0, dxjdv = w/12 

8. n = 2 

9. dfldx = — l/(2y + 2z + 1); dfjdy = —2(y + z)l(2y + 2z \ 1); 
d 2 f/(dxdy ) = 2/(2y + 2z + l) 3 

10. d 2 zj(dxdy) - [sin (x + y) cos 2 (y I z) I sin(y + z)cos 2 (x + j)]/cos 3 (_y + z) 

df DJ + 2xD 2 F df DjF + 2/D 2 F 

11 tx D X F + 2zD 2 F ’ dy~ ~ D X F + 2 zD 2 F 

12. D l F=f'[x + g(y)] ; D t F=f'[x +g(y)]g'(y); F = f" [x + g(y)]; 

D l<2 F =f" lx + jOOte'OO ; A, iP =/'[* + 9(y)l + /' I* + £ W'0>) 

9.13 Exercises (page 313) 

1. Absolute minimum at (0, 1) 

2. Saddle point at (0, 1) 

3. Saddle point at (0, 0) 

4. Absolute minimum at each point of the line y = x + 1 

5. Saddle point at (1, 1) 

6. Absolute minimum at (1,0) 

7. Saddle point at (0, 0) 

8. Saddle points at (0, 6) and at (x, 0), all x; relative minima at (0, y), 0 < y < 6 ; relative 

maxima at (2, 3) and at (0, y) for y < 0 and y > 6 

9. Saddle point at (0,0); relative minimum at (1, 1) 

10. Saddle points at (nit + a/2, 0) , where n is any integer 

11. Absolute minimum at (0,0); saddle point at (— [, —J) 

12. Absolute minimum at (—-re, —ff)', absolute maximum at (1, 3) 

13. Absolute maximum at (w/3, irj 3); absolute minimum at (2^/3, 277/3); relative maximum at 
(77, w); relative minimum at (0, 0); saddle points at (0, 77) and (77, 0 ) 

14. Saddle point at (1, 1) 

15. Absolute maximum at each point of the circle x 2 + y 2 = I ; absolute minimum at (0, 0) 

17. (c) Relative maximum at (2, 2); no relative minima; saddle points at (0, 3), (3, 0), and (3, 3) 

18. Relative maximum | at (|, £) and (——|); relative minimum —| at (J, —|) and (—|, |); 

saddle points at (0, 0), ( fl, 0), and (0, ±1); absolute maximum 1 at (1, -1) and (-1, 1); 
absolute minimum — 1 at (1, 1) and ( — 1, — 1) 

19. (a) a = 1, b = -1 

(b) a = 6 log 2 - 377/2, b = 77 - 3 log 2 

1 n 

21. Let x* = - 2 x ir y* 

i=l 

andb = y* -ax* 

1 n 

22. Let x* = - ^ x i * y* 

i =1 

2 U i ^ U{Vi 

A = , where the sums are for i = 1, 2, . . . , n. Then 

2“* 2 y? 
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1 

: 

^ u fi 



fl = A 


1 v '< 


c = z* 


25. Eigenvalues 4, 16, 16; relative minimum at (1, 1, 1) 


ax* -by* 


9.15 Exercises (page 318) 

1. Maximum value is no minimum 

2. Maximum is 2; minimum is 1 

3. (a) Maximum is _ _ at (b(a 2 + b 2 )~' A , a(a 2 + b 2 )~ A ) ; minimum is — V a ^ at 

ab ab 

( -bid 2 + b 2 )~ lA , -a(a 2 + b 2 r' A ) 

( ^2 ci^b \ 

-r-rj , —-— ) ; no maximum 

a 2 + b 2 a 2 + b 2 J 

4. Maximum is I + ^2/2 at the points («7r + 77 -/ 8 , «77 — 77 / 8 ), where n is any integer; minimum 
is 1 - V 2 / 2 ^ (nir + 5rr/8, nir + 37J-/8), where n is any integer 
5, Maximum is 3 at (J, —|, §); minimum is -3 at (— J- , §, — |) 

6. (0,0, 1) and (0,0, -1) 

7. 1 

8. (1,0,0), (0,1,0), (-1,0,0), (0, -1,0) 

a a b h d / a b c \ 

(a + b + c) a+i,+c at \a+b + c'a+b + c'a+b + c / 

10. abc v /3/2 

11. 5 log r + 3 log ^3 

12 ot 2 = A + C - JjA - C) 2 + 45 2 

2(/4C - B 2 ) 

13. (4 ± V5)/V 2 

14. Angle is 77/3 ; width across the bottom is c/3 ; maximum area is c 2 /(4^3) 


10.5 Exercises (page 328) 

1 . _l± 

15 

2. -lira 2 

3 1 


5. 0 

6. 40 

7. 11 

6 


Chapter 10 



10. —277 

11 . 0 

12 . (a) -2 yj 2 77 

(b) -77 
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8 . 256a 3 /15 

9. 2w 2 a 3 (l + 2n 2 ) 

10 . [(2 + tl)K - 2^2)13 

12 . moment of inertia = 4 a 4 

13. 2tt/3 

600 - 36^2 - 49 log (9 - 4^2) 

64 [6^/2 + log (3 + 2^2)] 

6ab 2 _ 6 nab 2 

" X ~ 3a 2 + 4 tW ’ * = “ 3a 2 + 4 t7 2 6 2 
16. 4 = (a 2 + 6 2 )^[rra 4 + (4ir 3 - „/2)a 2 Z> 2 + 32^6 4 /5] 

Iy = (.a 2 + 6 2 )'^[Tra 4 + 14 7T 3 + tt/2J« 2 /) 2 + 32^ 4 /5] 

10.13 Exercises (page 336) 

1. All except (f) are connected 

6 . (a) Not conservative 

(b) (2e 2,r - 5e* - 5rr - 3)/10 

7. (b) 3 

8 . f 

10. 46 2 — 877 b + 4 ; minimum occurs when b = v 

10.18 Exercises (page 345) 

1. (fix, y) = \{x 2 + y 2 ) + c 

2 . <y(x, _y) = x 3 y + c 

3 • fix, y) = xV + xy - y 2 + C 

4. <y(x, j) = x sin y + y cos x + ( x 2 + y 2 )/2 + C 

5. <y(x, j) = x sin (xy) + C 

6 . p(x, y, z) = (x 2 + y 2 + z 2 )/2 + C 

7. <y(x, z) = x 2 /2 — j 2 /2 + xz — yz + c 

8. / is not a gradient 

9. f is not a gradient 

10. f is not a gradient 

1 1 . <p(x, y, z) = y 2 sin x + xz 3 - 4y + 2z + C 

12. <p(x,y,z) =x + 2 x 2 _y — x 3 z 2 + 2 y — z 3 + c 

ar n+1 

13. (b) <p(x,y )=——+Cifn 9 * - 1 ; <y(x, 4 ) = a log r +C if n = -1 

r P+2 

15. tp(x) = -- £'2 + Cifp ^ -2; y(x) = logr + Cifp = -2 

16. f{x) =g(r) + C 

10.20 Exercises (page 349) 

1 . x 2 /2 + 2xv + v 2 /2 = C 

2 X iy = C 


10.9 Exercises (page 331) 

1. 2 3 

2 . 2 > 

3. a = (3 c/2)K 

4. 0 

5. 8?r(sin 6 — cos 6) 

6 . na 3 l4 

7. -^2 
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3. x*/3 - xy -y/2 + (sin 2j)/4 = C 

4. cos 2x sin 3_y = C 

5. x 3 y + 4 x 2 / - + 12_ye v = C 

6. f dx - = C 

8. (a) * + y = C’ 

(b) //x 3 ” 3 log \x\ = C 

9 . ( a ) 6(xy)'^ — (yjxf^ = C ; (xr’y)^-^ is an integrating factor 
(b) x + e~ x sin y = C ; e~ x cos y is an integi'ating factor 
10 . x 3 y i + x*y 5 = c, 10 jc 3 / 1 + x°y‘ = C, respectively; x 2 y^ is a common integrating factor 


Chapter 11 


11.9 Exercises (page 362) 

1- i 


2. 1 

8. 

r 3 (e‘ 2 - e‘) + r* - r- 1 

3. 2^3 - 4 , A 

10. 

i 

6 

4. 77 2 /4 

11. 

i(¥ - v'2) 

5. 2 

12. 

77/2 

6. 2 77 

13. 

(log 2)/6 

11.15 Exercises (page 371) 



1. —3 tt/2 


5. TT 2 -^ 

2. ■§ + cos 1 + sin 1 — cos 2 — 2 sin 2 


6. 6 

3. e — e~ x 


7. 80 

8 

4. s log 2 


8. (a) f (b) 2 ( C ) 

9 ' Jo U l J ( ‘*>y )d y] d * 




(c) 320 tt 


10 ' \l[^n f(x ’ y)dy \ dx 

1L SlUi^y )dx ] d y 

12 ' d y 

“■ SixUwXk fix ’ y)dx ] d y + liw^J (x ’y )dx ] d y 
14 ' £ U e e >f (x ’y )dx ] d y 


15 - J-x[/-vi= v^y )dx ~\ d y + SXU^-/ (x ’y )dx i d y 

16 - SXSXf (x ’y )dx ] d y 

11 ■ 5X Ul, arcsui J (X ' y ] dX ] dV + Ju [Cr Vf(X ' y ) dX l d - V 


1 S-lSXlJ ix ’y )d y] dx 
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19. X (x 2 + y 2 ) dy] dx = f 

20. y =0, y =xtanc, * 2 +f =a 2 , * 2 + y 2 = b 2 

21 ■ (a) SlU^y**]* 

(b) 4e e + 2ej3 
2 2. m = 2 ; n = I 


11.18 Exercises (page 377) 

I x = -h y = t 

2 . Jc = 1, y = 0 

5 7: _ 18 v — 

J. X — 13 , y — 39 

4 . x = 77/2, y = 77/8 

, f = <V 2 + 1 )(^_ 1 ) =5 ' + ^_ 1 _V2, 

_ 2a 2 log a - a 2 + 1 ^ _ a(logg) 2 ; 

2(a log a - a + 1) 


assuming the x- and y-axes are chosen along sides AB and AD, 


12 . 4 = r 2 6 3 (a - c) , 4 = A A (a 3 - c 3 ) 

13. 4 = 4 = 0 - 5 77 -/16)r 4 

14. / = / = a 

15. 4 = A-[(4« - l)e 4fl - 1], 4 = M" 3 - 3« 2 + 6a - 6)e 2a + 6] 

I f. j _ 7_2 r _ .1.4 8 

10 - l x — 105 ' J y — 45 ~ 

19. lhly/2 + log (1 + 72 )] 

20. h 2 + \r 2 

21 . (a) <44 1) 

(b) (|,f) 

(c) (¥,¥) 

(d) (¥,¥) 

22 . h = 2^3 

23. h > r^Jl 


11.22 Exercises (page 385) 

1. (a) -4 

(b) 4 

(c) 8 

(d) 4 tt 

(e) 3W2 


4(a log a - a + 1) 


9. 

10 . 


* = y = 5 

* = y = 256/(31577) 
¥-¥lo g 3 

x = 5 HASH, y = | HAD|| ; 
respectively 


577 

4 = 12 ’ 


4 = 


277® 
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2 . 0 

3. n = 3 

4. — it 

9. g(x,y)= ±[PHx,y) + 

★ 11.25 Exercises (page 391) 

1. (b) 0 

2 . 0 , 2 77 , —277 

3. As many as three 

4. As many as seven 

5. (a) - 3 

6 . 277 


11.28 Exercises (page 399) 


1. 

Jo L fo COS 1 S ' n ^) r d r l dd 









2. 

J /2 LJo '^ r ° 0S ' S ' n dQ 




3. 

J o £ f 4 /(r cos 6, r sin 0)r dr^ dO 




4. 

Jo [j; cos r s ' n dO, 

where ^(0) = 

l/(cos 0 + sin 

0) 

5. 

\; , '[^ me f (rcosd,rsmO)r d r'\ 

f3ir/4 r fese 

^ + L Li 

e 

f(r cos 0, r sin 

6)r 1 



fi: r f tan f 

1 sec e 




+ J 31/4 LJo 

f (r cos 0, r 

sin 1 

6. 

lira* 




7. 

ia 3 [V2 + log (1 + 72 )] 




8. 

V'2-l 




9. 

77« 4 /8 




10 . 

ri/4 r 

Jo LJo Cfts ' s ' n dr] d6 + 

f 17 / 2 tr c ° s r sin ^ ^ 

]d0 

11. 

l/4 LJo ^ 




12. 

ST UT f(r cos r sin 6)r dr \ dB > 

where g(0) = 

l/(cos 0 + sin 

0) 

13. 

IT [CL^« e ’ rsin 0)r</r ] do 



14. 

77 4 /3 




15. 

( a ) u = lx - y, v = -5x + y 





(b) 60 

17. (a) 1 +2 u 

(c) ¥ 

2 


(d) 2 H—-I arctan — — arctan 


V3 


V3 


i) 
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18. (a) 4(« 2 + V 2 ) 

(C) 0 

19. j— p P 2 + ~ /? 2<1_!,) ] if p ^ 1 ; 77 log (1 + r 2 ) if p = 1 . 

I(p, r) tends to a finite limit whenp > 1 


11.34 Exercises (page 413) 


1. 

2 . 

3. 

4. 

5. 

6 . 

7. 

8 . 

10 . 

11 . 

12 . 

13. 

14. 

15. 
18. 

19. 

20 . 
22 . 

23. 

24. 


364 


log V 2 
1 
4 8 

#7 Tdbc 

77/6 


_6 
1 6 " 


.I 1 u: [r/ ( - y> z) d y] dz + .C y> z) d - v ] dz ) dx 

("V z 2 —x z 

-V z 2 —x* 


dxdz 


-J(x,y, z)r/y] 

C tr [Cm z) rfz +IT* / [/<*» z > d y\ 


dz dx 


167r/3 

1 

-i 0 -77a 2 /!(3a 2 + 2/t 2 ) 

1 77a 3 

|77(i 3 — a 3 ) 

§77J?V + 6 2 + C 2 )-'^ 

§77(5^5 - 4) 

32 

f 7r(Z> 5 - a 5 ) 

On the axis at distance -|/j from the base 
On the axis at distance from the base 


On the axis of symmetry at distance 


3 b 4 - 

8 ' b 2 - « 


from the 


“cutting plane” of the hemispheres 


25. x = y = 2 = j a h (assuming the specified corner is at the origin) 

26. f\M(a 2 4- 4/; 2 ) 

27. § MR 2 

28. |Ma 2 
2 9. 2'/i 


Chapter 12 

12.4 Exercises (page 424) 

1. (a 2 b 3 - a 3 b 2 )(x - x u ) + (a 3 b l - a x b 3 )(y - y Q ) + (a 3 b 2 - a 2 bP){z - z„) = 0 ; 

dr dr 

— X — = (a 2 b 3 - a 3 b a )i + (a 3 k y - a y b 3 )j + (a^ - a 2 bP)k 
au av 

dr dr 

2. x 2 la 2 + y 2 /6 2 = z ; — x — = —2bu 2 cos vi — 2au 2 sin vj + ubuk 

du dv 
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x 2 v 2 z 2 dr dr , /sin u cos v sin u sin v cos u \ 

3. -r + 75 + -» = 1 J r- X — = abc sin «l--- i + -r- j +-A 

a 2 tr r du dv \ a D c / 

vi — uf'(u ) sin vj + uk 


4. 5 = /(V^ 2 + J 2 ) >' J u x = cox VI ’ 

j 2 ' z 2 IfSr Sr 

5 • + Ts = 1 ; — x -= b sin vj + a cos 

a 2 b 2 du dv J 


6. (i/* 2 + y 2 - a) 2 + z 2 = b 2 ; 


dr dr .. . w ii 

— x — = b(a + D COS h)(cos u sin vi + cos « cos vy + sin UK) 
du dv 


„ , , , , T /sin 2 u cos 2 «\ 

7. |abc| cosh V II cosh 2 

8. 71280 2 + 4 

9. |« - d| V36m 2 h 2 + 9(« + v) 2 + 4 

10. V“ 4 + K 2 


v + 


sinh 2 vl W 


12.6 Exercises (page 429) 

2 ■nets] 3 

3 ’ (2tt - V 

4 : 4 

5. (a) A circular paraboloid 

(b) —2 m 2 cos vi — 2« 2 sin vj + life 

(c) n = 6 

6 . ^2 vra 2 /4 

7 . 2^76 

8 . 2wa 2 (3^/3 - l)/3 

9 . 4ir 2 a6 

11. (a) A unit circle in the xy-plane; a unit semicircle in the xz-plane, with z 0 ; a unit 
semicircle in the plane x = y with z 0 

(b) The hemisphere x 2 + y 2 + z 2 = 1, z < 0 

(c) The sphere x 2 + y 2 + z 2 = 1 except for the North Pole; the line joining the North 
Pole and (x, y, z) intersects the xy-plane at (u, v, 0) 


12.10 Exercises (page 436) 

1 . 4ttJ3 

3 . x = y = z — a /2 

4- I 

7 . 0 

8 . TT^jl 

9. On the axis of the cone, at a distance £fl(l — COS «}/[! — cos (a/2)] from the center of the 
sphere 

10. tt a 3 h + §Wi 3 

11 . 3 rra 3 h + ^ah 3 


12. 2tt/3 

13 . — 7 t /3 
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12.13 Exercises (page 442) 

1.0 3.-4 

2. -,r 4. i 


12.15 Exercises (page 447) 

1. (a) div F(x, y, z) = 2x + 2y + 2z ; curl F(x, y, z) = 0 

(b) div F(x, y, z) = 0 ; curl F(x, y, z) = 2i + 4j + 6k 

(c) div F(x, y, z) = —x sin y ; curl F(x, y, z) = i + j 

(d) div F(x, y, z) = ye xv — x sin (xy) — 2 xz sin (xz 2 ) : 

curl F(x, y, z) = z 2 sin (xz 2 )j — [xe* v + y sin (xy)]k 

(e) div F(x, y, z) = 2x sin y + 2y sin (xz) — xy sin z cos (cos z) ; 

curl F(x, y, z) = [x sin (cos z) — xy 2 cos (xz)]/ — y sin (cos z)j + [y 2 z cos (xz) — 
X 2 cos y]& 

2 . 0 

4 . n = - 3 

5. No such vector field 

10. One such field is fi(x, y, z) = ( xyz )~ 2 

11. div(F x r) = 0 ; curl (V x r) = (c + l)V 
13. 16(o + b) 


★ 12.17 Exercises (page 452) 


1. (3x — 2z)j — xk is one such field 

2. (x 2 /2 — xy — yz + z 2 /2)y + (x 2 /2 - xz)F is one such field 

3. (x 2 yj2 + z 2 j2)j + Vf(x, y) for somefindependent of z 




XZ 


5. G(x, y, z)—=s —— —{ — — -r-j satisfies curl G = /• _3 i‘ at all points not on the z-axis 

r(x 2 + y 2 ) r(x 2 + y 2 ) 

6. f(r) = Cr~ z 


9. 


y- z) = 

~i(z 3 i + x 3 / + y 3 *), 

G(x, y. 

10. 

(c) 

375-/2 



12.21 Exercises 

(page 462) 


1. 

3 


3. (a) 

3|K| 

2. 

(a) 

14477 

(b) 

9 |K|z 


(b) 

*— 1 6 7T 

(c) 

|F|x 


(c) 

12877 

(d) 

44 


15. 8 7T 


Chapter 13 

13.4 Exercises (page 472) n n ^ 1 n 

2. , 4 . u A U A = (A n A; n A$ U (a, n z(') U zl 3 ; U = U (A n n u ^ 

1 *5=1 ... 


Jfc=l 


1—k+l 



(i) 


(iii) 

(iv) 

(v) 

(a) A' 

n B’ 

A nB' 

A u £ 

(A nB’)u(A' nB) 

A' u B' 

(b) 

500 

200 

500 

300 

O 

O 

oo 
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6. J 1 , = {0,A 1 ,A 2 ,A 1 uA 2 ,A' 1 ,A^,A^nA^S} 

7. & 3 = {0 ,A 1 ,A 2 ,A 3 ,A 1 UA 2 ,A 2 v A s , A x u A 3 , A t v A 2 u A 3 , A' v A' 2 , A 3 , A[<^ A' 3i 

a; n A 3 , A^ r\A' 2 r\A' 3 ,S } (if n > 3) 


13.7 Exercises (page 477) 


LA c B' 

2. xeA' nB' DC' 

3 . xeA nB' nc' 

4. xeA u B u C 

5. xe^nB’nc) u (a 1 ns n c ) u (a 1 n B' n c) 

6. x e (A' n B') u (5' n C') u (A' n C') 

T.xe{A ns) u (a n c; u (fine; 

8 ^e(ln£nC')u(lnfi'nC)u(l'ninC) 

3. *e(/i n C)' 

10. x e /4 n C n B' 

11. xe A n B n C 

12. je^uBuC 


15. (a) 1 - a 

(b) 1 - 6 

(c) a + b — c 


(d) 1 - c 

(e) 1 ~ a + c 

(f) a - c 


13.9 Exercises (page 479) 


2. 

% 

5 

ii 

91 

5. 

6. 

9 

47 

8 

47 




(c) 

1 0 

91 

7. 

if 




(d) 

36 

91 

8. 

(a) 

AKA + 

B ) 

3. 

(a) 

2 3 

3 6 


(b )BI(A + 

B) 


(b) 

1 

0 


(c) 

(C + 1)/(C + D+ 1) 


(c) 

1 

3 


(d) 

C/(C -t- 

D + 1) 


(d) 

5 

3 6" 

9. 

(a) 

1 

0 



(e) 

13 

36 


(b) 

4 

9 



(f) 

2 

3 


(0 

5 

9 


4. 

i 



(d) 

8 

"9 


10. 

P» = 

1 -P(A) -P(B) + P(A r\B), 

Pi = 

P(A) 

+ P(B) ■ 

- 2j p (/1 ns), 

12. 

(a) 

5 to 9 






(b) 

45 to 46 






(c) 

10 to 81 






(d) 

36 to 55 






13.11 Exercises (page 485) 

1. {(1,2), (1,3), (2, 1), (2, 3), ( 3 , 1), (3,2)} 

2. 1326 

3: 54 

4. (H, T)x (H, r}x {1,2, 3,4, 5,6} ; 24 outcomes 

5. 52!/(13 !) 4 

6. 36 

(a) 18 

(b) 12 

(c) 24 
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7. (a) 13. 12 11 .12 = 123552 (not including triplets or quadruplets) 

(b) 5148 

(c) 36 (not including 10JQKA) 

(d) 4 



11. 16 
12. n k 


13.14 Exercises (page 490) 

2. (a) P(A) = & ; P(B | A) = ; P(A n B) = - 6 % 



9 - 

15. (a) P(A) = P(B) = P(C) = \ ; P(A n B) = P(A n C) = P(B D C) = J ; 
P(AnB n C) = o 


13.18 Exercises (page 499) 

1. (a) P(H, H ) ; P(ff, I) = ft (l - p 2 ) ; i>(r, tf) = (1 - Pl )p 2 ; 

nr, T) = (1 - Pl )(\ -p 2 ) 

(b) Yes 

(c) No 

(d) Hi and H >, //j and T 2 , H t and T x , and T% 

2- (a) fif 

(b) lib 

(C) 6 
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Answers to exercises 



(>) 

5’ 390625 

8. 

/n\ w k b n ~ k 

3. 

\J 

-6“ 2519424 

\*/(w +b) n 

4. 

(a) 

5 

1 6 


/8\ 17 5 9938999 


(b) 

i 

9. 

Ull8 8 " 1377495072 


(c) 

3 

1 6 

\ / 

193 

~5T2~ 

5. 

(a) 

(5!) 2 /10! = j-h 

10 


(b) 

i 

11. 

1 - (19/20) 10 = 0.4013 

6, 

(a) 36/r° - 80/ + 45/ 

12. 

193 

7. 

(b) 

It is 

7 

128 

advantageous to bet even money 

14. 

5 1 2 

59 <n<, 65 


15. (a) f(p) = (1 - P f + / 
(b) (V31 - 4)/3 


13.20 Exercises (page 504) 


1. 


(a) f(k) = 2k 

(b) f(k) = 3" 

(c) f ( k) = Pk- where p k is the kth prime >2 

(d) one such function is f(k) = (g(k), h(k)), where 


<?(*) 


rrr{k) + 3 m{k) 

2 


— k + 2, 


h{k) = k 


and 


m(k) = 


~y/8k -7-1 

2 


m 2 (k) + m(k) 
2 


where [x] denotes the greatest integer <x 

(e) f(k) = 2 9<fc) 3 ft<&) , where g(k) and h(k) are as defined in part (d) 


13.22 Exercises (page 507) 


n = 

= 0: 

: m a x 

= i, 

min 

= 4 

n = 

1 : 

max 

rHhP 

II 

min 

= 0 

n = 

2: 

max 

_ 1 
— 8 » 

min 

= 0 

« = 

3 : 

max = 

ii 

min 

= 0 

(a) 1 

— 

ff 3 “ 

pf 



(b) 

7 

8 





(c) 

3 

5 






4 . (a) 3 pqlipq + 2) 

(b) * 

(c) 2 log 2 — 1 


13.23 Miscellaneous exercises on probability (page 507) 


1 . 

2 . 

3. 


l 

1 2 

(a) h 

(b) h 

(a) \ 

(b) i- 


4. 


5. 

7. 


II 

13 
105 

6 4 
73 


(c) 


0.65 


8. (a) | 

(b) 6 

(c) I 

(d) No 

' ~/A 2 

9 . / 7 3 + 6 /) ,2 / 

10. «/t(l — /d" -1 + n/7 n_1 (l — p) 
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Chapter 14 


14.4 Exercises (page 513) 

1. (b) X <,b 

2. (a) {co | X(co) e (a, b\, F(w) e (c, d ]} 

(c) X<,a, Y <d 

(d) P{a < X <,b, c < Y <, d) - P(X <, b,Y <,d) — P(X <,a, Y <d) — P(X<, b,Y^c) 
+ P(X < a, Y <, c) 

3 . (a) {(1, 6), (2, 5), (3, 4), (4, 3), (5, 2), ( 6 , 1)}, {(5, 6), (6, 5)}, {(1,6), (2, 5), (3, 4), (4, 3), 
(5, 2), (6, 1), (5, 6), (6, 5)} 

(b) P{X = 7) = | ; P(X = 11) = rs ; P(X = 7 or* =11)=$ 

4. Y= X x + X 2 + X 3 + JST 4 ; F(Y = 0) = A; P(r=l)«i; /’(r^i)=tV 

5 Y = 7Y if 0 < X <, 100 ; Y = 10Y - 300 if X > 100 

6. (a) Z = Y - 1 

(b) U = Y t + Y t - 1 


14.8 Exercises (page 523) 

2. t | 2 3 4 5 

Px(t) T6 T8 T2 9" 


6 7 8 9 10 11 12 


5 1 B 1 1 1 1 

36 6 36 9 12 18 36 


3. (b) p( -2) = *, /»(0) = /*2) - i 

(c) 0, |, f, 1,1,0,l,o 

5. (a) c = 1 

/u\ 112 8 

t D ) 9 , 3, 3, » 

r C ) F(t) = 0 for / < 0, F(t) = | for 0 <; f < 1, F(t) — | for 1 <, t <2, F(t) = 1 for 
t >2 

(d) No such t 


(e) 

t = 2 



6. (a) 


0 1 2 3 4 



p(k) 

1! IT 2”7 8-1 8 1 ! P(t) = 0 for i 

1 ft 0, 1,2, 3,4 


(b) F(f) = 0 lor t < 0. F(t) = |f on [0,1), F(t) = |f on [1, 2), F(t) = f on [2, 3), 

F(t) = |f on [3, 4), F(t) = 1 for t > 4 
/ \ 8 66 
(C) 2 7, 81 

7 . ( b ) = 0) = (1 - pf ; P(Y = 1) = 2p(\ - p) 


8. p x (k) = 


2k 

n(n + 1) ’ 




[?]([?] +1) 
n(n + 1) 


for 0 < t <, n , 


where [(] denotes the greatest 


integer <t\ Fx(t) = 0 for t < 0; Fx(0 = 1 for t > n 


9. p(k) = 



= 0,1,2, 3 


; c £0 


p(t) = 0 for t 0, 1, 2, 3, . , , 

10 . ( a ) px(0 — | at t = -1 and ? = +1 ; Px(t) = 0 elsewhere 

Fx(t) = 0 for t < -1 ; F x (t) = \ for - 1 < t < 1 ; F x {t) = 1 for t > 
1 i . p(A) =f; P(B) = f; P{A n B) =|; F(i»| A) -1; P(A KJ B) = 1 
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Answers to exercises 


14.12 Exercises (page 532) 


1 . (a) c = 1 ; f(t) = 1 if 0 ^ t < 1 ; f(t) = 0 otherwise 

(b) 0, | 

2 . c — |; F(t) = 0 if t < — n/2 ; F(t) = 1 cos / if — tt/2 < t < 0 ; F(t) = 1 — \ cos t if 
0 ^ / < tt/2 ; F(t) = 1 if / > tt/2 

3. c = f; F(t) = 0 if / < 0 : F(t) = i(3/ 2 -/ 3 ) if 0 ^ / ^ 2; F(t) = 1 iff >2 

4. (a) \ 

(b) I 

(c) i 

5 . ( a ) f(t) = Oif/ < 1; /(/) = 8/ - 1 if| ^ / < \ ; /(/) = 7 - 8/ifi ^ / < f ; /(/) = 0 
ift >| 

(b) F(/) = 0if/<£; F(/) = 4/ 2 - / if J ^ \ ; F(/) = -4/ 2 + 7/ - 2 if / < 


F(t) = 1 if / > f 

(c) l.i.i.o.A 

n 4 t i 


6. (a) 

£ 2 1 







(b) 

/ = 1 







7. (a) 

k 

J 

10 

15 

20 

25 

30 


P{X > k) 

5 

6 

1 

1 

2 

1 

3 

1 

6 

0 


8 . 

9. 


10 . 


(b) Let each Styx train arrive 5 minutes before a Lethe Lain 


r Y 

(a) 

(b) 

(c) 

F(t) 


(t) = 0 if / < b 
2 

3 7 
11 
37 
3.6 
37 


F y (t) = (t — b)/a if b <t <,b 


Fy{t) 


1 1 

- + - arctan ■ 

2 TT 


1 if t > b + a 


14.16 Exercises (page 540) 

1. (a) 105 
(b) 10.05 

2. (a) Kx/2 - 1) 

(b) 1(2 - y/2) 

(C) 1(2 - y/2) 

(d) A(4 - V2) 

3. (a) 1 - e- 1 

(b) e- 2 

(c) (e - 1 )le 2 

(d) e~ 3 

4. F(t) = 0 if / < c ; F(t) = 1 - e~Mt~c) if t k c 

6. A' = A/a, c' = b + ac 

9. (a) 0.5000 

(b) 0.1359 

(c) 0.9974 

(d) 0.0456 

10. (a) 0.675 

(b) 0.025 

11. (a) 0.6750 

(b) 0.025a 
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12. (a) 0.8185 
(b) 0.8400 

13. 75.98 inches 

14. mean = b, variance = a 2 

15. F r (t) = Q if t < 0 ; f T {t) = 0 if t <, 0 ; f Y {t) = if t > 0 

14.18 Exercises (page 542) 

1. (a) F r (0=0if/<1; F Y (t) = (r - l)/3 if 1 ^ t <, 4; F r {t) = 1 if t > 4; f r (t) = ± if 

1 <, t <,4 ; f Y (t) = 0 otherwise 

(b) F Y it) = 0 if t < -2 ; Fy(f) = (t + 2)/3 if -2 < t < 1 ; Fy(?) = 1 if t > 1 ; 

frit) = l if -2 < / < I ; fy(t) = 0 otherwise 

( c ) F Y (0 = 0 if / < 0 ; F r (t) = t'^if 0 < t < 1 ; F v {t) = 1 if / > 1 ; f Y (t) = (2 1)~^ if 

0 < ? < 1 ; f Y ( t) = 0 otherwise 

(d) F r (t) = e* if t <; 0 ; F r (0 = 1 if t > 0 ; f Y (t) = e* if t < 0 ; f Y (t) = 0 if t > 0 

(e) F F (i) =e </2 if t^O ; F r (t) = 1 if t > 0 ; f Y (t) = \e m if / < 0 ; f Y (t) = 0 if t > 0 

(f) F Y {t) = 0 if t < 1 ; F Y {t) = log / if 1 <, t <e ; F Y (t) = 1 if t > e; f Y {t) = Vt if 
1 t < e ; f Y (t) = 0 otherwise 

2. Let y be the inverse of <p, defined on the open interval (a, b). 

Then F Y (t) = 0 if t <, a; F Y (t) = F A -[y(r)] if a < t < b ; F r (t) = 1 if t > b ; f Y (t)~ 
f(t) if a < t < b ; f Y {t) = 0 otherwise 

3. (a) frit) = 0 if / < 0 ; f Y (t) = (2t if / > 0 

(b) f Y it) = 0 if t < 0; f Y (t) = 4t(2^e- ti/2 if t > 0 

(C) f Y it) = 0 if t < 0 ; frit) = (27rt 2 )~ 1/S! e~ (log t)2/2 if t > 0 

(d) frit) = sec 2 i e - (tan2 <,/2 if |/| < tt/2 ; f Y {t) = 0 if |/1 > w /2 


14.22 Exercises (page 548) 

2. (a) P(X = Xl ) = P(X = x 2 ) = F(Y = = P( Y = y 2 ) = kip + q) 

(b) p = q = \ 

3. (a) F(x,y) = ^ _ a )( ^ - c ) a Ix - b and c ^ 7 ^ d, 

x - il y - c 

F{x, y) = --if a Ix < b and y > d , F(x, v) = - ifx>b and c < v <d, 

b — a ' d — c 

F(x,y) = 1 if x > b and y > d, F(x, y) = 0 otherwise 

(b) F x (x) = (x — a)l(b - a) if a < X < i ; F x (x) = 0 if x < a ; F x (x) = 1 if x > b ; 

F r (y) = iy - c)lid - c) if c ^ y < d ; F r (y) = 0 if y <c; F Y \y) = 1 if y > d 

(c) X and Y are independent 

5 . P(Y = 0)=f;F(Y = l)=P(F = 2)=i 

7 - T-! 

8 . i 

9. (b) fix,y) =|if (x,y)eQ; f(x,y) = 0 if (x,y) $ Q ; 

fxix) = 1 - |x| if \x\ <, 1 ; f x ix) = 0 if \ x \ > 1 ; 

f Y iy) =l-|/[ if |/| < 1 ; f Y iy) = 0 if |/| > 1. 

X and Y are not independent 

10. g(u, v) =/(« + a, V + b) 

14.24 Exercises (page 553) 

1. (b) fyiv) = 1 + V if -1 <, V <0 ■ fyiv) =1 - V if 0 < V < 1 ; fyiv) = 0 if |y| > 1 

(c) U and V are not independent 
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2 . 

3. 

4. 

5. 

6 . 


(b) fy(t ) = 2 — 2/ if 0 <( f <[ I ; fy(t) = 0 otherwise 

(c) U and V are independent 

(b) g(u, v ) = ue~ u if n > 0, 0 < < 1 ; g(u, v) = 0 otherwise 

(c) f v (u) = ue~ u if u > 0 ; f v (u) = 0 if u <, 0 

(d) fy( v ) = 1 if 0 < v < 1 ; fy(v) = 0 otherwise 

(b) g(u, v ) = (i’/27r)e^ (1+ “ S)u2/2 if' v > 0 

(c) f v (u) = W1 + a 2 )]- 1 

fz(0 = 

( b ) /tj(«) = 0 if u < 0 ; f u (u)= (ufo 2 ) exp | j if « > 0 ; F v (t) = 0 if / < O; 
F v (t) = 1 -exp 2^2j if t ^ 0 


14.27 Exercises (page 560) 

1 . E{X) = l, Var (X) = y|. 

7. (a) E(X) = Var (X) = A 

(b) None 

(c) E(X) = 1/A, Var (X) = 1/A 2 

(d) E(X) = m, Var (X) = a 2 

8. (a) C(r) = (r - l)/2 

(b) F x (t) = £ Itp-'if / < -1 ; F x {t) = l if -1 £t<, 1 ; F x (t) = 1 - i/^if t > 1 

(c) P(Af < 5) = 1 - 5 r-1 /2 : P(5 < X < 10) = (5 1 -*- - 10 1 - r )/2 

(d) X has a finite expectation when r > 2 ; E(X) = C/ 

(e) Vaiiance is finite for r > 3 ; Var (X) = (r — 1 )/(r — 3) 

9. E(X) = E(Y) = -X ; E (Z) = - 1767/50653 ; E(X + Y + Z) = -4505/50653 

10. £'fX)+ ® as « ->■ oo 
12. (a) (2 Itt) 1 * 

(b) 

(c) e 2 — e 

(d) 0r/2)X 


14.31 Exercises (page 568) 

4. 251 

5. 0 

6. Chebyshev’s inequality gives 4; tables give 0.0027 

8. (b) 0.6826 

9. (b) 0.0796 

10. (a) 0.0090 

(b) 0.0179 


Chapter 15 


15.5 Exercises (page 577) 


2. (a) No 

3. (a) Neither 

(b) Yes 

(b) Seminorm 

(c) Yes 

(c) Seminorm 

(d) No 

(d) Neither 

(e) Yes 

( e ) Seminorm 

(f) No 

(f) Norm 

(g) Yes 

(g) Neither 


(h) Neither 
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6. (a), (b), (c) 

8. (b) The polynomial in (a) plus |(5x 3 — 3x) Jlj (5t s — 3t)f(t) dt + —(35X 4 - 30x 2 + 3) 
X JIi (35r 4 - 30/ 2 + 3) f{t) dt 


10. 

15 
12 8 

(1 + 14x2 

-7x 4 ) 


11. 

(b) 

11/ - 

P II 2 

i 

- 9 6 





/II 2 

n - 1 

log2 n 

12. 

(a) 

II P ~ 


' n - 1 


(b) 

P(x) 

/ 

' 12 

6 (n + 1), 


“I 

(n - l) 2 “ 

A./ 



||P- 

1 

•/II 2 

= 36 log 2 

- 28 log 5 

13 

(a) 

II P - 

-/II s 

5n l(n ~ 

- 2)e 2n + 


lx + 


4 (n s - 1) log n 6 (n + l) 

(n - l) 1 (n- 1 f ’ 


(b) P(x) = (18 - 6e)x + 4e 
<Pk+i(x ) = 

A/IIAII 


!°; HP -/|| 2 = 20e - \ e 2 - = 0.0038 


J(2k + 1)(2 k 3) 

14. (b) <p k+1 (x) = V — TTT^xntOc) 


2k + 3 


k + 1 V 2k - 1 


fuW, where (p k 


■in 

15. (b) J =12- [P m (x)P' m+1 (x) - P m+1 ( X )P'J X )] 

k=(\ P m + 1 


15.9 Exercises (page 585) 

1. (a) P(x) = |(x 2 + 13x + 12) 

(b) P(x) = l(x 2 - Sx + 6) 

(c) P(x) = — |(x 3 — 6x 2 + 5x — 6) 

(d) P(x) = 2x 3 + X 2 — X — 2 

(e) P(x) = — 5x 3 — x 2 + lOx — 5 

2. P(x) = 7 ri 7r (9x 4 - 196x 2 + 640) 

4. (a) Q(x) = 2x 3 + 3x 2 — x — 3 
(b) Q(x) = 4x 3 + 7x 2 — 3x — 7 

5. (a) p<32) = ; f(32) - P<32) = « 

(b) P(32) = Hi ; f(32) - P(32) = 

(c) P(32) = 43 ; /( 32) - P(32) = 

(d) P(32) = - t 4 23L . f(32 ) - P(32) = 3/11 

7. (a) AW = 7 /( u - !)(« - 3)(« - 4)(« “ 6) ; AW = ~ 3)(« - 4)(« - 6) ; 

AW = T8 m (“ - 1)(“ - 4)(« 6); i 3 (x) = -—«(« - 1)(« - 3)(u - 6) ; 

AW = T¥o“(“ ™ ')(« - 3)(« - 4) 

(b) P(2.<5) = 20 

8. (b) x^ 1.581 

(c) h < 0.0006 

12. (a) a =0, 6 = 1 

(b) c = 1, d = -2 L' k ( Xlc ) 

13. (d) Let fl 0 (x) = 1 and let B n (x) = (x — x 0 )(x — x 0 — «6) n_1 /n! for n > 1 ; the one and 

only polynomial P of degree <« satisfying the conditions P(x 0 ) = c 0 , P'(x L ) = c t , 

P"(x 2 ) = c 3 ,. . . , P< n )(x„) = c n is given by P(x) = c 0 B 0 (x) + . . + c n B n (x) 

16. x 
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15.13 Exercises (page 593) 


8 

-5040 

13068 

-13132 

6769 

-1960 

322 

-28 

1 



9 

40320 

- 109584 

118124 

-67284 

22449 

-4536 

546 

-36 

1 


10 

-3628800 

1026576 

-1172700 

723680 

-269325 

63273 

-9450 

870 

-45 

1 


(c) 1 + 2x + 2x2 — 3x3 + x 4 


8 

1 

127 

966 

1701 

1050 

266 

28 

1 


9 

1 

255 

3025 

7770 

6951 

2646 

462 

36 

1 

10 

1 

511 

9330 

34105 

42525 

22827 

5880 

750 

45 


( d ) -1 + 6 x (1) + 16x (2) + 9x (3) + x (4) 
7. (a) ig?. + “*-2 + _6i n 

(b) In 4 + f/i 3 + £ n 2 + 

(e) j/i 4 + |n 3 + —« 2 + |« 

(d) in 5 + |« 4 + i« 3 - 


15.18 Exercises (page 600) 

2. (b) T n (\) =n‘\ T^(-\) = C-lf-V 
1 — , 

5. sin 6 sin /I0 = - T n (x), degree = n + 1 


7. Q(x) = x" +1 - 2- n r„ +1 (x) 

8 /V r \-5^4 + 35 y 3 _ 25 r 2 + 2 5 v _ 1 

°' 2-* 16-* 3 2^ 2 5 6* 512 

14. (b) l/ 0 (x) = 1, E/ X (x) = 2x, Ujx) = 4x 2 — 1, U s (x) = 8x 3 — 4x, 
U t (x) = 16x 4 — 12x 2 + 1, U 6 {x) = 32x 5 — 32x 3 + 6x 


15.21 Exercises (page 610) 

1. (a) 0.693773 —s phere 0.000208 e 0.001667. This gives the inequalities 

0.6921 < log2 < 0.6936 


2 . 


3. 


4. 

5. 


(b) n = 578 
(a) c = ^3/3 


(b) c 

+ii 

(a) c = 

V 2 / 2 

a + b 

(b) c 

1 2 

a = 2 + ^2, b 

c = Vf 


b - 

2 3 ’ Ca = “2 

b + ~ a_^2_ 

2 _ 2 
= 2-^2 


a + b 
~~ 2 ~ 


b — a 
-x- 2 


x/3 

3 


a + 6 - a J 2 

C ' l 2 " 2 * 


2 
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10. (a) log 2 = 0.693254 — e, where 0.000016 < e < 0.000521 ; this leads to the inequalities 

0.69273 < log 2 < 0.69324 

(b) log 2 = 0.69315023 — e , where 0.00000041 ^ e ^ 0.00001334 ; this leads to the in¬ 
equalities 0.693136 < log 2 < 0.693149 

11. (d) log 2 = 0.693750 — e, where 0.000115 < e < 0.003704 ; this leads to the inequalities 

0.69004 < log 2 < 0.69364 
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ABEL, NIELS HENRIK, 162 
Abel's formula for Wronskian determinants, 
162 

Absolute maximum, 304 
Absolute minimum, 304 
ADAMS, JOHN COUCH, 571 
Adjoint of a matrix, 122 
Angles in a real Euclidean space, 18 
Annihilators, 151 
method of, 163 
table of, 166 

Approximate integration : 

by Cotes’ rule, 612 (Exercise 11) 
by Euler’s summation formula, 613, 
615 

by Simpson’s rule, 608, 609 
by the trapezoidal rule, 604 
Approximations : 

by interpolation polynomials, 579 
by Legendre polynomials, 29 
by Taylor polynomials, 576 
by trigonometric polynomials, 29 
in a Euclidean space, 28 
successive, 223 
ARCHIMEDES, 571 
Area : 

as a line integral, 383 
of a plane region, 368 
of a surface, 424 
Area cosine principle, 426 
At random, 478 
Attraction, gravitational, 335 
Average density, 374 
Average of a function, 374 
Average rate of change, 253 
Axioms : 

for a determinant function, 73 
for a linear space, 3 
for an inner product, 14 
for probability, 474, 506, 511 


Ball in n-space, 244 
Basis, 12 

Bayes’ formulas, 549 (Exercise 6) 

BERNOULLI, DANIEL, 182 
BERNOULLI, JAKOB, 469, 495 
Bernoulli trials, 495 

BESSEL, FRIEDRICH WILHELM, 182 

Bessel differential equation, 182 
Bessel functions : 
graphs of, 186 
of first kind, 186 
of second kind, 188 
Binomial coefficients, 481 
Binomial distribution, 521 
approximation by normal, 538 
Boolean algebra of sets, 471 
BOREL, EMILE, 510 
Borel set, 510 
Boundary of a set, 245 
Boundary point, 245 
Bounded function, 357 
Boundedness of continuous functions, 319 
Bridge hands, 481 

caque, j„ 223 
Cartesian product, 244, 

CAUCHY, AUGUSTIN-LOUIS, 16, 142, 191, 530 
Cauchy distribution, 530 
Cauchy functional equation, 528 
Cauchy-Schwarz inequality, 16 
CAYLEY, ARTHUR, 202 
Cayley-Hamilton theorem, 203 
Center of mass, 373, 374,431 
Central limit property, 567 
Central limit theorem, 566 
Centroid, 374 
Chain rule for derivatives : 
of matrix functions, 194 
of scalar fields, 264, 273 
of vector fields, 272 
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Change of variable: 

in a double integral, 394 
in a line integral, 327 
in an n-fold integral, 408 
in a surface integral, 433 
Characteristic equation, 150 
Characteristic polynomial, 103, 149 
CHEEYSHEV, PAFNUTI LIWOWICH, 563, 596, 611 
Chebyshev inequality, 563 
Chebyshev integration formulas, 611 
Chebyshev polynomials, 596 
Christoffel numbers, 610 (Exercise 6) 
Circulation, 330, 462 
Clockwise (negative) direction, 389 
Closed curve, 334, 379 
Closed set, 246 
Closure axioms, 3 
Coefficient matrix, 58 
Cofactor, 87 
Cofactor matrix, 92 
Coin-tossing games, 506, 558 
Column matrix (column vector), 51 
Combinatorial analysis, 481 
Complement of a set, 246 
Complex Euclidean space, 15 
Complex linear space, 4 
Components, 13 

Composite functions, 37, 194, 250 
continuity of, 250 
differentiation of, 194, 264, 272 
Composition of transformations, 37 
Compound experiments, 492 
Conditional probability, 486 
Connected set, 332 
Conservative field, 329 

Constant-coefficient derivative operators. 148 
Constant-coefficient difference operators, 595 
(Exercise 8) 

Content zero, 364, 406 
Continuity of scalar and vector fields, 247 
Continuous distribution, 525 
Continuous random variable, 525 
Continuously differentiable scalar field, 261 
Contraction constant, 235 
Contraction operator, 234 
Convex combination. 377 
Convex set, 344 
Coordinates : 
cylindrical, 409 
polar, 274, 397 
spherical, 293, 410, 414 

COTES, ROGER, 612 (EXCFCjSC 11) 

Cotes’ rule, 612 (Exercise 11) 

Countable set, 502 

Countably additive set function. 506 

Countably infinite set, 502 


Counterclockwise (positive) direction, 389 

CRAMER, GABRIEL, 93 

Cramer’s rule, 93 

CRAMER, HARALD, 520 

Curl of a vector field. 441 
Curve: 

closed, 334, 379 
in n-space, 324 
Jordan, 379 
piecewise smooth, 324 
Cylindrical coordinates, 409 

D’ALEMBERT, JEAN, 288 

Del operator V, 259 
DE MOIVRE, ABRAHAM, 469,567 
Density function, 525 
for Cauchy distributions, 531 
for exponential distributions, 533 
for normal distributions, 535 
for uniform distributions, 527 
Dependent sets, 9 
Derivative : 

and continuity, 260 
directional, 254 
of a matrix function, 193 
of a scalar field with respect to a vector, 253 
of a vector field with respect to a vector, 270 
partial, 254 
total, 258, 270 
Determinants, 71 

axiomatic definition of, 73 
differentiation of, 80 (Exercise 6) 
expansion formulas for, 86 
Diagonal matrix, 48, 96 
Diagonal quadratic form, 127 
Diagonalizing matrix, 112 
Difference of two sets, 246 
Difference operator A, 590 
Differentiable scalar field, 258 
Differentiable vector field, 270 
Differential equations, 142 
first-order linear, 143 
homogeneous, 146 
nth-order linear, 145 
partial, 283 

power-series solutions of, 169, 220 
systems of, 191 

Dimension of a linear space, 12 
Dimensionality theorem, 147 
dirac, paul a. m., 108 (Exercise 8) 
Directional derivative, 254 
Disconnected set, 333 
Discontinuity, 366, 517 
Discrete distribution, 521 
Discrete random variable, 521 
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Discriminant of a quadratic form, 134 
Disk, 244 

Distance in a Euclidean space, 26 
Distribution function: 
binomial, 521 
Cauchy, 530 
continuous, 525 
discrete, 521 
exponential, 533 
joint, 543 
mixed, 539 
normal, 535 

normal bivariate, 555 (Exercise 9) 

of a function of a random variable, 541, 550 

of a one-dimensional random variable, 515 

of a two-dimensional random variable, 543 

Poisson, 522 

standard normal, 537 

uniform, 526 

Divergence of a vector field, 441, 460 
Divergence theorem, 457 
Dot product, 14 
Double integral(s) : 
applications of, 374 

evaluation by repeated integration, 358, 367 
existence of, 358, 363 
in polar coordinates, 397 
of a bounded function, 357 
of a step function, 355 
transformation formula for, 394 
Doubly connected region, 391 (Exercise 3) 


Eigenfunction, 99 

Eigenspace, 98 

Eigenvalue, 97 

Eigenvector, 97 

Element of a lineal' space, 3 

Entries of a matrix, 45, 51 

Equipotential lines and surfaces, 335 

Equivalence of sets, 501 

Error : 

in Lagrange’s interpolation formula, 583 
in linear interpolation, 584 
in Taylor polynomial approximation, 573 
in Taylor’s formula, 258, 270 
Euclidean space, 15 
EULER, LEONARD, 142, 182, 613 
Euler’s constant, 618 (Exercise 2) 

Euler's gamma function, 184, 413,620 (Exer¬ 
cises 7, 9) 

Euler’s summation formula, 613, 615 
Euler’s theorem for homogeneous functions, 
287 

Events, 476 

Exact differential equation, 347 


Existence theorem(s) : 
for determinants, 90 

for first-order linear differential equations, 

143 

for first-order linear systems of differential 
equations, 213, 219, 220 
for first-order nonlinear systems of differ¬ 
ential equations, 229 
for implicit functions, 237 
for integral equations, 239 
for interpolation polynomials, 580 
for linear nth-order differential equations, 
147 

forlinearsecond-orderdifferentialequations, 

143 

for potential functions, 339 
for Taylor polynomials, 572 
for vector fields with prescribed curl, 448 
Expectation (expected value) : 

of a function of a random variable, 559 
of a random variable, 556 
Exponential distribution, 533 
Exponential matrix, 197 
Exterior: 

of a Jordan curve, 380 
of a set, 245 
Exterior point, 245 

Extreme-value theorem for continuous scalar 
fields, 321 
Extremum, 304 

second-derivative test for, 312 
with constraints, 314 


Factorial polynomials (factorial nth powers), 
592 

FELLER, WILLIAM, 568 
FERMAT, PIERRE DE, 469 
Finite additivity, 470 
Finite sample space, 473 
Finite set, 502 

Finitely additive measure, 472 
Finitely additive set function, 470 
Fixed point of an operator, 233 
Fixed-point theoremforcontractionoperators, 
235 

applications of, 237 
How integral, 330 
Hux density, 432, 461 
Forward difference operator A, 590 
FOURIER, JOSEPH, 29 
Fourier coefficients, 29 
FRECHET, RENE MAURICE, 258 
FROBENIUS, GEORG, 181 
Frobenius’ method, 180 
FUCHS, LAZARUS, 223 
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Function space, 5 
Functional equation : 

for the gamma function, 185 
of Cauchy, 528 

Functions of random variables, 541, 550 
Fundamental theorems for line integrals: 
first, 338 
second, 334 

Fundamental vector product of a surface, 420 

GALLE, JOHANN, 571 

Gamma function, 184, 413, 620 (Exercises 

7,9) 

GAUSS, KARL FRIEDRICH, 61, 78, 457 

Gauss-Jordan process : 

for calculating determinants, 78 
for solving linear equations, 61 
Gauss’ theorem (divergence theorem), 457 
General solution : 

of a lineal' differential equation, 148, 156 
of a system of linear equations, 60 
gombaud, antoine (Chevalier de Mere), 469 
Gradient, 259 

GRAM, J0RGEN PEDERSEN, 22 

Gram-Schmidt process, 22 
GREEN, GEORGE, 379 

Green’s formula, 387 (Exercise 8) 

Green’s theorem : 

for multiply connected regions, 387 
for simply connected regions, 380 


HADAMARD, JACQUES, 69 

Hadamard matrices, 69 (Exercise 10) 
HAMILTON, WILLIAM ROWAN, 202 
Harmonic function, 445 
Heat equation, 292 (Exercise 1) 

HERMITE, CHARLES, 15, 114, 122, 178 
Hermite differential equation, 178 (Exercise 4) 
Hermitian matrix, 122 
Hermitian operator, 115 
Hermitian symmetry, 15, 114 
HERSCHEL, WILLIAM, 571 
HESSE, LUDWIG OTTO, 308 
Hessian matrix, 308 
Homogeneous function, 287 
Homogeneous linear differential equation, 146 
Homogeneous system: 
of differential equations, 200 
of linear equations, 59 
HUYGENS, CHRISTIAN, 469 


Identity matrix, 54 
Identity transformation, 32 


Implicit differentiation, 294 
Imphcit-function theorem, 237 
Independence : 
in a linear space, 9 
of eigenvectors, 100 
of events, 488 

of nonzero orthogonal elements, 18 
of parametrization, 327, 434 
of path, 333 

of random variables, 547 
Independent trials, 495 
Indicial equation, 183 
Inequality: 

Cauchy-Schwarz, 16 

Chebyshev, 563 
triangle, 17 
Wallis’, 616 
Infinite set, 502 
Initial conditions, 143, 147 
Initial-value problem, 193 
Inner product, 14 
Integral : 
double, 357 
line, 324 
n-fold, 406 

of a matrix function, 193 
surface, 430 
triple, 406 

Integral equation, 239 
Integrating factor, 349 

Interior (inner region) of a Jordan curve, 380 
Interior of a set, 244 
Interior point, 244 
Interpolation : 

by Lagrange’s formula, 580 
by Newton’s formula, 589 
Interval in n-space, 405 
Invariance property : 

of Lagrange interpolation coefficients, 586 
(Exercise 6) 

of line integrals under change of parame¬ 
trization, 327 

of line integrals under deformation of the 
path, 388 

of surface integrals under change of parame¬ 
trization, 433 
Invariant subspace, 99 
Inverse function, 39 
Inverse matrix, 66 
Inverse transformation, 39, 41 
Invertible function, 40 
Invertible transformation, 40, 41 
Irrotational vector field, 445 
Isometry, 129 
Isomorphism, 53 
Isothermals, 266 
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Iterated integrals, 359, 367, 406 
Iterated limits, 251 (Exercise 2) 


JACOBI, CARL GUSTAV JACOB, 271 

Jacobian determinant, 297, 394, 408, 420 

Jacobian matrix, 271 

Joint probability density, 546 

Joint probability distribution, 543 

Jointly distributed random variables, 543 

JORDAN, CAMILLE, 61, 78, 379 

Jordan curve, 379 

Jordan curve theorem, 380 

Jump discontinuity, 518 


Kernel: 

of a linear transformation, 33 
of an integral equation, 239 
Kinetic energy, 329 

KOLMOGOROV, ANDREI NIKOLAEVICH, 470 


LAGRANGE, JOSEPH LOUIS, 142, 315, 580 
Lagrange interpolation coefficient, 209, 581 
Lagrange interpolation formula, 580 
Lagrange multipliers, 3 15 
LAPLACE, PIERRE SIMON, 142 
Laplace’s equation, 283, 292 
Laplacian, 292, 444 
Law of large numbers, 565, 566 
Least-square approximation, 573 
LEGENDRE, ADRIEN MARIE, 25, 171 
Legendre polynomials, 25, 174 
graphs of, 175 
normalized, 26 
Rodrigues’ formula for, 176 
zeros of, 180 (Exercise 14) 

Legendre’s differential equation, 171 
LEIBNIZ, GOTTFRIED WILHELM, 142 
Level sets (curves, surfaces), 266 
LEVERRIER, JEAN JOSEPH, 571 
LINDEBERG, JARE W„ 567 
Lindeberg’s condition, 568 
Line integrals : 
applications of, 330 
first fundamental theorem for, 338 
independence of parametrization, 327 
independence of path, 333 
notations for, 324 

second fundamental theorem for, 334 
Linear combination, 8 
Linear differential equation, 145 
Linear differential operator, 146 
Linear interpolation, 584 


Lineal' operator (transformation), 31 
Linear space (vector space), 3 
Linear subspace, 8 
Linear system, 58, 192 
Linear transformation, 31 
LIOUVILLE, JOSEPH, 143, 191,223 
LIPSCHITZ, RUDOLF, 229 
Lipschitz condition, 229 
Lorentz transformation, 69 (Exercise 6) 
Lower integral, 358 

LYAPUNOV, ALEXSANDR MIKHAILOVICH, 567 


Mapping, 31, 393, 550 

MARKOV, ANDREI ANDREEVICH, 470 

Mass, 330, 373, 414, 431 
Mass interpretation of probability, 511, 
545 
Matrix : 
adjoint, 122 
adjugate, 92 

algebraic operations on, 52, 54 
block-diagonal, 84 
cofactor, 92 
conjugate, 122 
definition of, 46 
diagonal, 48, 96 
exponential, 197 
Heimitian, 122 
minor of, 87 
nonsingular, 65 
orthogonal, 123 
representation, 46 
self-adjoint, 122 
series, 194 
singular, 67 
skew-Heimitian, 122 
skew-symmetric, 124 
symmetric, 124 
trace of, 106 
transpose of, 91 
unitary, 123 
Max norm, 575 
Maximum of a function : 
absolute, 304 
existence of, 321 
relative, 304 
tests for, 311, 312 
Mean : 

of a function, 374 
of a random variable, 535, 556 
Mean-value theorem for scalar fields, 254 
Measurable sets, 510 
Measure : 

finitely additive, 472 
probability, 474, 506 
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Minimum of a function : 
absolute, 304 
existence of, 321 
relative, 304 
tests for, 311, 312 
Minor of a matrix, 87 
M I SES, RICHARD VON, 470 
MOBIUS, AUGUSTUS FERDINAND, 455 
Mobius band, 455 

Moment of inertia, 331, 374, 414, 431 
Multiple integrals: 
applications of, 373, 414, 431 
definition of, 357, 406 
evaluation of, 358, 406 
existence of, 363 

transformation formulas for, 394, 408 
Multiply connected region, 384 


NAPIER, JOHN, 572 

Negative definite quadratic form, 310 
Negative (clockwise) direction, 389 
Neighborhood, 244 
Neptune, 571 

newton, Isaac, 142, 335, 571, 589 
Newton’s interpolation formula, 589 
Newtonian potential, 335 
n-fold integral, 405 
Nonlinear differential equation, 228 
Nonorientable surface, 456 
Nonsingular matrix, 65 
Norm : 

in a Euclidean space, 17 
in a linear space, 233 
max, 575 
of a matrix, 195 
square, 575 

Normal approximation to binomial dis¬ 
tribution, 538 

Normal bivariate distribution, 555 (Exercise 9) 

Normal derivative, 386 

Normal distribution, 535 

Normal vector to a surface, 267, 423 

Normed linear space, 233, 574 

Null space, 33 

Nullity, 34 

Numerical integration : 
by Chebshev formulas. 611 
by Cotes’ rule, 612 (Exercise 11) 
by Euler’s summation formula, 613, 615 
by Simpson’s rule, 608, 609 
by the trapezoidal rule, 604 


Odd man out, 508 (Exercises 10, 11) 
Odds, 480 


One-element set (singleton), 475 
One-to-one correspondence, 501 
One-to-one function, 40 
Open ball, 244 
Open set, 244 
Operator: 

contraction, 235 
curl, 441 
derivative, 32 
divergence, 441 
forward difference, 590 
gradient, 259 
identity, 32 
integration, 32 
Laplacian, 292 
linear, 31 
Ordered basis, 13 
Ordinate set, 360, 368 
Orientable surface, 456 
Orientation of Jordan curve, 389 
Orthogonal basis, 19 
Orthogonal complement, 27 
Orthogonal decomposition theorem, 27 
Orthogonal elements, 18 
Orthogonal functions, 18 
Orthogonal matrix, 123 
Orthogonal operator, 138 
Orthogonal projection, 28 
Orthogonal trajectory, 267 
Orthogonalization theorem, 22 
Orthonormal set, 18 
Outcome, 476 


PAPPUS OF ALEXANDRIA, 376, 426 

a US’ theorems, 376, 428 

lel-axis theorem, 378 (Exercise 17) 
Parametric surface, 420 
PARSEVAL, MARK-ANTOINE, 20 
Parseval’s formula, 20 
Partial derivative, 254, 255 
Partial differential equation, 283 
Partition of a rectangle, 354 
PASCAL, BLAISE, 469 
Path in n-space, 323 
PAULI, wolfgang, 107 (Exercise 4) 
Pauli spin matrices, 107 (Exercise 4) 
PEANO, GUISEPPE, 223, 611 
Petersburg problem, 562 (Exercise 10) 
PICARD, CHARLES EMILE, 223 

Picard’s method, 223, 227 
Piecewise linear interpolation, 603 
Piecewise smooth path, 324 
POISSON, SIMEON DENIS, 522 
Poisson distribution, 522 
Polar coordinates, 274, 397 
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Polar moment of inertia, 375 
Polynomials : 

Chebyshev, 596 
interpolation, 579, 589 
Legendre, 26, 176, 577 
Taylor, 572 

Positive definite quadratic form, 310 
Positive (counterclockwise) direction, 390 
Potential energy, 336 
Potential function, 335 
construction of, 338, 342 
existence of, 339 
Newtonian, 335 
on convex sets, 344 
Power series solutions : 

of lineal' differential equations, 169 
of homogeneous linear systems, 220 
Probability : 
conditional, 487 
definition of, 474, 506, 511 
Probability density function, 525, 546 
Probability distribution, 515, 543 
Probability mass function, 520, 545 
Probability measure, 474 
Probability space, 474 
Projections, 24, 28 
PTOMELY, CLAUDIUS, 57 1 
PUTZER, E. J„ 202 
Putzer's method, 205 
Pythagorean formula, 10, 20, 27 


Quadratic form, 127, 310 
extreme values of, 137 
negative definite, 310 
positive definite, 310 
reduction to diagonal form, 129 


Radius of gyration, 557 
Random variable(s), 512 
continuous, 525 
discrete, 521, 545 
functions of, 541 
independent, 547 
jointly distributed, 543 
Range of a linear transformation, 32 
Rank, 34 

Rate of change, 253 
Rational function, 249 
Real linear space, 4 
Regular point of a surface, 421 
Regular ‘singular point, 181 
Relative maximum. 304 
Relative minimum,’ 304 
Repeated experiments, 492 


Repeated integrals, 359, 406 
Repeated trials, 495 

RICATTI, VINCENZO, 142 
Ricatti’s differential equation, 142 

RIEMANN, GEORG FRIEDRICH BERNHARD, 539, 

619 

Riemann zeta function, 619 (Exercise 3) 
RODRIGUES, OLINDE, 176 

Rodrigues’ formula, 176 
Rotation, 129 
Roulette, 558 


Saddle point, 304 
Sample, 476 
Sample space, 473 
Sampling, 483, 484 
Saturn, 571 
Scalar, 4 
Scalar field, 243 
total derivative of, 258 
SCHMIDT, ERHARD, 22 
SCHWARZ, HERMANN AMANDUS, 16 
Second-derivative test for extrema, 311, 312 
Self-adjoint matrix, 122 
Seminorm, 574 
interpolation, 575 
Taylor, 574 

Sequential counting, principle of, 483 
Series of matrices, 194 
Series solutions : 

of homogeneous linear systems, 220 
of linear differential equations, 169 
Set function, 470 
Similar matrices, 111 
Simple closed curve, 379 
Simple parametric surface, 420 
Simply connected set, 384 
SIMPSON,THOMAS, 608 
Simpson’s rule, 608, 609 
Singleton (one-element set), 475 
Singular point: 

of a differential equation, 146, 181 
of a mapping, 396 
of a surface, 421 
Skew-Hermitian matrix, 122 
Skew-Hermitian operator, 115 
Skew-symmetric matrix, 124 
Skew-symmetric operator, 115 
Smooth path, 323 
Smooth surface, 421 
Solenoidal vector field, 450 
Solid angle, 463 (Exercise 13) 

Sphere : 
area of, 427 

volume of (in n-space), 411 
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Spherical coordinates, 293,410, 414 
Standard deviation, 557 
Standardized normal distribution, 537 
table of values of, 536 
Standardized random variable, 567 
Stationary point, 304 
Step function, 354,406 
integral of, 355, 406 
STIRLING, JAMES, 572, 593 
Stirling formula for n factorial, 616 
Stilling numbers : 

of first kind, 593 (Exercise 4) 
of second kind, 594 (Exercise 5) 
Stochastic, 512 
Stochastic independence, 488 
Stochastic variable. 512 
STOKES. GEORGE GABRIEL, 438 
Stokes’ theorem, 438, 455 
Strong law of large numbers, 566 
Stumr-Liouville operator, 116 
Subspace, 8 

Summation formula of Euler, 613, 615 
Surface : 
area of, 424 
closed, 456 
equipotential, 335 
nonorientable, 456 
of revolution, 428 
orientable, 456 
parametric, 420 
smooth, 421 
Surface integrals, 430 
applications of, 431 
independence of parametrization, 434 
notations for, 434 

Symmetric difference, 473 (Exercise 10) 
Symmetric matrix, 124 
Symmetric operator, 115 
Systems : 

of differential equations, 197 
of lineal' algebraic equations, 58 


Tangent plane to a surface, 268, 424 

TAYLOR, BROOK, 571 
Taylor’s formula : 
for scalar fields, 258, 308 
for vector fields, 270 
Taylor polynomials, 571 
Torus, 376 
Total derivative : 
of a scalar field, 258 
of a vector field, 270 
Trace of a matrix, 106 
Trajectory, orthogonal, 267 


Transformations: 
linear, 31 

of double integrals, 394 
of n-fold integrals, 408 
Trapezoidal mle, 604 
Triangle inequality, 17 
Trigonometric polynomial, 29 
Triple integrals : 
applications of, 414 
in cylindrical coordinates, 410 
in spherical coordinates, 411 


Uncountable set, 502 
Uniform continuity, 321 
Uniform distribution : 
over an interval, 526 
over a plane region, 549 (Exercise 9) 
over a square, 547 

Uniqueness theorem for determinants, 79 
Uniqueness theorems for differential equa¬ 
tions : 

first-order linear systems, 226 
first-order nonlinear systems, 229 
linear equations of order n, 147 
matrix differential equations, 198 
Unit sphere in n-space, 135 
volume of, 411 
Unitary matrix, 123 
Unitary operator, 138 
Unitary space, 15 
Upper integral, 358 
Uranus, 571 


Variance, 556 
binomial distribution, 557 
Cauchy distribution, 561 (Exercise 7) 
exponential distribution, 561 (Exercise 7) 
normal distribution, 558 
Poisson distribution, 561 (Exercise 7) 
uniform distribution, 557 
Variation of parameters, 157 
VEBLEN, OSWALD, 380 
Vector equation of a surface, 418 
Vector field, 243 
total derivative of, 270 
Vector space, 4 
Volume : 

of an ordinate set, 360, 369 
of an n-dimensional sphere, 411 


WALLIS, JOHN, 616 
Wallis’ inequality, 616 
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Wave equation, 288 

Weak law of large numbers, 565 

Winding number, 389 

Work : 

and energy principle, 329 
as a line integral, 328 

wronski, j. m. HOENE, 95 (Exercise 8), 159 
Wronskian determinant, 161 
Wronskian matrix, 95 (Exercise 8), 159 


YOUNG, w. H., 258 


Zeros : 

of Bessel functions, 188 (Exercise 3) 
of Chebyshev polynomials, 597 
of Legendre polynomials, 177 
Zeta function of Riemann, 619 (Exercise 3) 

ZUCKERMAN, HERBERT S., 559 




